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1 . INTRODUCTION 


1.1  Historical  background 

Host  fluid  flows  are  turbulent  rather  than  laeilnar  and  the  reason  why  this  la  ao  has  been  the  objeot 
of  study  by  several  generations  of  Investigators.  One  of  the  earliest  explanations  was  that  laalnar  flow 
is  unstable,  and  the  linear  Instability  theory  was  first  developed  to  explore  this  possibility.  Such  an 
approach  tells  nothing  about  turbulenoe,  or  about  the  details  of  lta  Initial  appearance,  but  It  does 
explain  why  the  original  laainar  flow  can  no  longer  exlat.  A aeries  of  early  papers  by  Rayleigh  (i860, 
1887,1892,1895,1913)  produced  aany  notable  results  concerning  the  Instability  of  lnvlacld  flows,  such  as 
the  discovery  of  Inflectional  Instability,  but  little  progress  waa  Bade  toward  the  original  goal. 
Viscosity  waa  coaaonly  thought  to  aot  only  to  stabilise  the  flow,  and  flows  with  oonvex  velocity  profiles 
thus  appeared  to  be  stable.  In  a review  of  30  years  of  effort,  Noether  (1921)  wrote:  "The  aethod  of 
saall  disturbances,  whlob  can  be  considered  essentially  oloaed,  has  led  to  no  useful  results  oonoernlng 
the  origin  of  turbulence." 

Although  Taylor  (1915)  had  already  lndloated  that  vlaooslty  oan  destabilise  a flow  that  is  otherwise 
stable,  it  reaalned  for  Prandtl  (1921),  In  the  aaae  year  as  Noether'a  review  paper,  to  Independently  Bake 
the  aaae  discovery  aa  Taylor  and  act  In  aotlon  the  Investigations  that  led  to  a viaooua  theory  of 
boundary-layer  Instability  a few  yeara  later  [Tollalen  (1929)).  A aeries  of  papers  by  Sohllchtlng  (1933a, 
1933b,  1935,19*0),  and  a aeoond  paper  by  Tollalen  (1935)  resulted  In  a well -developed  theory  with  a aaall 
body  of  nuaerloal  results.  Any  expectation  that  Instability  and  transition  to  turbulence  are  synonoaoua 
in  boundary  layera  was  dashed  by  the  low  value  of  the  critical  Reynolds  nuaber  Re  , l.e.  the  x Reynolds 
nuaber  at  which  instability  first  appears.  Tollalen’a  value  of  Recr  for  the  Blaaius  boundary  layer  waa 
60,000,  and  even  In  the  high  turbulenoe  wind  tunnels  of  that  tlae,  transition  waa  observed  to  ooour 
between  Re(  ■ 3.5  x 10*  and  1 x 10  . In  what  oan  be  considered  the  earliest  application  of  linear 
stability  theory  to  transition  prediction,  Sohllchtlng  (1933a)  calculated  the  aaplitude  ratio  of  the  aoat 
aapllfled  frequency  aa  a fmotlon  of  Reynolda  nuaber  for  a Blaaius  boundary  layer,  and  found  that  this 
quantity  had  values  between  five  and  nine  at  the  obaerved  R#t< 

Outside  of  Geraany,  the  stability  theory  reoelved  little  aooeptanoe  because  of  the  failure  to  observe 
the  predicted  waves,  aatheaatloal  obscurities  In  the  theory,  and  also  a general  feeling  that  a linear 
theory  oould  not  have  anything  useful  to  aay  about  the  origin  of  turbulenoe,  which  Is  inherently 
nonlinear.  A good  Idea  of  the  low  repute  of  the  theory  oan  be  gained  by  reading  the  paper  of  Taylor 
(1938)  and  the  dlscuaalon  on  this  subject  In  the  Proceedings  of  the  5th  Congress  of  Applied  Mechanloa  held 
In  1938.  It  was  In  this  ataoaphere  of  disbelief  that  one  or  the  aoat  celebrated  experlaents  In  the 
history  of  fluid  aechanlos  waa  oarrled  out.  The  experlaent  of  Sohubauer  and  Skraaatad  (19*7),  whloh  waa 
perforaed  In  the  early  19*0's  but  not  published  until  aoae  yeara  later  because  of  wartlae  censorship, 
coapletely  reversed  the  prevailing  opinion  and  fully  vindicated  the  Gottingen  proponents  of  the  theory. 
This  experlaent  unequivocally  deaonatrated  the  existence  of  Instability  waves  In  a boundary  layer,  their 
connection  with  transition,  and  the  quantitative  description  of  their  behavior  by  the  theory  of  Tollalen 
and  Schllchting.  It  Bade  an  enoraous  lapact  at  the  tlaa  of  lta  publication,  and  by  Its  very  coapleteneaa 
seeaed  to  answer  aoat  of  the  questions  concerning  the  linear  theory.  To  a large  extent,  subsequent 
experlaental  work  on  transition  went  In  other  directions,  and  the  possibility  that  linear  theory  can  be 
quantitatively  related  to  transition  has  not  reoelved  a decisive  experlaental  teat.  On  the  other  hand,  it 
la  generally  aooepted  that  flow  paraaetera  auch  aa  pressure  gradient,  suotlon  and  heat  tranafer 
qualitatively  affect  transition  In  the  Banner  predicted  by  the  linear  ths^v,  and  In  particular  that  a 
flow  predicted  to  bo  stable  by  the  theory  should  remain  laalnar.  ThK  expectation  has  often  been 
deceived.  Kven  ao,  the  linear  theory,  In  the  fora  of  the  a’,  or  N-fsctor,  aethod  first  proposed  by  Salth 
and  Caaberonl  (1956)  and  Van  Ingen  (1956),  la  today  in  routine  use  in  er* lowering  studies  of  laaliur  flow 
oontrol  (see,  e.g.,  Hefner  and  Buahnell  (1979)].  A good  Introduction  to  the  coaplexltles  of  transition 
and  the  difficulties  Involved  In  trying  to  arrive  at  a rational  approach  to  Its  prediction  oan  be  found  In 
three  reports  by  Norkovln  (1969,1978,1983),  and  a review  artiole  by  Reabotko  (1976). 

The  Oeraan  investigators  were  undeterred  by  the  laok  of  aooeptanoe  of  the  stability  theory  elsewhere, 
and  aade  nuaerous  applications  of  It  to  boundary  layera  with  pressure  gradients  and  suotlon.  This  work  la 
suaaarised  in  3ohllchtlng'a  book  (1979).  He  aay  aake  particular  aentlon  of  the  work  by  fretsoh  (19*2),  as 
be  provided  the  only  large  body  of  nuaerloal  reaulta  for  exact  boundary- layer  solution*  before  the  advent 
of  the  ooaputer  age  by  oaloulatlng  the  stability  oharaoterlatioa  of  the  Palkner-Skan  faatly  of  velocity 
profiles.  7be  unoonviaolng  aatheaatloa  of  the  asyaptotlo  theory  was  put  on  a aore  solid  foundation  by  Lin 
(19*5)  and  tfaaow  (19*8),  and  this  work  has  been  successfully  continued  by  Reid  and  bis  collaborators 
(Lakin,  Hg  sad  Reid  (1978)]. 

When  la  about  I960  the  digital  ooaputer  reached  a stags  of  developaent  peralttlog  the  direct  solution 
of  the  prlaary  differential  aquations,  nuaerloal  results  were  obtained  froa  the  linear  theory  during  the 
next  ten  yeara  for  many  different  boundary- layer  flows:  three-din  anal  ooai  boundary  layers  (Brown  0959), 
following  the  important  tbeoretloal  contribution  of  Stuart  in  Gregory  et  al.  0955)];  fraa-oonvaotioa 
boundary  layara  [Kurts  and  Crandall  096?)  and  laehtahsia  (196j))i  compressible  boundary  layara  [Brown 
(1962)  and  Maek  (1965,1969)];  boundary  layara  on  ooapllant  walla  (Landahl  and  Kaplan  (1965));  a 
raooaputatlon  of  falkner-Skan  flows  (Vassan,  Oka  aura  and  Snitb  0968)];  unataady  boundary  layara 
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[Obremskl,  Morkovln  and  Landahl  (1969)];  and  heated-wall  water  boundary  layers  (Vextan,  Okamura  end  Salth 
(1968)].  Hore  recent  work  has  focussed  on  three-dlnenslonal  boundary  layers  In  response  to  the  renewed 
Interest  In  laminar-flow  control  for  swept  wings  [Srokowskl  and  Orazag  (1977)*  Kaok 
(1977, 1979a, 1979b, 1981),  Nayfeh  (1980a, 1980b),  Cebecl  and  Stewartson  ( 1 9C0e,  1980b),  Lekoudls  (1979,1980)]. 
A nolabl*  contribution  to  linear  stability  theory  that  stands  somewhat  apart  froa  the  prlnolpal  line  of 
developaent  has  beer,  provided  by  Caster  (1968, 1975, 1978,1981a,  1981b,  1982a,  1982b)  In  a series  of  papers  on 
the  wave  packets  produced  by  a pulsed  point  source  In  a boundary  layer.  Caster's  work  on  this  problea 
also  Includes  a major  stability  experiment  [Caster  and  Grant  (1975)]. 

There  are  a number  of  general  references  that  are  helpful  to  anyone  Interested  in  the  linear  theory. 
Review  articles  are  by  Schlichtlng  (1959),  Shen  (195*),  Stuart  ( 1963)  and  Reid  (1965).  Books  are  by  Lin 
(1955),  Betchov  and  Criminals  (1967),  and  Drazin  and  Reid  (1981).  Schliohting's  book  on  boundary-layer 
theory  (1979)  contains  two  chapters  on  stability  theory  and  transition,  and  Monln  end  Yaglom's  book  on 
turbulence  (1971)  contains  « lengthy  chapter  on  the  same  subject,  as  does  the  book  by  White  (197*)  on 
viscous  flow  theory.  Review  of  transition  have  been  given  by  Dryden  (1959),  Tani  (1969,1981),  Morkovln 
( 1969, Iv7*» 1983),  and  Resho  (1976).  An  extensive  discussion  of  both  stability  theory  and  transition, 
not  all  at  high  speeds  in  spito  of  the  title,  may  be  found  in  the  recorded  lectures  of  Mack  and  Morkovln 
( 1971 ). 

1.2  Elements  of  stability  theory 

Before  we  get  Into  the  main  body  oi  the  subject,  a brief  Introduction  is  in  order  to  orient  those  who 
are  new  to  this  field.  The  stability  theory  is  mainly  concerned  with  Individual  sine  waves  propagating  in 
the  boundary  layer  parallel  to  the  wall.  These  waves  are  waves  of  vortlclty  and  ere  coaaonly  referred  to 
as  Tcllmien-Schliehting  waves,  or  TS  waves,  or  simply  as  Instability  waves.  The  amplitudes  of  the  weves, 
which  vary  through  the  boundary  layer  and  die  off  exponentially  in  the  freestreaa,  are  small  enough  so 
that  a linear  theory  nay  be  used.  The  frequency  of  a wave  is  • and  the  wavenumber  is  k * 2 -/ • , where 
Is  the  wavelength.  Tha  wave  may  be  two-dimensional,  with  the  lines  of  constant  phase  normal  to  the 
freestreaa  direction  (and  parallel  to  the  wall),  or  it  may  be  oblique,  in  which  case  the  wavenumber  la  a 
vector  k at  an  angle  . to  the  freestreaa  direction  with  streaawlse  (x)  component  i and  spanwlse  (z) 
component  . The  phase  velocity  c is  always  less  than  the  freestreaa  velocity  '! y , so  lhat  at  some  point 
Ir,  the  boundary  layer  the  mean  velocity  is  equal  to  c.  This  point  is  called  the  critical  point,  or 
crltloal  layer,  and  it  plays  a central  role  in  the  mathematical  theory.  The  wave  amplitude  usually  has  a 
maximum  near  the  critical  layer. 

At  any  given  distance  from  the  origin  of  the  boundary  layer,  or  better,  at  any  given  Reynolds  number 
Pt  * U,*/  , where  la  the  kinematic  viscosity,  an  instability  wave  of  frequency  ■ will  be  in  one  of 
three  states:  damped,  neutral,  or  amplified.  The  numerical  results  calculated  from  the  stability  theory 

are  often  presented  in  the  form  of  diagrams  of  neutral  stability  which  show  graphically  the  boundaries 
between  regions  of  stability  and  instability  in  ,R»  spaoa  or  k,Re  space.  There  are  two  general  kinds  of 
neutral-stability  diagrams  to  be  found,  as  shown  in  Fig.  1.1  for  a two-dimensional  wave  in  a two- 
dimensional  boundary  layer.  In  this  flgura,  the  dlmenslonleaa  wavenumber  »*  is  plotted  against  Ik,  the 
Peyntlds  number  based  on  the  boundary- layer  thickness  . Waves  are  neutral  et  those  values  of  i .i  end  1$ 
which  lie  on  the  contour  marked  neutral;  they  are  amplified  inside  of  the  contour,  and  ere  damped 
everywhere  else.  With  a neutral-stability  curva  of  type  (a),  all  wavenumbers  are  damped  et  sufficiently 
high  Reynolds  numbers.  In  this  case,  tha  mean  flow  la  said  to  hava  vlaooua  instability.  31  no*  flafiCRAgldi 
Reynolds  number,  or  increasing  viscosity,  can  laad  to  instability,  it  la  apparent  that  viaeomlty  does  mot 
act  solaly  to  damp  out  wavas,  but  can  actually  hava  a destabilising  influence.  The  lnoompremmible  flit- 
l late  (Blaalua)  boundary  layer,  and  all  incompressible  boundary  layers  with  a favorable  pressure  gradient, 
are  exaeplas  of  flows  which  are  unstable  only  through  tha  action  of  vleooelty.  With  a oautral -Stability 
curve  of  type  (b),  a non-xero  nautral  wavanumbar  ( )#  axlsta  at  Re  » • , and  wavenumbers  smeller  them 

( ■ )_  ara  unstable  no  matter  how  large  the  Reynolds  number  becomes.  A mean  flow  with  t typo  (b)  momtrml- 
stabllity  curve  la  said  to  hava  invlacid  instability.  The  boundary  layer  In  an  adverse  pressure  gradient 
is  ar.  example  of  a flow  of  this  kind, 

In  both  cases  (a)  and  (b),  all  waves  with  i laaa  than  tha  peak  value  on  the  neutral-stability  serve 
are  unstable  for  soaa  range  of  Reynolds  numbers.  The  Reynolds  number  ReQ|,  below  which  mo  aspllftoetlom  to 
possible  la  called  tha  minimum  critical  Reynolds  number.  It  la  often  an  objective  of  mtmbillty  theory  to 
determine  Re  , although  it  must  be  cautioned  that  this  quantity  only  tails  where  testability  starts,  Mi 
cannot  be  relied  upon  to  indicate  the  relative  instability  of  various  mean  flows  further  iOWhOlrcM.  It 
la  daflnllely  not  proper  to  identify  Racr  with  the  transition  point. 

# Have  which  la  introduced  into  a steady  boundary  layer  with  a particular  frequency  will  preserve 
that  frequency  as  it  propagataa  downstream,  while  the  wavenumber  will  aha  age*  As  shows  lm  Fig.  1.1,  a 
wave  of  frequency  , which  passes  through  the  unstable  region  will  he  damped  up  to  (As).,  the  first  polmt 
of  neutral  stability.  Between  (Re)j  and  (Ra)^,  the  seoond  neutral  point,  it  will  be  amplified!  downstream 
of  (Ra)y  it  will  be  damped  again.  If  tba  amplitude  of  a wava  becomes  large  esoegh  before  (te)g  is 
reached,  then  the  nonlinear  processes  which  eventually  lead  to  transition  will  take  over,  sad  the  wave 
will  contloua  to  grow  evan  though  the  linear  theory  eaya  It  should  damp. 

Tha  theory  can  ba  usad  to  oaloulata  amplification  and  damping  rates  as  wall  as  tbs  free US mey, 
wavenumber  and  Reynolds  number  of  neutrel  waves,  for  example,  it  la  possible  to  eoepute  the  Mpllflemtleo 
rate  as  a function  of  frequency  at  a given  la.  Tba  neutral-stability  ourve  only  identifies  the  band  ef 
unstable  fraquenolaa,  but  tba  amplification  rata  tails  bow  feat  each  frequency  li  growing,  SSd  whleh 
frequency  is  | -owing  the  fastest.  Evan  more  useful  than  the  amplification  rate  is  the  Mplltndn  history 
of  a wava  of  const  ant  frequency  as  it  travels  through  the  unstable  region.  Ia  the  aim  pies  t for*  ef  the 
theory,  this  result  osn  be  calculated  la  the  fore  of  n ratio  of  the  amplitude  to  sees  Initial  amplitude 
once  tha  amplification  rates  ara  known.  Consequently,  it  la  possible  to  identify,  given  eons  imitihi 
disturbance  spectrum,  the  frequency  whose  amplitude  has  increased  the  most  et  eeeh  Reynolds  number.  It  is 
presumably  one  of  these  frequencies  whleh,  after  it  reaches  soma  orltloal  amplitude,  trlg^re  the  whole 
transition  process. 
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We  have  divided  tha  following  aatarlal  into  thraa  aajor  partai  tba  inooapressible  stability  theory 
la  in  Pert  A,  the  oospreosible  atability  theory  la  In  Part  B(  and  three-dlaenslonal  atablllty  theory,  both 
lnooapreaalble  and  ooapreaalble,  la  in  Part  C,  The  field  of  leslnar  inateblllty  la  a vaat  one,  and  aany 
toploa  that  oould  well  have  been  included  have  been  left  out  for  leak  of  epeoe.  We  have  restricted 
ouraelvea  atrlotly  to  boundary  leyera,  but  even  here  have  oaltted  all  flova  where  gravitational  effects 
are  iaportent,  low-apeed  boundary  layers  with  well  heating  or  ooollag,  and  the  laportant  subject  of 
Oortler  instability.  Within  the  toploe  that  have  been  included,  we  give  e fairly  coapletc  aooount  of  what 
we  consider  to  be  the  essential  ideas,  end  of  what  la  needed  to  understand  the  published  literature  and 
sake  intelligent  uae  of  a coaputer  prograa  fer  the  solution  of  boundary-layer  atability  problems. 
Attention  la  concentrated  principally  on  baslo  ideas,  but  also  on  the  foraulatlona  which  are  inoorporeted 
into  coaputer  oodea  baaed  on  the  ahooting-aethod  of  solving  the  atability  equationa.  Only  selected 
nuaerlcal  results  are  Included,  end  these  have  been  chosen  for  their  illustrative  value,  and  not  with  any 
pretenalon  to  coaprehenalve  ooverage.  Kuaeroue  references  are  given,  but  the  list  is  by  no  aeena 
ccsplete.  In  particular,  a nuaber  of  U3SI  references  have  not  been  Included  beoeuae  of  ay  unfaalliarlty 
with  the  Russian  language,  Kuoh  uae  has  been  Bede  of  a previous  work  [Hook  0969)1,  which  is  still  the 
aost  ooaplete  source  for  ooapreaalble  boundary- layer  atability  theory. 

PART  A.  ttCOKPIESSIBLI  STABILITY  THEOII 


2.  rOWWLATIOK  OF  Dl  COMPRESSIBLE  5TABILITT  THIC2Y 

2.1  Derivation  of  parallel-flow  atability  equationa 

The  three-diaenslonal  (3D)  Bevier-Stokea  equationa  of  a viscous,  lnoospv cpslble  fluid  in  Cartesian 
coordinates  are  , t 
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where  8 j • Id  ,f  ,1  ),  xt  • (x*,y*,x§),  and  i,  J ■ (1,2,3)  aooording  to  the  sussation  convention.  The 
a|ter|skat  denote  diaeojioofi  quantities,  and  over  bare  denote  tlaf-ee pendent  quantities.  Jhe  velocities 
0 , f , Q ere^ln  the  a , y , s directions,  respectively,  where  x*  la  the  a trees  wise  and  a*  the  spanwlse 


coordinate;  P is  tha  pressure;  . is  tha  density; 


viscosity  coefficient.  Equationa  (2.1a)  a rs  the  aoaentua  equationa,  and  Eq.  (2.1b)  la  the  ooetl 
eouetlon.  We  flret  put  the  equationa  in  diseasloaless  fora  with  the  velocity  ecele  0*  , the  lcagth 
L,  and  the  pressure  scale  . 0 , . Both  L and  0 are  unspecified  for  the  present.  The  ley  sol  de  nual 


is  the  klaeaetle  vlaooalty  */.  * , with  the 

oestinuity 
scale 
nusber  le 


def 1 >*d  as 
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The  dlsecalonleaa  equationa  are  ldeatlcel  to  gqa.  (2.1)  eioepl  that  la  replacsd  by  1/1,  asd  la 
absorbed  into  the  pressure  scale. 

We  next  divide  eeoh  flow  variable  late  e steady  seen. flow  tors  (denoted  by  as  upper-cane  letter)  eed 
a a unsteady  aaall  disturbance  tern  (denoted  by  a lower-case  letter)! 


Q1(i,F»*,t)  • Oj(*,f#*)  ♦ ^(*,y,*,0  # 
P(x,y,x,t>  • P(s,y,s)  ♦ p(x,y,»,t)  . 


(1.3) 


Wbec  these  express loee  are  substituted  late  Iqa.  (2.1),  the  ease- flow  terse  eubt reeled  eat,  sad  the  terse 
wblcb  are  quadratic  is  tbe  disturbances  dropped,  wa  arrive  et  tha  follewlhg  dlsessleeiesh  lleesrlsed 
equations  fer  the  disturbance  quantities) 


(2. be) 
(2.tb) 


Fer  e truly  perellel  seen  flew,  of  whlel  elsple  twe-dlseeelesal  esesple  le  e fully-developed 
vbeaael  flew,  the  seruel  veleelty  V le  sere  I 0 eed  W are  fwhetleae  eely  of  y.  The  parallel-flaw 
equetlase,  when  writ tea  out,  ere 


eelsUess 


U.H) 


(2.5) 


M 


(u,v,w,p]T  • (u(y),v(y),w(y),p(y))T  exp[i(  ixotft— »t)J 

where  * and  r are  the  x and  t ooaponanta  of  tha  wavenumber  veotor  k,  <»  la  the  freqaeocy,  and  fl(y), 
9<y),  d(y)  and  (Ky)  ara  tha  ooaplax  funotlona,  or  eigenfunctlona,  whloh  |iru  tha  aoda  atruotura  through 
tha  boundary  layar,  and  ara  to  ba  dataralnad  by  tha  ordinary  dlffarantlal  aquatlona  given  below.  It  la  a 
• attar  of  oonvenience  to  work  with  ooaplax  noraal  aodaa;  tha  phyaloal  aolutlona  ara  tha  raal  parta  of  Eqa. 
(2.6).  Tha  noraal  aodaa  ara  travailing  waves  In  tha  x,x  plana,  and  In  tha  aoat  ganaral  oaaa,  » , rf  and 
ara  all  ooaplax.  If  thay  ara  raal,  tha  wave  la  of  nautral  xt ability  and  propagataa  In  tha  x,t  plana  with 
constant  amplitude'  and  phaaa  velocity  o ■ - /k,  wbara  k ■ (i2*.*2)'/2is  tha  aagnltuda  of  &.  Tha  angla  of 
It  with  raapaot  to  tha  x axis  la  . ■ tan" ''(  .•/  »).  If  any  of  i,  f , . ara  ooaplax,  tha  aaplltuda  will  ohanga 
aa  tha  wave  propagataa. 

Whan  tqa.  (2.6)  ara  aubatitutad  into  (2.5),  wa  obtain  tha  following  ordinary  dlffarantlal  aquatlona 
for  tha  nodal  funotlona: 


1<  <U*lf-)Q  ♦ DUf  ■ -tip  ♦ l (D2  - (i2v?2)J0  , (2.7a) 

i<  iU*  !<-.)♦  . -Dp  ♦ 1 (D2  - («2^2)]t  , (2.7b) 

H 

1(  .lkrd-,)0  ♦ DWf  ■ -i.  p ♦ 1 [D2  - ( .2^*2)]ft  , (2.7o) 

k 

iQ  ♦ ;fl  ♦ Df  • 0 , (2.7d) 


whara  C ■ d/dy.  ror  a boundary  layar,  tha  boundary  conditions  ara  that  at  tha  wall  tha  no-allp  ooodltion 
appllaa, 

0(0)  - 0,  t(0)  - 0,  0(0)  ■ 0 , (2.8a) 


and  that  far  froai  tha  wall  all  dlaturbanoaa  *o  to  xaro, 

0(y)  • 0,  t(y)  * 0,  0(y)  * 0 aa  y • * . (2.8b) 

Since  tha  boundary  oondltlons  ara  boaogeneous,  wa  have  an  eigenvalue  problaa,  and  solutions  of  Eqa  (2.7) 
that  satisfy  tha  boundary  conditions  will  axial  only  for  particular  combinations  of  *p-*  . Tha 

relation  for  tha  eigenvalues,  usually  oallad  tha  dispersion  relation,  oan  ba  written  as 

. • (.tr)  . (2.9) 

Thara  ara  ala  raal  quantltlaa  In  Iq.  (2.9);  any  two  of  the*  oan  ba  solved  for  as  aiganvaluaa  of  Bqa.  (2.7) 
and  (2.8),  and  tha  other  four  hava  to  ba  specified.  Tha  evaluation  of  tha  dispersion  relation  for  a given 
laynolda  nuaber  and  boundary-layer  profile  (0,W)  la  the  principal  task  or  stability  theory.  Tha 
eigenvalues,  along  with  tha  corresponding  eigenfunctions  Q,  I,  6 and  P,  give  a ooeplete  specification  of 
tho  noraal  aodaa.  The  noraal  aoden,  which  are  tha  natural  aodaa  of  oscillation  of  tha  boundary  layar,  ara 
cusioaarlly  oallad  Tollalei^Sohllehtlag  (75)  waves,  or  Instability  waves. 


2.t  Son- parallel  stability  theory 

txeept  for  the  asyaptotle  suction  boundary  layar,  aoat  boundary  lay ara  grow  In  tha  downatraaa 
direction,  sad  even  for  a wava  of  oonatant  frequency  >,  , 8,  ♦ , 9 sad  P are  all  fwnotloaa  of  x (and  x in 
a general  3D  boundary  layer).  What  wa  hava  to  deal  with  is  a problaa  of  wave  propagation  in  a aoaunlfora 
wediua.  Sloes  the  coapleta  Unearned  equations  (2.#)  ara  not  separable,  they  do  aot  have  tha  noraal 
a ode  a of  Eq.  (2.6)  aa  solutions.  The  aoat  straightforward  approach  la  to  aiaply  sat  tha  non-parallel 
teras  to  taro  on  the  grounds  that  tha  touadsry-layer  growth  is  snail  over  a wavelength,  and  it  la  tha 
local  boundary- layer  profile  that  will  determine  the  local  wava  notion.  This  approach,  oallad  tha  quaal- 
or  loeally-parailel  theory,  has  bean  alaoat  universally  adoptsd.  It  retains  tha  parallai-flow  aoraal 
aodaa  aa  local  aolutlona,  bat  is,  of  ooarae,  aa  axtra  approxlaatloa  beyond  linearisation  and  leaves  open 
the  question  of  how  iaporinat  the  edaittedly  slow  growth  of  the  boundary  layer  really  la.  It  also  asks  a 
for  dlff  lowltiee  la  coe  pari  eons  between  theory  and  experiment. 

Tha  first  eoapiete  aoa-psralisl  theories  ware  devsioped  iadapendaatly  by  (la  ordsr  of  Journal 
publioatioa  date)  touthler  (1972.1973),  Oester  (1976)  sad  Sarie  sad  Bayfah  (1975).  Qaster  used  the  sethod 
of  aueoeaalve  approx  last  Iona;  the  others  used  Um  sethod  of  multiple  aoalan.  Timm's  has  been  oonaiderabia 
eeatreveray  aa  this  subject,  aalaly  because  of  tha  way  la  which  Saric  and  Bayfah  (1975.197T)  ahoaa  to 
preeeat  their  earner  leal  results,  hut  it  is  now  generally  agreed  that  tha  three  theories  are  equivalent. 
0ester*e  calculations  of  aeotral-atehlllty  curves  for  the  ftiaalua  houadary  layer  have  ala oa  heee  verified 
ta  ha  aerraat  hy  Tat  Sttjja  and  Van  da  Vosree  (191)).  and  have  the  additional  virtue  of  he  lag  baaed  aa 
quantities  that  eaa  he  a assured  axperiaaataily.  The  calaulationa  shew  the  asm- parallel  tares  to  have 
little  affect  oa  local  instability  except  at  *ery  low  toy  adds  nun  bare,  however,  this  dees  aot  aeaa  that 
one- parallel  afreets  aaa  be  eaglet  ted  when  dealing  with  wave#  over  diataeoea  of  easy  wavelengths. 

Xa  the  nultlple-aeala  theory,  la  eedltlee  te  tha  usual  •feat*  x seals  over  whtoS  the  phase  changes, 
there  la  a *elew*  a aaaia,  i.  ■ i,  where  « la  a Shall  quantity  Identified  with  1/ft.  Tha  alow  scale 
governs  tha  boundary- layar  growth,  tha  aha  age  af  tha  aigaafuhatiaha,  sad  a aaall  adettieaal  aaplltuda 
modulation  las  diatjrhaeees  are  axprerssd  la  the  fera 


u s •<*>  e ♦ ...  , (2.10) 


1.  The  tera  amplitude  will  always  refer  te  the  peak  ar  ran  amplitude,  never  te  the  laataataeaeua 

smpllteda. 
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with  similar  expressions  for  v,  w and  p.  Tha  Bean  flow  la  given  by 

U(x,y)  - 0(0,(x,>  ♦ ...  , 

W(x,y)  « M<0)(«1)  ♦ ...  , (2.11) 

V(x,y)  . . ¥(0)(*1)  ♦ ...  . 

Kara  tha  aaan  boundary  layar  la  independent  of  x,  iid  thla  la  tha  only  kind  of  boundary  layar  that  wa  will 
oonaldar  In  thla  work.  Examples  ara  20  planar  boundary  layara  and  tha  boundary  layara  on  a rotating  disk, 
on  a oona  at  saro  Incidence,  and  on  an  inf  Ini  t a- a pan  awapt  wing. 

Whan  Eqa.  (2.11)  ara  aubatltutad  Into  Eqa.  (2. A)  and  aqual  powara  of  • oollacted,  tba  xeroth-order 
aquatlona  for  u™',  v'0',  wvo)  aQd  pC0)  ara  iq#ntloal  to  tha  paralial-f low  aquatlona  (2,5).  Tba  noraal 
aodaa,  bowaver,  have  tha  aora  ganaral  fora 

u(0)(i,y,x,t)  • A(x1)Ot0^(*1,y)axpU0^0^(*l-*,t)J  , (2.12) 

whara  tha  phaaa  funotlon  la 

6(0){x,x,t)  . *,)d*  ♦ r(0)(«,)«  - (0)(*1)t  , (2  13) 

and  A(x^)  la  a ooaplax  aaplltuda  aodulatlon  funotlon.  Tha  diaparalon  relation  alao  baooaaa  a funotlon  of 
*1: 

.(0)  . ..(»)(.,(«),»(«)„,>  . (2.1*) 

Tba  non-parallal  theories  a*  developed  by  Bouthler,  Caster,  and  Sarlo  and  kayfeb  oalcuLate  tba  diaparalon 
relation  only  to  seroth  order,  Juat  aa  In  tba  quaai -parallel  theory.  Tba  next  order  (>')  enters  only  a a a 
solvability  condition  of  tha  first-order  aquatlona*  Thla  condition  deteralnes  tba  funotlon  A(Xj). 

Wa  shall  use  only  tba  quasi -parallel  theory  In  tba  remainder  of  this  work.  Consequently,  all  of  IU* 
xeroth-order  quantities  are  oaloulated  aa  funotlona  of  x in  aoeordanoe  with  Eqa.  (2.12),  (2.13)  and 
(2,11).  However,  tba  quasi -parallel  theory  oanout  determine  tba  quantity  AUj),  and  this  la  alaply  set 
aqual  to  tba  Initial  aaplltuda  Ac.  In  tba  non-parallal  theory,  tba  produot  AO  la  a unique  quantity, 
Independent  of  the  normalisation  of  tba  elgenfunotlon  0,  that  gives  a precise  meaning  to  the  amplitude  of 
the  flow  variable  0 aa  a funotlon  or  y and  permits  direct  roe  perl  tons  of  theory  and  experiment.  In  the 
quasi -parallel  theory,  only  tha  contribution  to  the  amplitude  that  oomes  from  the  Imaginary  parts  of  » ,r 
and  - oan  be  accounted  for.  Tba  correotlona  due  to  tba  function  A(x,)  and  tba  x dapandanea  of  tba 
elgenfunotiona  ara  outside  of  tba  scope  of  the  theory.  This  lack  of  physical  reality  In  the  quaal- 
parallal  theory  Introduces  an  uncertainty  In  tha  calculation  of  wave  amplitude  and  oom pi  1 oaten  comparisons 
with  experiment.  More  on  tba  use  of  tha  quaal-parallal  theory  oan  be  found  In  Section  2.6. 

2.3  Temporal  and  spatial  theories 

If  * and  - ara  real,  aad  . la  complex,  tea  amplitude  will  change  with  timet  If  » and  h ara 
ooaplax,  and  la  real,  the  amplitude  will  change  with  x.  The  former  oeee  la  referred  to  aa  the  temporal 
eapllfloatlon  theory;  tba  latter  aa  tba  spatial  amplification  theory.  If  all  tbraa  quaatltles  ara 
complex,  the  diet  urban©#  will  grow  in  apaoa  aad  time.  Tha  original,  aad  for  many  years  tha  only,  form  of 
tha  theory  was  tha  temporal  theory.  However,  la  a steady  mass  flow  tha  amplitude  of  a normal  mode  la 
independent  of  time  and  change#  only  with  distance.  The  spatial  theory,  which  was  Introduced  by  Oeater 
(1962,1943,1965),  gives  thla  amplitude  change  la  a more  direct  manner  than  does  the  temporal  theory. 

2.3.1  Temporal  amp  1 if  last  lorn  theory 

With  . • . p*l  aad  i and  r real,  the  disturbance  oan  ha  writ  tea 

w(x,y,a,t)  a l(y)exp( . jOexyCK J ^ ♦ “*  - ^O)  . (2.15) 

Tha  magnitude  of  tha  wavenumber  vector  k la 

k a (a*  a ?2)1/2  # (2,14) 

ami  the  emgle  he twees  tha  direction  of  k emd  the  a axle  la 

♦ * Ua*?(r/»)  . (2. IT) 

Tha  phase  velocity  a,  which  la  the  velocity  with  which  tha  ae— teat- phase  limee  move  as rmal  to  themes! voo, 
bee  the  magnitude 

d a -/h  , (2.11) 

ami  la  1m  the  dlreetlea  of  k.  if  A ro  pro  seats  tha  eegaitede  of  I at  sees  particular  y,  may  tha  y for 
whleh  I Am  a aaxlmem,  them  It  fames  from  •*.  (2.15)  that 

(1/£)(dA/dt)  a *t  . (2.19) 

Wa  sea  tdeatlfy  **.  aa  the  temporal  ampllflaetlee  rate.  Ohvleaaly  A aeald  have  bees  eheeea  at  say  y,  ar 
far  > mat  bar  flaw  variable  bea»ees  a,  amd  tq.  (2.19)  weald  ha  tha  asm  a.  St  la  this  property  that  ammhlaa 
wa  to  talk  amt  tha  StlHiir  af  aa  imrtmbUlty  wave  la  tha  mama  mmansr  aa  tha  amplltmts  mf  a water 
wave,  eve*  then*  the  tree  wave  amp  lit  a da  la  a fwamtiec  mf  y cad  tha  pmrtleelar  flaw  warUhU  amlaeted. 


■ f - 1 
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We  may  dlstirg.iJ.eb  tbrue  possible  oases: 


damped  wave  , 


neutral  wave  , 


amplified  wave  . 


The  wicapiex  frequency  may  be  written 


ko  • k(op  ♦ 10^) 


Tbe  real  part  of  o la  equal  to  the  phaae  veloolty  o,  and  ko4  la  the  terror*.-  ampl'  \ 'stica  rate,  The 
quantity  o appeara  frequently  (aa  o)  -n  the  literature  of  atahllltv  theory.  Kcwt-wt,  .1  he  us*d  in 
tbe  spatial  theory,  aud  since  general  wave  theory  employs  only  £ and  , with  the  phaae  velocity  being 
introduced  aa  necessary,  we  shall  adopt  the  same  prooedure. 


2. 3.T  Spatial  amplifioatlon  theory 


In  tbe  apatlal  theory,  la  real  and  tba  wavenumber  components  ; and  . are  ocapl«x.  Kith 


we  oan  write  the  normal  modes  In  tbe  form 


u(x,y,s,t)  • Q(y)erpl-(  y"\d*  ♦ .jSjJexptM  * ♦ yi  - t)]  . 


By  analogy  with  the  temporal  theory,  we  may  define  e real  wavenumber  vector  k with  magnitude 


Tbe  angle  bet wee u the  direction  of  k end  the  x axia  la 


, . tan r,{?.r/.ir)  , 


aad  the  phaae  veloolty  la 


It  follows  from  Bq.  (2.23)  that 


(i/i>dk/dx  . - *4 


sod  wa  oan  identify  - ».  ea  the  amplification  rata  la  tbe  x direction.  In  like  manner  -B.  la  tha 
amplifioatlon  rata  la  tha  a direction.  Indeed,  the  spatial  amplifioatlon  rate  tm  a vaetor  like  tbe 


wavemumber  vector  with  magnitude 


( ■; . rjV"  , 


aad  aagla 


, ■ tea  (-•,/-  (,) 


with  raapeot  to  the  s alia.  The  tenlif lentloa  rate  - 4 la  at  thla  point  a frea  parametar,  aad  tta 
selection  la  left  for  future  eeaml derails*. 


For  the  speelal  boundary  layers  to  he  oemmldered  ia  thin  work  (men  p.  $),  we  define  e spatial  wave  to 
b*  amplified  or  damped  according  to  whether  Its  amplitude  laereaaea  or  dteroaaoa  Is  tho  s dlreetloa. 
Therefore,  the  three  poeeihie  ease*  whi&t  correspond  to  Bq.  (249)  arri 


aewtral  wave  , 


amplified  wove  . 


2.).)  Bela tie*  between  temporal  and  apatlal  theories 


1 iamlamr  boundary  layer  la  a dlepermlve  sadism  far  tha  propagation  ef  1 •'Stability  were*.  That  la, 
dif forest  freqweaeiea  propagate  with  differeat  pease  valoeltiaa,  ae  that  tha  Imdlvldmal  bar mania 
aempe seats  im  a group  ef  waves  al  sea  time  will  he  dispersed  (dtaplaeed)  frea  eeeh  ether  at  asms  later 
time.  Ia  a conservative  system,  where  energy  la  met  eaehmmg>4  between  the  wave#  and  tha  and  las,  aa 
overall  fwamUty  *m*  aa  the  smtrgy  ieelti  er  amplltwds  prapagat—  wlU  tha  grewp  valeelty.  Furl  bar  mere, 
the  grewp  valeelty  eaa  he  aeaet dare!  a property  ef  the  iadlvldaal  waves,  aad  te  feUsw  a partiaalar  anroal 
mode  wa  amt  the  grrup  valeelty  tf  that  mede,  Baamaea  ef  lamptag  aad  ampUfienUe*,  UetehiUty  wave#  U a 
boundary  layer  de  mat  eematltwta  a aenaarvatlve  ayatem,  ami  the  great  valeelty  la  la  peeeral  eemplaa. 
Bawever,  mama  ef  the  liaee  ef  siaasrvatlve  typfma  are  w«Ul  waafttL  If  we  eiaatlar  am  ilamur  aevug  at 
tha  grasp  velealty  ef  a aermal  made,  the  wave  la  tha  wee  lag  frame  ®f  refs  reams  will  appear  te  wadarpa 
t amparel  amp  11  flea  ties,  while  u tha  frame  at  peat  It  mdmpss  spatial  — pllftaaUem 
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Thus  we  oan  write 


d/dt  • 


Crd/daf 


(2.31) 


where  In  this  argument  Cp  la  the  magnitude  of  Cr,  the  raal  part  of  tba  group  velocity  veotor  C,  and  x_  la 
tha  coordinate  In  tha  dlraotlon  of  Cp.  Therefore,  If  Wj  la  tha  teaporal  aapllfloatlon  rata,  tha  spatial 
amplification  rata  In  tha  dlraotlon  parallal  to  6p  la  1— adlataly  glvan  to  ba 


-( 


lV 


1 


/Cm 


(2.32) 


Tha  problem  of  converting  a taaporal  to  a apatlal  aapllfloatlon  rata  waa  flrat  anoountarad  by 
Schllobtlng  (1933*),  who  uaad  tba  two-dlaanalonal  version  of  Bq.  (2.32)  without  ooaaant.  Tba  aaaa 
ralatlon  via  alao  uaad  latar  by  Laaa  (1952),  and  juatiflad  on  Intuitive  grounda,  but  tba  flrat 
aatbaaatloal  derivation  via  glvan  by  Oaatar  (1962)  for  tba  2D  oaaa,  and  tba  ralatlon  baara  blc  naaa. 
Gaatar'a  darlvatlon  la  straightforward  and  oan  ba  ganarallxad  to  thraa  dlaanalona  with  tba  raault  glvan 
abova  In  Eq.  (2.32).  It  la  aasantlal  to  nota  that  tba  Qaatar  ralatlon  la  only  an  approximation  that  la 
valid  for  aaall  aapllfloatlon  rataa.  Within  tba  approximation,  tba  fraquarey  and  wavanuabar  of  tba 
apatlal  wava  ara  the  aaaa  aa  for  Vba  taaporal  wava.  If  wa  uaa  tba  ooaplax  group  vaiooity  In  tba  abova 
darlvatlon,  wa  arrlva  at  tba  aaparata  transformations  for  oonatant  fraquanoy  and  oonatant  wavanuabar 
obtalnad  hy  la/fah  and  Padbya  (1979)  from  anotbar  point  of  vlaw.  In  this  approaob,  Iq.  (2.32)  oorraaponda 
to  a tranaforaatlon  of  oonatant  wavanuabar. 

ba  oan  alao  aafca  uaa  of  Eq.  (2.32)  to  arrlva  at  a uaaful  raault  for  apatlal  wa van.  Tha  aaaa  arguaant 
that  lad  to  gq.  (2.32)  alao  appllaa  to  a ooaponant  of  tba  grov?  vaiooity.  Tharafora, 


-(  - ir)  , 

♦ 

whara  -(  i.)*  la  tba  apatlal  aapllfloatlon  rata  In  tba  arbitrary  dlraotlon  .. 
part  of  tha' ooaplax  group  vaiooity  aogla  da flood  by 


Tba  quantity 


’ r 


(2.33) 
la  tba  raal 


C.  • C o© 


C%  • C aim 


(2.39) 

Elialnatlog 


whara  Cx  and  C ara  tba  ooaplax  x and  x ooaponant  a of  C,  and  C la  tba  ooaplax  aagnltuda  of  C. 

-j/Cr  by  Iq.  (1.32),  wa  arrlva  at 

( *t)-  ■ ( 'jlg/ooac:  - ?p)  . (2.35) 

This  ralatlon,  which  nay  appear  rather  obvioua,  la  not  a ganaral  ralatlon  valid  for  two  arbitrary  anglaa. 
It  la  only  valid  whan  ona  of  tha  two  anglaa  la  Jp.  Whan  both  anglaa  ara  arbitrary,  a aora  ooaplleatad 
ralatlon  axlata  aod  baa  Naan  darlvad  by  layfah  and  Padbya  (1979).  Thara  la  alao  a aaall  ohaaga  In  i 
unlaaa  tba  group-velocity  angla  la  raal.  Wa  night  oloaa  this  subject  by  noting  that  wblla  tha  varlawa 
Weyfah- Padbya  traaaforaat  ion  foraulaa  uaa  tba  ooaplax  group-velocity,  they  too  ara  not  axaat  baoaaaa  tba 
group  vaiooity  la  ooaeldared  to  ha  aaaoteat  la  tba  traaaforaatimb  Wa  raooaaaod  to  tba  lntaraatad  raadar 
to  eaaalae  tba  laatrvativa  auaarlaal  axaaplaa  glvaa  by  hay  fab  and  Padhya. 

2.9  Paduatloo  to  fourth-order  ayataa 

iquatioca  (2.7)  ooaaUtvta  a alxtb  ardor  ayataa  for  tba  varlablaa  I,  t,  4,  $,  DC,  DC,  aa  aaa  ba  rbowa 
by  rawritiag  than  aa  ala  flrat-erdar  equal  loam.  Th&a  ayataa  any  ba  radwead  to  fourth  ardor  for  tha 
datarBlaaiian  of  algeavaluee.  Oaa  appraaah  la  to  multiply  tq.  (2.7a)  by  » aad  Iq.  (2.7c)  by  and  add, 
aad  tbaa  aultiply  Bq.  (2.T«J  by  * aad  Ba.  (2.7a)  by  • aad  aubtraat,  to  arrlva  at  tha  fallowing  ayataa  of 
aqwatloaa  far  tba  varlablaa  »4er4,  t,  i*  ft,  aad  ft 


1M*  W~  )<>h*4l  e ( iPOer  Cb)l  • -l(,*er,)f  ♦ 1 (D*  - * §>»  (2.J4a) 

l(.*w*.  )t  • -I#  * * (D*  - t.*#^))!  , 12. Hb) 

i(‘h*%-  )(.*< I e (»«!-.  W)f  • - (»V))(.l-ri)  . (2.34a) 

K'le  • DC  • 0 , (2.  J6d) 


•here  Iqa.  (2.7b)  aad  (I.Td)  have  bee  a dapllaatad  far  eeavenieaeu  aa  Bq**  (2.Jdh)  and  (2.3*0).  Tha  paint 
to  aata  la  that  Iqa.  (1.34a),  (1.34b)  aad  (2.344)  ara  a fourth-ardor  ayataa  far  tba  dapaadaat  varlablaa 
4er#,  9 aad  I.  Tha  fourth  variable  of  tbir  ayataa  la  >16^06.  Tha  dapaadaat  variable  iM  appaara  only 
la  Bq.  (>.)4a).  Tharafora,  wa  any  dataraiaa  tha  algaavalaaa  fraa  tha  faarth-ardar  ayataa,  aad  if 
tuba  aqua  ally  tba  algaafwaatlaaa  • aad  f ara  loaded,  tbay  ara  ahta  land  by  aalvlag  tba  naoal  ardar  aqua ilea 
(2.14a). 

2.9.1  TraaafafaaUaac  to  26  aquatlaae  - taaporal  theory 

Tha  abava  aqaatlaaa  ara  tha  aaaa  that  wa  will  aaa,  hat  tbay  alaa  of  far  a haala  to  diaaaaa  Mat 
traaaf araa t laaa  that  have  haaa  aaad  la  tha  peat.  If  » and  ? ara  raal,  tha  Interpretation  of  tha 
aqaaUaaa  U avtdaat.  hjeetleo  (244a)  U tha  a oat  at  wa  aquatlya  la  tha  dlraatlaa  parallal  M k,  aad  h. 
(2.)  4a)  la  tha  aaaaataii  aqaatiaa  la  tha  dlraatlaa  aaraal  ta  I la  tha  s,a  pi  aaa,  ladaad.  If  wa  aaa  tha 
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1 '? 
1 

■ 0 • . 0 ♦ :•  V , 

iV  • .V  - : 0 , 

(2.37*) 

| 

.USlQv.fi  , 

1 w s 1 fi  - c Q , 

(2.37b) 

1 

1 

,2  S ,2  ep.*  . 

(2.370) 

and  leave  , ft,  9 and  fi  unohanged, 

Bqa.  (2.38)  beooac 

1( >0-  )u  ♦ D0t  s i>fi 

♦ J (D*  - ,*]u  , 

(2.38a) 

1(«0*».)9  • -Dfi 

* i «•*  * •*>*  • 

(2.38b) 

i(  i0-  4w  ♦ DV9  s 

i «**  * '*»  • 

(2.38o) 

1 >u  ♦ Df  s 0 

(2.38d) 

These  tr-anaforaed  squat  Iona  are  of  tbo  fora  of  tqe.  (2.7)  for  • two-dlnenslonai  wove  (B»0)  &o  a two- 
dinanalonal  boundary  layer  (¥*0)  esoept  for  tho  prooonoo  of  Kq.  (2.380).  Vo  at?  obeorvo  froa  tq.  (2.7o) 
that  ovoo  with  f »0 , 0 tf  velooity  oonponent  will  eilat  whenever  thorn  it  • H boooaoo  of  tho  vortlolty 
production  torn  DVt. 

Thus  In  0 30  boundary  layer  vltb  voloclty  proflloa  (C,V)  at  Reynold*  nuabor  I,  tho  eigenvalues  of  aa 
obllquo  toaooral  wm  oaa  bo  obtalood  froa  tbo  eigenvalues  of  a 20  wave  of  tbo  aaao  froquoooy  la  o 20 
boundary  layor  at  tbo  aaao  loyaolda  auabor  with  tbo  oolooltj  profile  of  tbo  30  boundary  layor  la  tho 
dirertloo  of  tho  w a vacua  bar  vaotor.  Tbo  koy  roault  that  It  ia  tbo  lattor  velocity  profile  that  governa 
tba  1 notability  woo  obtained  by  Stuart  [Oratory  ot  al.  (1955))  la  bla  olaaalo  atudy  of  tbo  atablllty  of 
three-diaeneloaal  boundary  lay  or  a,  and  by  mm  and  Lla  (1955)  [aee  alao  Lin  (1955)1  in  their  atudy  of  tho 
mobility  of  onaproaal  bla  boundary  lay  arm.  Vo  ah  all  refer  to  thla  velocity  profile  aa  tbo  dlreotloaal 
profile. 


1 ellgbtly  different  tranaf oraatl on  waa  aaployod  by  Squire  (1933)  and  beam  bin  aaao.  Squlre'e 
original  t rone  format  Ion  waa  for  a 20  boundary  layor  and  tho  Orr-SMaaerfeld  aquation  (aee  Sootloa  2.5.1), 


generalisation  valid  for 

a 30  boundary  layor  la 

0 S 0 ♦ V tan. 

, V s V - 0 Un.  , 

(2.39a) 

u s Q ♦ fi  tea. 

, w s • - 0 tea.  , 

(2.39b) 

> S 2 V 2 . 

. /1  • . /•  , , i s 1 1 , 

(2.39o) 

p/‘2  • pf*2  , 

v/i  • V/  1 . 

<2.39d) 

Vhen  Kqo.  (2.39)  are  oubatltutod  late  tqe.  (2.38),  the  roaultaat  eqoatloaa  are  tbo  ooaa  at  tqe.  (2.38) 
aseopt  that  , I,  f and  fi  are  replaced  by  tbo  oerreapoadlat  tilde  quaatltloa.  Tbua  tbo  troaaforaod 
aquatioao,  eaeept  for  tho  a oquotloo  which  Ooaa  not  eater  tho  eigenvalue  prebleo,  ore  agala  la  20  fora, 
but  now  the  loyaolda  nuabor  boa  alao  booa  troaaforaod  to  tbo  aow  ooordlooto  ay  a tea.  Thla  troaoforaatloa 
relataa  tbo  elgsaealuoe  of  on  oblique  UUBChl  of  froquoooy  la  a 30  houndaiy  layor  vltb  velocity 
profiles  10, V)  at  layeelda  awober  I to  a 20  wava  rf  fraquaaay  /coo.  la  a 2D  boundary  layer  ot  toyaoldo 
nuabor  been , with  voloolty  profile  D*VU»^  It  oaa  bo  Utorprotod  oa  tbo  aaao  retatloa  of  anardlaatta  aa 
la  tho  traaoforaotioo  of  Bq  (7.37)  pluo  tho  redefinition  of  the  re  fare  ace  velocity  froa  0*  to  0*ooov. 

for  0 30  boundary  layer,  tbo  gooorolibod  Squire  troaoforaatloa  to  aoroly  a 41  ff erect  way  of  doing 
whet  baa  already  booa  ooooapllabod  by  Bq^  (2.34).  however,  for  a too-41aoaoloaal  boundary  l*yer  fVeg), 
ehtah  uaa  tbo  aaao  ooool dared  by  Squire,  9 • 0 aad  the  dlaoaaloalooo  voloolty  profile  10  wooboagod  by  tbo 
traaoforaotioo  Tbla  aooao  that  ouaorioal  stability  reewlte  for  obllquo  toaporol  wovoo  oaa  to  laaodlataly 
obtalood  froa  known  results  far  20  vovaa  la  tho  ooaa  voloolty  profile,  fart  harpers,  el  aee  I • too#.,  tbo 
oaalloot  boy  eel  do  auabor  ot  white  0 wave  of  any  froquoooy  haooaoa  wool  able  (alalaua  arltloal  bey  oa  14a 
(Maher)  oust  always  ooeur  for  a 20  wave.  Tbla  la  the  ee  lehrs  ted  Squire  tbooroa.  It  epflloo  only  to  tbo 
oialowa  arltloal  bey  00 14a  auabor  aad  net  to  the  orttleal  beyaeJOe  tea  bar  of  0 parti  valor  froquoooy,  for 
ublob  iantabtitty  aoy  well  oeour  flrot  for  00  obllquo  wove.  It  oboe  Id  alee  bo  no  tod  that  tbo  tbooroa 
applies  ealy  to  o eel f-e teller  boundary  layor  whore  tba  velocity  profile  la  tadopoodaat  of  ft. 

7.*.?  Treoofonaotiooo  to  20  aqua*.  1000  • apatial  theory 

Vhoo  < tad  t are  ooaplon,  tbo  liter  pro  tot  loo  of  tbo  traeafero*’loo  eqoatloaa  (2. 3T)  an  a retatloa 
of  caordiaataa  in  loot,  boanaaa  tbo  troaaforaod  volcalty  proflloa  are  ooaplon.  Tboro  la  oaa  esaapftiaa, 
boo  tear.  In  ganarol,  tbo  qonaftUy  »/  *,  vblab  for  0 lea  parol  wove  U oaa*,  in  nnaplaa.  Sou  over,  if  xJL* 
y y tbnt  m if  tbo  epellal  oapllfloatloa  rote  vaotor  in  porollol  to  tbo  uovo auabor  verier,  >/»U  at  111 
reel  aad  equal  to  000*,  Tbuo  it  would  appear  that  tbo  olgoovaluoo  of  o opotlol  uovo  oould  otiil  bo 
ooloulotod  froa  tbo  20  equations  in  tbo  tilde  sourdine  tee.  iaforteootolp,  tbla  onpootatloa  la  aat 
terror t.  Vboo  * aad  ? are  real. 


• • >000,  , (2.90) 

hut  tboro  Id  ae  Jual!  float  lea  for  applying  Bq.  (Ml)  ooparotaly  to  tbo  rool  gad  la  aginary  part#  af  n 
ooaplon  » whoa  «/  > in  ooaplon.  Vo  ore  able,  bow  over,  to  beet  so  tbo  oorrwot  troanfwrantlon  pula  frra  Bq. 
(2.39).  Vltb  v • * dad  ^ a («ft)  , 


(-  hoo<  * - #r) 


U.ftlb) 


aad  vltb  * a d. 


* 


’ *1  * (“  'lJg/oo^r  * (2.61b) 

tllnlnatlng  (-  *•  obtain 

- \ • - ^ ooa(  - : r )/oo§  tp  . (2.6lo) 

Commquaatly,  tq.  (2.60)  can  bn  uaod  for  >.  only  whan  tbo  roal  part  of  tba  froup-valoolty  angla  la  taro. 
Thara  la  alao  a snail  atolft  In  tba  wavanunonr  vnotor  whnaavar  tj  i 0. 

An  altarnatl va  prooadura  for  apatlal  wavaa  la  to  uaa  tba  aquation*  that  raault  frga  tba 
transformation*  of  Cq.  (2.39),  but  to  not  Invoke  Sq.  (2.60)  whan  «/<la  ooaplas.  Tha  quantltlaa  R and  . 
ara  ooaplax,  aa  ara  0 ai.d  V for  a 3D  boundary  layar,  but  thla  oauaaa  no  dlffloulty  In  a nuaarloal 
solution.  Srjob  a prooadura,  whloh  aaounta  to  a ganarallxad  ooaplax  Squlra  tranaforaatlon,  waa 
lnoorporatad  Into  tba  JPL  vlaooua  stability  coda  TSTAl/TSf.  Tba  approach  with  Kqs.  (2.36),  whloh  baa  tha 
advsntaga  that  no  transformation*  ara  aaadad  In  dataralnlng  tha  aiganvaluas,  la  uaad  In  tba  nawar  JPL 
stability  codaa  ¥ STAB/ 3D,  VSTAJR/Af  and  ST  *10/ IT.  It  should  ba  ootad  that  a van  in  tha  apatlal  thaory,  tha 
iovnrnlnc  tml  voioolty  profila  la  tha  proflla  let  tha  diraotlca  of  h. 

2.9  Spool al  foraa  of  tha  stability  aquations 

2.5. 1 Orr-Sourfald  aquation 

A alngla  fourtb-ordar  aquation  can  ba  dorlvod  froa  Bqa.  (2.36)  by  aUBlnatlng  iOa.6  froa  Iq.  (2.36a) 
by  (2.31d),  and,  aftar  dlffarantlatlon  allalcatlnc  D0  by  (2.36b).  Tba  raault  la 

[b2  . (.2«/*))2t  s 1R  HD2  - (Ar2))  - < 42DnrD2IO.>t  , (2.62) 

with  tha  boundary  ooadltloaa 


t(0)  > 0,  Df(0)  > 0 , 

t(y)  * c,  Df(y)  * 0 as  y * - . (2. *3) 

Whan  W«Q,  Iq.  (2. *2)  radueas  to  tba  aquation  for  a 2D  boundary  layar  obtalaad  by  Squlra  (1933).  Mhan  In 
addition  . »0, 


(D2  - I2)2  t • 1*{(  iO-.HD2  - .2)  - ^Ojt  . (2.66) 

Tbla  la  tha  orr^Soaaarfald  aquation  and  la  tba  baala  for  host  of  tha  work  that  baa  boon  dona  la 
incoopmaalbla  stability  thaory.  It  la  oftan  dsrlvnd  froa  tha  vortlalty  aquation.  In  which  nan  t la  tha 
olgunfwastioa  of  Um  atraaa  function.  Tba  Orr-Sammnrfold  aquation  la  valid  for  a two-dlaanalona 1 wavn  la 
a two-dlnanaleaal  boundary  layar.  lowavor,  tha  gaaamllaad  Squlra  tmanforaatlan,  tt»  (2.39),  raduaaa  tha 
3D  aquatiaa  (2.62)  ta  tq.  (2.66)  la  tha  tilda  eaardlaataa.  Ca'iaaqwaatly,  far  39  boundary  layara  all 
f'Mlqua  temporal  wavaa  oaa  ba  obtalaad  by  aalviaf  a 2D  problem  for  tha  maomallxad  valaatty  proflla  la 
tan  dlraotioa  of  tha  wavanuabar  vaator,  and  whan  tha  boundary  layar  la  twa~dln*aai*aal,  far  tha  anna 
valoolty  proflla.  Tha  " Orr-Sonjtnrfnld  aquation  and  tha  anna  transformation  oaa.. alao  ba  uaod  for  apatlal 
obllqua  wavaa,  but  lr  la  oaaa  I la  ooaplax,  and  far  a 39  boundary  lay  or  ao  la  0.  Tha  iavlanld  form  of 
tha  eon  pi  ox  Squlra  ^formation  waa  uaod  by  Oast  or  and  Envoy  0966)  for  an  aabnoadod  2D  ahaar  flaw,  and 
tha  oanplata  vlao  rom  by  Oaatar  09T5)  far  a Slaalua  boundary  layar.  khan  oaa  la  not  trying  to  a aha 
uaa  of  previous  oaputad  two-dimensional  alfaavaluaa.  It  la  parhapa  ainplar  to  uaa  Kq>  (2.»2)  ta 
ealaulata  39  •>  rad  uaa  a a aaadad,  thus  mldln  tmaafamatiana  in  I and 


2.9.2  gyatna  of  flret-order  aquntlana 

Tbara  ara  a auabar  of  stability  problaos  that  oaa  not  ba  raduaad  ta  a feurtb-nrdnr  systaa,  and 
tharafara  ara  not  govoran d by  tha  Orr-Somnnrf  *1 d aquation.  A nera  flaalbla  approach  la  ta  work  from  tha 
outaat  with  a ayatan  of  firot  ardor  equation*.  kith  tha  daflnltiaoo 

I,  • .8  « I,  Ij  • ,D*  • Si,  tj  • t,  1*  • $ , 

I,  I*  * .80  - . Dl  , (2.69) 

It*.  (2.36)  ana  ba  wrlltaa  as  ala  flrat  ardor  nqwntunai 


Tha  insAwy  aa  adit  loan  ara 


«1  • h • 

(2. Ha) 

Mj  • l*2*  ^aftM»0»  *-.))*, 

• •(  Wm  W01,  • IK  »2o,j2)Iq  , 

U.Hb) 

(2. Ha) 

Mq  • -Hi/ut,  - |1(  *9«r  Ihw  ) 

« C,2o^)/iJ  t,  , 

(2. bid) 

(2.64a) 

N|  O t * 2«*  2ol*  »£*•->  4 U,  . 

(2. HD 

1,(0)  a • , *,(01  a • , 

1,(0)  a • , 

l,Cf>  * • • • • • 

l,(y)  * 0 m $ * * . 

5 


3 

I 


.MU 


Th*  fact  that  tbs  first  four  of  Iqs.  (2.46)  do  oot  oontaln  or  oonflrsa  that  slgsnvaluas  oaa  be 

obtained  fros  a fourtb-ordsr  syetos  sv#n  tboufh  tba  atabllltjr  aquations  oonatituta  a aixtb-ordar  systaa. 
It  la  only  tha  determination  of  ail  tba  eigenfunctions  that  requires  tba  solution  of  tba  full  aixtb-order 
syetea.  Tba  abovs  formulation  la  applloabla  whan  « and  r ara  oosplax  aa  wall  aa  real,  and  to  3D  aa  wall 
aa  2D  boundary  lay  ara.  Only  tba  transformations  of  Kq.  (2.37b)  antar  in  this  formulation,  and  than  oily 
in  tba  daflnltlona  of  tba  dapandant  variable#  Z.,  L,  Z.  and  Z*.  Ro  transformations  ara  Involved  in  tba 
datarninatlon  of  tba  eigenvalues.  Another  point  to  note  is  Cost  only  tba  first  derivative#  of  0 and  V 
sppaar  in  Eqs.  (2.A6)  lnstaad  of  tba  aaoond  derivatives  wblob  ara  prasant  in  tba  Orr-Sommarfald  aquation. 

2.5.3  Uniform  moan  flow 

In  tba  fraastraam,  tba  naan  flow  is  uniform  and  tqa.  (2.A6)  bava  oonatant  ooeff  Iolanta.  Tbarafora, 
tba  solutions  ara  of  tba  form 

lU)(y)  • AU}exp(*sy)  , (1-1,6)  , (2.A8) 

wbart  tba  ara  tba  elx-oomporent  solution  factors  tho  ‘j  ara  tba  okaraotaristlo  values  (tba  tarn 
aifsnvalua  la  raaarvad  for  tha  >,  »<  , - wh.ob  satisfy  tbs  dispersion  relation),  and  tba  A'*'  ara  tba  nis- 
coaponanl  obaraotarlatic  vaotora  (not  to  ba  oonfuaxd  with  tba  wata  amplitude  A in  Zq.  (2.12)].  Tba 
charsotarlstlc  valuaa  ocour  In  pairs,  and  ara  aaslly  found  to  ba 

lf2  • 5<‘2*2>,/2  , (2.A9a) 

3 | . Z{  *2*;  2ail(  4F1ar«1-.)l,/a  , (Z.Ub) 

5,6  • 3, A • U.*9°> 

Hbara  C1  and  ara  tba  fraastraam  aaluaa  of  0(y)  and  W(y).  Only  tba  uppar  signs  satisfy  tba  boundary 
conditions  at  y * Tba  oomponanta  of  tba  oharactarlatlo  factor  A'  ' ara 


A<’> 

i 

. -i(.2*  2),/2  , 

(2.50a) 

A(1) 

• i(  2-  2)  , 

(2.50b) 

Ad) 

i 

• 1 . 

(2.50o> 

*(1) 

a 

• l(,01w;Rr.)/<,2ar2)1/2  , 

(2.50d) 

A(i) 

• 0 , A(,)  • 0 . 

6 

(2.50s,f ) 

for  raal  »,  and  tbla  solution  la  tba  llaaarlsad  potaatlal  flow  ovar  a wavy  wall  moving  in  tha 
dlraatloa  of  tba  vsvanumbar  footer  wlU  tba  pbaaa  valoalty  -/b.  Zt  aaa  ba  oallad  tba  lnvisaid  solution. 


altbougb  tbla  daaigaatloa  la  valid  only  is  tba  fraastraam. 

Tba  eoopoaaata  of  tba  abaraatarlaUe  vaster  A^  ^ ara 

• 1 . 

(2.51b) 

A«”  • l»2s  2*li(  *0,*  «,•.)) 1/2  , 

(2.51b) 

k\V  • 1/1  »2s^2-lK»R1«rll1-.)),/2  , 

(2.51s) 

A^  • 0 , A^  • 0 , A^  • 0 • 

(2.6tdts,f) 

This  solution  repress  alt  a v leases  wave  and  was  ba  eallad  tba  first  via  so  as  saluUam. 

IW  ltoft.lWI.Ut  mt.  l.  . tottrt  UMM  MllUH,  tM  it.  MfH 

sots  are 

»<»>  . 0 , *'»  . 0 . 

(2.52s, t) 

.<»>  . 0 . »<»>  . 0 . 

(2.52a, 4} 

*<»>  . 1 . 

(2.52a) 

»(**  . .(.*«r*<10<  .0,..-»1..J),/*  . 

(2.52f) 

Tba  tbraa  llmoarly  isbmim  aalwtiams  A*11,  A^J  sad  A**}  ara  tba  tag  to  tba  twmarltal  naibmd  that  wa 
' will  wna  io  abtaia  tba  elgemvalems.  as  ttay  proviso  lbs  initial  east! lisas  far  tba  ammarlanl  U^grttlsa 

| IK  ass  observe  that  tba  voeesd  visas  as  sal  a tits  aaa  also  ba  valid  is  tba  bewsSery  layor  as  a pare 

mods  if  if , Z.  and  Zt  va  all  asm.  This  fallows  from  Mb  (Mi).  In  tba  notation  a t to-  (2.37b),  tba 
only  flaw  vat  labia,  L.  is  am,  wbara  la  tba  ton  parol  tboory  w ia  tba  algaafwsatiaa  of  tba 

1 float  malioa  valoalty  normal  to  T.  but  also*  ns  *m/*n  - in/ m is  tba  fleet at lie*  vor  Unity  aaa  pa  boat 


2.6  Wave  propagation  In  a growing  boundary  layar 


► 


.M  l 


Ha  have  already  discuaaad  sons  aapaota  of  this  problaa  In  Section  2.2,  and  we  have  chosen  to  uaa  the 
quasi-parallel  ratbar  than  tha  non-parallel  thaory.  In  tha  quaal-parallal  thaory,  tba  norsal-aode 
solutions  ara  of  tba  fota 


u(x,y,s,t)  » &QQ(y;x)axp[ ln(x,y,x,t)]  , (2.53) 

with  alallar  expressions  for  tha  othar  flow  varieties.  Tba  slowly  varying  aaplltuda  4(x)  of  tba  non- 
parsllsi  aolutlon  Iq.  (2.12)  haa  baan  aat  aqual  to  tba  oonatant  Aq,  and 

'»  (*.i,t)  • / >(x)dx  ♦ (i|)t  - ( x ^ ) t . (2.56) 

Rqustlon  (2.5b)  la  lha  aaaa  aa  Rq.  (2.13)*  ke  havs  laft  . and  . aa  functions  of  tha  alow  aeala  Xj  la 
ordar  to  asks  It  claar  that  0/  *x  ■ » , Juat  aa  for  atrlotly  parallal  flow.  Tba  eigenvalues  and  • 
aatiafy  tba  looal  dispersion  ralatloo  Eq.  (2.1b),  and  tba  elgenfunotloa  fl(jji)  la  alao  a alowly  vary  In* 
function  of  i.  Conaaquantly , at  aaeh  a a dlffarant  eigenvalue  problaa  baa  to  ba  solved  baoauaa  of  tba 
oban*a  In  tba  boundary- layar  tbloknaaa,  or  veloolty  profllaa,  or,  aa  la  uaually  tba  oaaa,  both.  Tba 
problaa  wa  oust  resolve  la  bow  to  *0000001*  tba  poaalbla  a If*  aval  uaa  at  aaeh  1 no  that  they  repreeeot  a 
oontiauoua  wave  train  propa*atlng  through  tba  growing  boundary  layar. 

In  a steady  boundary  layar,  which  la  tba  only  kind  that  wa  shall  oonslder,  tba  dlnanalonal  frequency 
of  a aoraal  node  la  oonatant.  for  a 2D  wave  In  a 2D  boundary  layar,  .•  ■ 0,  and  tba  ooaplax  waveounber  1 
la  tha  spatial  theory,  or  tha  real  wsvenunber  1 and  tba  tnaglnary  part  of  tba  frequeaoy  • . In  tba 
’eaporal  theory,  ara  obtained  aa  olgenvaluea  for  tba  looal  boundary- layar  profllaa.  Tba  only  problem  bare 
la  tba  relatively  nlnor  one  of  oaloulatlng  the  wave  aaplltuda  aa  a function  of  x from  tba  aapllfloatlon 
rate,  and  wa  shall  dlaouaa  thla  In  Section  24.2. 

2.6.1  Spanwlee  wavanunbar 

khan  tba  wave  la  obUqua,.  4 0,  and  It  la  net  obvloua  bow  to  prooaad.  According  to  tba  dlaparalon 
relation,  > la  a function  of  aa  wall  aa  of  x,  Row  do  wa  cbooaa  . at  aaob  a?  Tba  aaawar  la  provided 
by  the  aaaa  procedure  aa  used  In  ooaeervatlve  wave  theory,  khan  wa  differentiate  Iq.  (2.56)  with  reaped 
to  x (not  xt)  and  t,  wa  obtala 


*■  • 1 * • , (2.55a) 

or 

V*  v « k0  , (2.55b) 

where  kfi  la  the  vector  wavemaaber.  Thus  it  follows  directly  that 

• * k0  . 0 . (2.55a) 

and  k la  irroletloaal.  This  ooadltloe  fa  a gaearalUetlea  to  a no aooaao restive  system  of  tba  well-known 
result  for  tba  real  wavenumber  vector  la  ceaaarvatl ve  klnamatle  wave  theory. 

la  the  boundary  layer*  we  will  consider  here,  the  mean  flaw  la  ladapondaat  of  a.  Conasqueatly,  If  wa 
reatrlet  ewraalvaa  to  spatial  wrvee  of  eeaelaat  at  tba  Initial  a,  they  ana  ba  represented  by  a tt^le 

normal  mode  baoauaa  tba  algaavalwa  * will  alee  ba  lidspsndxat  of  s.  Therefore,  aoeordlsg  to  Jq.  (?43a) 
tbe  sought-after  dv*  a*  trees  eeadltloo  as  la 


• haaet.  (2.56) 

One  eawttoa  la  that  If  tba  raferaaaa  length  l*  la  ttaalf  a fwaetlea  of  a,  aa  it  will  be  If  L*  e * far 
eaample,  the  argument  baa  to  be  aUgbtly  modified  ami  tq.  (2.56)  refare  te  ratbar  than  to 

It  still  ranalma  te  apeeify  tba  leltl*!  value  of  . laturally  eeowrrlag  laatabillty  waves  la  a 
boundary  layar  will  ba  a euperpcaitlea  of  Normal  modes,  with  a a pea  true  aver  beta  . and  r that  will 
depend  an  tba  particular  origin  of  tba  wave*.  It  la  probably  only  la  a seat  relied  experiment  wltb  a 
suitable  s even  star  that  a el«*le  normal  made  sen  ba  anal  tad.  Par  example,  tba  vibrating  rlbbea  first  seed 
by  Sehwhewer  amd  SbramaUd  (1HT)  la  Ualr  aalabratad  axparlmant  aaalUa  a spatial  29  narmai  made  wltb  tba 
frequency  of  tba  richer.  It  la  alas  poaalbla  to  aamaalva  of  wavamakara  that  exalte  single  obligee  narmai 
modes  la  boundary  layers  which  are  independent  «f  i.  Saab  narmai  no  dan  will  lava  an  Initial  r which 
natahee  that  of  tba  wavamabar,  sad,  baoauaa  tha  wave  aaa  grow  only  la  1,  tba  Initial  . meat  ba  tare. 
Those  normal  modes  ara  veil-suited  far  ana  in  stability  aa*  eolations  far  tba  evUmetlem  of  iba  least  lea  of 
transition,  to  tba  eeUuUileaa,  f la  aaalgnod  aa  a parameter,  . la  tare,  sad  |q.  (2.36)  seat ra la  tba 
downstream  values  of  y let  ably  m these  normal  nodes  represent  flyolanl  waves  that  earn  ba  prsbisnd  by 
a suitable  wavamabar,  bat  they  ara  alao  aanvomlaat  to  uaa  la  all  aalaalatlaaa  of  normal  mods  a,  seem  aa 
t reset  ties  prediction,  where  wa  era  Interests*  la  tba  largest  possible  growth  of  any  normal  mads,  or  tba 
point  sear  as  ealnletlems  «f  Seat  lea  T.  la  nor  liar  wort  on  two-41  moan!  coal  planar  bowndary  Uyern.  name 
rooaltn  from  wblab  will  appoar  la  later  PeeUeee,  tba  angle  * was  eboaaa  aa  tba  pmreaeier  ta  bald 
eaaataat,  ratbar  tban  rp,  aa  tba  wave  arepoyatoe  downatroan.  alt  bough  * ta  nearly  oonatant  1*  awe* 
boundary  Upore,  it  tbsngsa  mm#  so  that  tba  n>  swaption  of  as  sen  sax  , ic  oat  aqulvalamt  ta  Cq.  (244). 
In  tba  war*  on  throe  dlmonndonnl  laosdnry  leyuru  prams it ad  In  Soatlasm  1}  mi  u,  ftp,  (246)  is  appllod  in 
ta*  spans  iso  asss— iari,  but  tbs  demot  ion  of  tba  apnUnl  ompUflsatlon  rate  U aitbsr  parallel  ta  tba 
Inmal  patswtlsl  flow,  nr,  ousel  easily,  U tbs  dlmoUoo  of  tin  mol  port  of  tbo  grmop  vslnalty  eagle. 

2.6.2  «s*o  annfol  females 

It  In  worth  wills  at  tbl#  paia  ta  lint  ooma  feranloe  tbot  »U1  ba  of  aaa  for  at  ability  anlooUUans 
U grwwlag  bmistiry  laws.  Mi  16  bounds  py  Uyora  are  nannldnmd  bomi  |»  baoodiry  Unit  am  tnbm  a» 
ssgnrsuly  In  Vbrt  C first,  ve  sbsmna  aa  tba  length  mania. 


(2.57) 


M2 


l#  . (V/o-u-jjva  , 

vhlob  io  tbs  usual  length  tosle  of  tbs  falkner-Sksn  fsaily  of  boundary  1 ayara,  and  of  aany  noaalnilar 
boundary- layer  solutions.  Othsr  length  soalss  that  bats  bnn  ussd  ars  tbs  boundary  layer  thioknssi  tbs 
dlsplaosasnt  thiokncsa,  and  ths  invoreo  unit  Isynolds  nuabsr.  Tbs  vsloolty  sosls  is  u;(x  tbs  looal 
vsloolty  at  tbs  odg*  of  tbs  boundary  layar.  With  thsas  oholoee,  tbs  Isynolds  nuabsr  in  tbs  stability 
aquations  is 

* • oJ(x#)  L*/v»*  . (oJxW/2  • »s,/2  . (2.58) 

Tbs  diasnsionlsss  ooordinats  normal  to  tbs  wall, 

y • (y#/x#)l  , (2.59) 

la  tbs  usual  lndspsodsnt  varlsbls  of  boundary-layer  tbsory. 

Tbs  dlasnalonlssa  qusntltlss  u,  s , u,,  I and  y rsfsrsnosd  to  L*  may  bs  oonvsrtsd  to  otbsr  length 
a galas,  suoh  as  dlsplaocaent  or  aoasntua  tbloknsss,  by  aultiplylng  by  tbs  dlaanslonlsss  (with  rsspsot  to 
L ) dlsplaosasnt  or  aoasntua  tbloknsss.  Tbs  lattsr  qusntltlss  ars  slaost  always  obtalnsd  as  part  of  a 
boundary- layar  oalgul^lon.  To  oonrsrt  a,  ti  sud  - to  diasnsionlsss  quantltlss  bassd  on  tbs  Invars#  unit 
Isynolds  nuabsr  *■  /0  , it  is  only  nsossssry  to  divido  u,  Band  - by  I. 

Ths  dlasnalonal  olroular  frsqusnoy  ■.*  of  s noraal  mods  la  oonataot  as  tbs  wavs  travsls  downstrsaa, 
but  tbs  diasnsionlsss  frsqusnoy 

- • * V/0*  , (2.59) 

la  a function  of  x.  It  has  beoome  almost  standard  to  uss 

F ■ -V*/0*2  ■ ./I  (2.80) 

in  plaes  of  > as  ths  dlasnalonlssa  frsqusnoy.  Mowsvsr,  f la  also  a funotlon  of  x for  anything  but  a 
flat-plats  boundary  laysr.  For  tbs  Palknor-Skan  fas 11 y of  vsloolty  prof lisa,  tbs  diasnsionlsss  vsloolty 
gradient, 


a • (x*/0*)(d0*/dx*)  , (2.61) 

is  oonataot  and  rslatsd  to  ths  usual  Bart  roe  paraastsr  ;•  h (tbs  aubsorlpt  b la  ussd  to  avoid  confusion  with 
tbs  wavv. ousbsr  ooaponsnt  . ),  by 


. h ■ 2m/(m*t)  . (2.62) 

Ths  varlsbls  diasnsionlsss  frsqusnoy  for  oonataot  is 

f(l)  • f(l0)(l0/l)W(**,)  » (2.63) 

wbsrs  Iq  is  ths  Isynolds  nuabsr  at  tbs  Initial  x station.  Vhsn  a stability  oods  oan  handls  ssvsral 
frsqusnolss  at  onos,  It  la  aors  ooavsdsnt  to  uss  sons  fixsd  vsloolty  as  tbs  rsfsrsnos  vsloolty  so  that  f 
will  rsaaln  oonataot  for  snob  frsqusnoy.  for  tbs  nonalallar  boundary  lays rs  on  airfoils,  tbs  Jfl 
stability  oodss  uss  tbs  vsloolty  in  tbs  undlaturbsd  frssstrsaa. 

kith  L*  a function  of  x*.  ths  irrotstloasllty  oondltlon  Bq.  (2.56)  sppllss  fo  tbs  dlasnalonal 
s panvisa  vavaaumbsr.  for  tbs  falkasr-Skaa  faally,  tbs  diasnsionlsss  n for  oonataot  B is  glvso  by 

HD/MRg)  ■ (l/«0)(1-*,/(,4*)  . (2.6b) 

Ms  note  that  for  a Bias! us  boundary  layer  (a*0),  r loorsasss  Uasarly  with  ft.  Tbs  dlasnalonal  wsvsouabsr 
i*  la  almost,  but  mot  quits,  constant,  bseauss  thsrs  Is  a snail  loorunas  In  tbs  pbaas  vsloolty  with 
1 Wanning  ft.  la  a result,  Us  wavs  rjgls  * UocftftftM  as  tbs  wavs  travsls  downstrsaa.  Ibis  laorsnss  la 
at  aoat  a few  degrees  for  a planar  boundary  layer.  Rowsvsr,  on  an  sslsyaaetrie  body,  It  is  tbs 
olrouafsrsatlnl  vavsewmbsr  per  radian  that  is  constant.  Thus,  neglecting  tbs  small  decrease  la  » * tan* 
la  Inversely  proportional  to  tbo  radius,  for  laataaoo,  on  a ooeo,  vbora  tba  radius  la  leoroaalat,  aa 
obliges  wave  is  rapidly  eoeverted  to  a asarly  2D  wavs  a a it  travsls  dovantroaaj  oa  a body  eiU  deoreaalng 
redlua,  tbo  offset  la  reversed. 


2.6.3  have  amplitude 


la  tbo  qeaal-parellel  theory,  tbo  amplitude  ratio  of  a spatial  acrmal  mode  of  freqeeaoy 
0 la  obtained  from  tbo  Imaginary  part  of  tbo  phase  fuaotloe  Bq.  (2. M)t 


lad/lg) 


with  • 


(2.65) 


It  ij  la  tbo  start  af  tba  Instability  region  far  tbo  freqeeaoy  . 
basis  of  tbo  o*  as t bod  of  traaaltioa  predlstlou.  la  disovaaod 


id  aoeord  wltb  Bq.  (2. W).  Is rdi*  la  tbo  aapiltudo  at  tbo  initial  etatlaa  iu,  and  tbo  Integral  La 

oval  mated  wltb  aaastaat  . and  g . “ “ 1 ‘k-  *“*  *'  — 

laU/ig)  la  tba  B faatar  that  la  tba 

Beetle*  IJ.  I may  ra  prase  at  say  flow  variable  at  say  y leeatloa. 
any,  tba  mnslmum  value  af  ;u>la  tba  baundary  layer,  aa  tbla  la 
egparimemtally.  Haag  wltb  tba  amplitude,  tba  Uaa-ledcpsndsnt 


* # 

la 

Zt  may  be  helpful  ta  tblak  af  I aa, 
• qaaatity  that  aaa  be  datsrmlsed 
relative  to  tba  Initial  phase  at 


t<S)  - »(lg) 


♦ »?  '•*-o> 


U.U) 


The  phasw  la  a vital  quantity  in  superposition  calculations  (Saotion  7)*  but  otJ  ervlse  it  ia  usually  not 
ooaputed. 

For  tha  falkner-Skan  family,  tha  amplitude  ratio  in  terns  of  II  la 

/*R 

1 oU/Aq)  • - t2/(n*1)]/  n.dl  , (2.67) 

where  tha  integrand  «4  la  osloulsfa^  as  an  eigenvalue  with  tha  t of  Eq.  (2.63)  and  tha  8 of  Eq.  (2.6th 
for  a nonal^lar  boundary  layer,  0*(i  ) la  not  an  analytloal  fuootion,  and  tha  lntagratlon  baa  to  bn  with 
mapaot  to  a . A fornula  that  la  uaad  in  tha  JFL  stability  oodaa  la 

/x 

(g^/RHu'/O*)*^  * (2.66) 

(xc)() 

vhara  la  basod  on  tbm  local  L*j  0*  la  tha  valoolty  of  tha  undlaturbad  f mast  man;  xQ  ia  xVcf,  vham  o* 
ia  tha  ohiyd;  lQ  | 0*o*/v  la  tha  full  obord  laynolds  nunbnr;  and  tha  lntagral  la  again  evaluated  for 


3.  XI COMPRESS IBLE  XRVXSCXD  THEORY 

Tha  systaa  of  first-order  aquations  (2.46),  or  tha  0rr-3oaaerfeld  aquation  in  altbar  2D  or  3D  form, 
Eq.  (2.A2)  or  (2.M),  governs  tha  notion  of  llnaar  waves  at  flnlta  Raynolda  nuabors.  Kith  tha  hlghaat 
derivative  of  0 in  tha  Orr-Soaaerfeld  aquation  aultlpllad  by  1/R,  whioh  la  usually  a snail  quantity,  it  is 
apparent  that  aathsaatloal  and  nuaarloal  aathoda  of  aoaa  ooaplexlty  am  mquirnd  to  obtain  tha  eigenvalues 
and  aiganfunotlona.  On  tha  other  hand,  if  viscosity  la  oonaldemd  to  aat  only  in  tha  nstabllshaeat  of  tha 
a nan  flov,  but  to  have  a negligible  effaot  on  the  Instability  vavaa,  tha  aquations  taka  on  a auoh  alaplar 
fora,  for  example,  the  2D  0rr»3oaaerfeld  aquation  reduoea  to 

(( »0-4(D2-«2)  - 10*0)9  • 0 . (3.D 

Thla  la  tha  fundsaaatal  aquation  of  tha  lnvlsold  stability  theory,  and  la  usually  rafarrad  to  aa  tha 
Rayleigh  aquation.  It  is  of  seoond  order  and  so  only  tha  two  boundary  conditions 

♦(0)  • 0 , 9(y)  * 0 aa  y * - , (3.2) 

oan  be  aatiaflad.  *he  normal  valoolty  at  tha  vail  ia  aero,  but  the  no  slip  oo edition  la  not  satisfied. 

The  lnvlsold  theory  has  dealt  largely  vlth  2D  teaporal  vavaa.  Slnoe  all  of  tha  essential  ideas  am 
iMluded  within  this  fraaevork,  va  shall  adopt  the  sane  procedure  in  thla  Saotion.  The  Rayleigh  aquation 
(3.1)  baa  a singularity  at  y » ye  vhara  iD  a «•  This  singularity  is  of  great  laportanoe  in  the  theory, 
and  la  called  tha  orltloal  layer,  or  orltloal  point.  Xt  does  not  ooour  in  the  Orr-Soaaerfeld  equation, 
but  even  ao  the  Rayleigh  equation  la  alaplar  to  vork  vlth  than  the  Orr-Soaaerfeld  aquation,  and  an 
ext  a naive  lnvlsold  stability  theory  has  been  developed  over  the  pant  100  years.  The  early  vork  van  aalaiy 
by  Rayleigh  (1660,1667,1692,1695,1913)*  but  a great  nuaber  of  authors  have  aada  ooatrlbutiona  in  aora 
recent  tlaea.  An  excellent  review  of  tha  eubjeot  any  be  found  la  tha  artlole  by  Draxln  and  Seward  (1966*. 
Only  those  aapeota  of  tha  theory  vhloh  am  neoeesary  for  a general  understanding,  and  have  relevaaoe  to 
boundary- layer  flows,  will  be  taken  up  in  this  Saotion.  Va  also  restrlot  ourselves  to  boundary  layers 
with  aonctonlo  valoolty  profiles.  These  profiles  have  only  a single  orltloal  layer.  Va  defer  until 
Section  12  the  dlsoueslon  of  the  Important  directional  valoolty  profiles  of  3D  boundary  layers  vhloh  have 
tvo  orltloal  layers. 

Tha  lnvlsold  theory  baa  bean  uaad  for  tvo  purposes.  One  la  to  provide  tvo  of  the  four  Independent 
solutions  that  am  needed  in  the  asyaptotlo  vlaooue  theory.  The  other  ia  aa  aa  lnvlsold  stability  theory 
per  aa.  Va  shall  not  dlsouss  the  asyaptotlo  theory,  ao  it  la  only  the  aaoond  use  that  in  of  interest 
bare.  Rot  aany  nuaarloal  raaulta  have  been  worked  out  froa  thr  lnvlsold  theory  for  Inooapresslble 
boundary  layers.  However,  oaa  of  the  tvo  ohlef  instability  aaohaalaaa  la  lnvlsold  in  nature,  no  that  none 
knowledge  of  the  theory  la  essential  for  an  understanding  of  boundary- layer  instability.  The  prsaeatation 
hem  will  also  serve  a a a necessary  prelude  to  ooepresaible  stability  theory,  whom  tha  lnvlsold  theory 
has  a larger  role  to  play. 

3.1  Inflectional  instability 

3.1.1  So aa  aathsaatloal  raaulta 

Them  am  a nuaber  of  general  aathsaatloal  results  that  oaa  be  established  la  the  lavlaold  theory,  la 
contrast  to  tha  vlaoous  theory  whom  few  such  results  am  known,  Vo  shall  give  two  which  doaoaotmts  that 
no  unstable  or  noutrnl  teaporal  waves  eaa  exist  unleae  the  velocity  profile  has  a point  of  Infleetloa. 
The  first  result  oonceme  uaeteble  waves.  It  we  aultlply  Eq.  (3.1)  by  9 , the  ooeplex  ooajugate  of  t,  sad 
than  owhtreot  the  ooaplex  eanjvgnta  of  the  resultant  equation,  we  obtain 

D(v,D0-9D0i)  - 21nDa0  tt2/  ,0  - *,*•  0 . (3.3) 

Tha  first  term  of  Bt  (3.3)  see  he  node  sore  seeaingful  by  mlatlag  It  to  the  Reynolds  stress,  vhlah,  la 
dlnsasioaies#  fora,  la 


t • • ( »/!*)/  nv  dx  . (3-9) 

It  wa  resell  tha  aoeeaelty  of  first  taking  tha  real  parts  of  u sad  v before  multiplying,  and  aeha  wee  of 
the  euatlanlty  equetloe,  we  ehtela 


D*  • ^D^KV^/.ag  • w j*  , 
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iijt  '■ 
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where  (1/2)  i ♦ | exp  (2  Ai^t)  has  been  replaoed  by  <v*>,  the  iv«ri|*  over  • wavelength  of  the  square  of  tba 
valooity  fluctuation  v. 


Bq.  (3*5)  li  a special  on*  of  * foraule  derived  by  Foote  end  Lin  (1950)  (»••  also  Lin  (1954,1955)]. 
Whan  Bq.  ( 3.5)  is  Integrated  fro*  y ■ 0 to  Infinity,  tha  Reynolds  stress  at  the  wall  and  in  tba  fraaatmaa 
la  taro  by  tha  boundary  condition*.  Tbarafora,  alnoa  D^O  a 0 in  tba  fraaatraaa, 


- w ^)dy  a 0 , 


(3.6) 


where  ^ la  tba  dlaenslonlese  boundary- layar  thlokaaa*.  Zt  follows  from  Bq.  (3.6/  that  if  i 0,  D^O  Bust 
ohaoca  sign  aoaawbsrs  in  tba  Interval  0<y<y..  Consequently,  it  baa  baan  provan  that  tha  valooity  prof  11a 
■uat  have  a point  of  inflaotlon  for  tbsrs°to  ba  an  unatabla  wavs.  This  rssult  was  first  obtalnad  by 
Rayleigh.  Latar,  Pjortoft  (1950)  strengthened  Rayleigh's  naoaaaary  ooodltlon  to  DMJ(O-tL)  < 0 aoaawhara 
in  tba  flow,  wbara  0.  la  tha  naan  valooity  at  tba  inflaotlon  point.  This  condition  is  equivalent  to 
requiring  that  tha  modulus  of  DO  bava  a aaxlaua  for  thara  to  ba  instability.  It  la  always  aatlsflad  in  a 
boundary  layar  with  an  Inflaotlon  point,  baoauaa  DO  ♦ 0 as  y-*«  and  DO ; cannot  only  bava  a nlnlnun.  It 
was  aubsaquantly  provan  by  Tollman  (1935)  that  for  nost  of  tba  prof  lias  wbloh  ooour  in  boundary  layara, 
including  3D  boundary  layara,  tha  oondltlon  ErO  a 0 is  also  aufflolant.  Another  raault  of  Beyleigh,  for 
wbloh  tha  proof  will  not  ba  (Ivan,  satabllshad  that  tha  pbaaa  valooity  of  an  unatabla  wavs  always  lias 
batwssn  tba  aaxlaua  and  alniaua  valuaa  of  0.  This  raault  was  latar  ganarallsad  by  Howard  (1961)  into  an 
elegant  aaaloirola  thaoran  which  ralataa  both  ^ ‘ and  to  tba  aaxlaua  and  alniaua  valuaa  of  0. 


Tba  aaoond  raault  oonearns  nautral  wavaa.  It  follows  froa  Kq.  (3.5)  that  with  u.  • 0,  tba  laynolda 
•trass  aust  ba  oonatant  avarywbara  exoept  for  a possible  diaoontlnulty  at  tha  oritioal  layar  y^  Whan  Bq. 
(3.5)  la  integrated  aorosa  tba  boundary  layar,  tba  only  oontrlbuticn  to  tba  Integral  ooaaa  froa  tba 
laaadiata  neighborhood  of  yc.  Hence, 

V(ycm 

i(yo*0) -T(y0-o)  • - (D20/D0)o<v2>  li*  u-.-r)2^l}«.  (3.7) 

° i'(yc-0) 

Tha  integration  variable  baa  been  abanged  froa  y to  0.  In  tha  Halt  of  * 0,  tha  integrand  of  Bq.  (3.7) 
acts  aa  a delta  function,  and  tha  lntgagral  baa  a value  of  v / 4 Conaaquantly, 

MyovO)-T(ye-0)  « <'7-O(»2»/D0)o<v#2>.  (3.8) 

Slnoa  ! (yQ*0)  and  i(ye-0)  are  both  saro  by  tba  boundary  conditions,  D20Q  auat  also  ba  taro,  and  it  has 
baan  proven  that  a wave  of  nautral  stability  oan  azlat  only  when  tba  ve,1  ooity  profile  baa  a point  of 
inflaotlon.  Purtheraore,  ._/ > • 0Q  and  tba  phase  valooity  of  a nautral  wave  la  equal  to  tha  aaan 
velocity  at  tha  Inflaotlon  point. 


Tha  ohlef  analytical  feature  of  tha  Rayleigh  aquation  (3.1)  1*  the  singularity  at  j0  • *>.  Slnoa * is 
In  general  ooaplez,  so  is  jQ.  Of  oouraa  tha  aaan  valooity  0 la  real  in  tha  phyaioal  problaa,  but  it  a ay 
ba  analytloally  oontlnued  onto  tba  ooaplez  plana  by  a power- aeries  expansion  of  0 or  by  acme  other  aetbod. 
Two  approaohaa  to  obtaining  analytloal  solutions  of  the  lnvlsoid  aquation  are  the  power  aeries  in  a 2 used 
by  Heisenberg  (1924)  and  Lin  (1945),  and  tba  aetbod  of  Probealue  used  by  Tollalen  (1929).  Tha  two 
solutions  obtained  by  Tollalen  are 

♦,(2)  • (y-y0)^i<P'*P0)  • (3. 9a) 

♦2<y)  ■ ♦ (D20/D0)e(y-y0)P1(y-ye)log(y-yo)  , (3.9b) 

F,(y-y0)  • 1 ♦ (D20/2W)e(y-ye)  ♦ (l/fcHD^/DU),,  ♦ »2)(|wye)2 

F,(y-y0)  ■ 1 ♦ t(D50/2D0)o  - (I^a/DO2)^  ♦ (1/2>i2)(y-y0)2  ♦ ... 

The  first  solution  is  regular,  but  fj  la  not  in  general  regular  near  y0  because  of  the  logarlthalo  tana. 
However,  for  a neutral  wave  lr0o  la  aero,  and  in  this  one  ease  9?  la  also  regular. 

To  suaaariaa  what  wa  bava  learned  in  this  eeotloa,  for  a valooity  profile  without  aa  iafleotloa 
point,  (ag,  the  Blaalua  boundary  layar),  there  oan  ba  neither  unstable  nor  neutral  wavaa  (save  for  the 
trivial  solution  n 0,  • 0).  Wbon  there  la  aa  inflaotlon  point,  a neutral  wave  with  a phase  valooity 

equal  to  the  neea  velocity  at  tha  iafleotloa  point  oan  azlat,  and  is  boundary  layara  unatabla  woven  with 
phene  velocities  between  0 and  1 eon  and  will  azlat. 


3.1.2  Phyaioal  Interpretations 

The  no  those  tloal  theory  is  eoeplete  la  Itself,  aed  with  the  use  of  the  Reynolds  a trees  site  sake*  the 
physical  oeaeeqweaeea  of  aa  laflsetlea  point  olaar.  low  aver,  there  have  bee  a attanpta  te  fort  slate 
phyaioal  argue  seta  that  in  aoaa  meaner  hrleg  In  the  oeeoept  of  negative  stiffness,  which  la  the  way  la 
which  one  usually  think*  shout  unit  able  wav*  not  loss.  Tha  first  of  tha**  wan  by  Taylor  (1919),  end 
appears  1 an  aa  addenda!  te  a major  paper  la  vhldi  be  developed  bis  vertlelty  transfer  theory.  Be  applied 
thin  theory  to  deriving  *•  expression  for  the  vertital  transfer  of  disturb  aa**  nomeat  urn,  which  immediately 
■hewed  the!  if  D*9  i*  of  the  ease  sign  everywhere,  the  disturbance  ana  astern  eaa  only  laoraaea  or  da  ere  nee 
everywhere,  a si  tootles  l aeon  pa  tibia  with  the  lav  Isold  boundary  as  editions.  However,  if  0*t  hUfM  alga, 
than  uemeatua  aaa  be  transferred  from  aae  plane  te  another  wlthewt  affect lag  tha  boundaries,  than 
permitting  instability.  Latar  arguments  mad#  use  sf  vertlelty  oeseepta.  The  meet  detailed  in  by  Llm 
(1945,1999),  and  aa  supported  by  a seaeldereble  mathematical  development.  Li*thlU  (1913,  p.  93)  give* 
a very  helpful  presents  tloe  wj  th  three  dlagymme,  and  finally  dill  (1969)  boa  anno  treat  ad  aa  argument  that 
a aha*  aaa  of  Eel  via**  (i960)  eat*  aye  diagram  of  the  atreaailaaa  la  the  vieialty  of  ea  iafleeUee  point 
te  deeeeetrau  that  only  a maximum  la  DO  aaa  eaaae  last  shinty.  All  of  theme  presents  tloos  ere  earth 
eereful  study. 
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3.?  buaurioal  Integration 

Tha  analytical  nstts©4a  ar«  not  adequate  lor  producing  nuaarloal  aolutiona  of  tba  Rayleigh  aquation 
except  In  oartaln  apaolal  oaaaa.  Only  dlraot  nuaarloal  integration  of  Iq.  (3.1)  oan  produoa  aolutiona 
aoourataly  and  quickly  for  tba  great  variety  of  veloolty  profllaa  anoountarad  In  pr  notion.  Tbara  ara  at 
laaat  two  netboda  available.  In  tba  first,  whloh  was  davalopad  by  Conta  and  Hllaa  (1959),  tba  Intagratlon 
la  raatrlotad  to  tba  raal  axla  and  la  oarrlad  peat  the  orltloal  point  by  tba  Tollaisn  aolutiona.  In  tba 
aaoond  aetbod,  vhlob  vsa  davalopad  by  Zaat  (1956),  the  aolutlon  la  produoad  entirely  by  nuaarloal 
Integration,  and  tba  orltloal  point  la  avoided  by  uae  of  an  indented  oontour  In  tba  ooaplex  plane.  It  la 
aa  aaay  to  perforn  tba  nuaarloal  Intagratlon  along  eueh  a oontour  aa  along  tba  raal  axla,  provided  tba 
analytlo  continuation  of  0 sway  froa  tba  raal  axla  la  available.  This  approach,  except  for  a difference 
In  the  aethod  of  analytlo  continuation,  vaa  uaad  by  Maok  (1965a)  to  integrate  tba  ooapreaalbla  lnvlacld 
aquatlona.  It  vaa  later  extended  to  lnooapraaelble  flow,  and  la  Incorporated  Into  tba  JFL  lnvlacld 
atablllty  code  I3TAB. 

For  nuaarloal  Intagratlon,  Iq.  (3.1)  la  replaced  by  tba  two  fi rat-order  equctlona  for  9 and  0 vhlob 
follow  froa  Bqa.  (2.30)  whan  R * - : 


Df  • [,/(j0  - w)](DOnia0)  , (3.1la) 

D0  • -l(uO-«..)t  . (3.11b) 

The  aolutiona  In  the  freeatreaa,  where  0 • 1 and  DO  ■ 0,  are 

t ■ exp(-  iy)  , (3.12a) 

0 ■ -MWOexpt- *y)  , (3.12b) 


where  we  have  ohoeen  the  normal  lx  a tl  on  to  agree  with  Bqa  (2.50).  Tbaee  axpreaalona  provide  the  Initial 
valuaa  for  tba  nuaarloal  Intagratlon  to  atart  at  aoaa  y ■ y1  > y,.  For  ohoaan  valuaa  of  u and  u>r  ♦ lu^, 
tba  Intagratlon  prooaada  froa  y ^ to  tba  wall  along  tba  raal  y alia  and  an  Indented  reetangular  oontour 
around  tba  orltloal  point  when  naoaaaary.  Tba  velocity  0 la  oontlnued  on  to  tba  Indented  oontour  by  a 
power- ear  lea  expansion  in  y - y^.  The  naoaaaary  derivatives  of  0 are  obtained  from  tba  boundary- layer 
equatlona.  A Hevton-Rophaon  eesroh  procedure,  In  vblob  any  two  of  xt  ^ are  perturbed,  la  weed  to 
find  the  eigenvalues,  La.,  an  t and  w_  ♦ l^  for  vhlob  the  boundary  oo edition  9(0)  • 0 la  satisfied.  If 
1 la  bald  oonataut,  then  the  Cauohy-ll  eases  aquatlona  oan  be  uaad  to  ellalnate  one  perturbation  beoauee 
tba  fUaetlon  . ( *)  In  the  dispersion  relation  la  analytlo. 

3.3  Amplified  and  damped  lnvlaold  waves 

3.3.1  Amplified  and  damped  aolutiona  aa  oomplex  conjugates 

In  the  use  of  the  lnvlaold  theory  In  tba  aaynptotlo  vlaooua  theory,  the  choice  of  the  branch  of  tba 
logarithm  In  Iq.  (1.9b)  constitutes  a major  problem.  This  same  difficulty  also  shows  up  la  the  lnvlacld 
theory  itself,  but  In  a muob  lass  obvious  nsnnar.  Slaoc  DO  > 0 for  tba  type  of  boundary  layer  we  are 
considering  In  this  Seotlon,  It  follows  that  for  aa  amplified  wave  (...  > 0)  the  critical  layer  Ilea  above 
the  real  y sxls  [(yp)1  > 0);  for  s damped  wave  ( A < 0)  it  Is  below  the  real  axla  C(F9)<  < 0].  for  a 
neutral  wave  (.«  0),  tba  orltloal  layer  la  oa  the  raal  axis,  but  since  D*0O  • 0 the  logarithmic  tern 
drops  out  of  Iq.  t 3.9  b)  sod  tbo  solution  Is  regular,  kith  tba  orltloal  layer  looated  off  tba  real  axla 
for  amplified  and  damped  wavaa,  It  would  seam  that  there  is  nothing  to  binder  Integration  along  the  raal 
axla.  Indeed,  It  oan  bo  soon  by  manipulating  tbo  lnvlaold  equation  (3.1)  that  If  #r  ♦ lf^  la  n solut<  'a 
for  r ♦ l-l#  then  tr  - lt1  la  a aolutlon  for  - i*u.  Thus  amplified  and  damped  aolutiona  are  oomplex 
conjugates,  sod  the  oxlstoaoo  of  one  implies  tie  existence  of  tba  other,  from  this  point  of  view,  tbo 
criterion  for  In* lability  is  that  ~ is  complex,  and  the  only  stability  la  neutral  stability  with  - real. 
Since  Bq*  (3*6)  applies  for  < 0 as  well  as  for  > 0,  neither  amplified  nor  damped  waves  oan  exist 
unless  there  Is  aa  Inflection  point.  The  llaalus  boundary  layer  baa  no  inflection  point  (exoept  at  y a 
0),  and  according  to  this  argument  no  lnvlaold  waves  are  possible,  amplified,  damped  or  neutral  (exoept 
for  * • 0,  - • 0).  lot  vlaooua  solutions  certainly  exist;  ubst  happens  to  thees  selutloas  in  the  limit  an 
» • *t 

3.3*2  Amplified  end  damped  solutions  as  I *»  limit  of  viscous  solutions 

The  elar  1ft nation  of  thin  point  Is  due  to  Lin  09*5),  who  showed  that  If  the  lnvlaold  solution#  are 
regarded  no  the  Infinite  leyaelde  Holt  of  vie  ecus  eelutlene,  n eenaleteet  laviaeld  theory  eon  be 
oomotruotod  in  vhlob  damped  solutloee  exist  that  are  ast  tha  com  pi  ax  conjugate#  of  amplified  eelutlene. 
TO  achlovo  this  result,  integration  along  the  real  axla  la  abamdanad  for  daapad  wavaa.  Imatcad,  tha  path 
of  Integration  in  tahaa  mgA£  tbo  singularity  Jaat  an  it  la  far  tba  lnvlaold  aolutiona  that  art  uaod  la 
tha  asymptotic  visions  theory,  ami  lt<y  - y J • la  y - ytf  - 1*  fur  y < yr  for  Cooped  oaves,  the  offset 
of  viscosity  is  prsMni  eves  is  the  limit  I • * , sad  t completely  lav  Isold  solution  manat  bn  valid  along 
the  entire  reel  axis.  Ua*»  arguments  were  pbynlen 1 and  hearts  tie,  but  a rigorous  JustlflsnUon  wan  given 
by  Vasew  (19*8). 

It  la  ales  poeelhla  to  arrlvu  at  Ua*a  moult  from  a strutly  nmmsrlnal  ipprtnnb.  In  lootloa  M mo 
montion  wan  made  of  bow  to  ladont  tbo  ooatoor  of  lategretiea.  Tbo  two  peaalbl|itloa  are  abevn  la  rig, 
3.1.  far  aa  lavlatid  neutral  aolutlon  < -.  • 0),  9 It  partly  imaginary  and  p la  real.  Zt  make#  am 
different#  If  tbo  oontour  la  lads  a tad  balm  the  raal  axla,  aa  la  rig*  3.1c#  or  above,  aa  la  rig.  3.1b. 
Tba  aaao  eigenvalue  , la  obtained  la  alt  bar  ease,  if  d 0,  tba  lategratloa  eaa  ba  reatrlatad  to  tba 
real  axla.  la  u aver,  union#  l*t«0  oooowharo  in  the  beeelnry  layer,  thorn  am  aa  amplified  salatlone,  or 
their  aamplaa  eaa  Jug#  In  tha  damped  aalutleam.  Bat  If  ea  mm  adtlaar  (a)  for  damptl  wavaa,  mt  aalaar 
(b)  far  amplified  wavaa,  bath  aalatleaa  exist  even  with  1*1  4 0.  heme  elgeavalmaa  eemputed  far  the 
Blsalma  ve’eeitx  arefllm  am  alvea  la  Tabla  1.1.  whom  tha  eimnmvmlmm  have  been  mm#  dismal aalaaa  few 
m fere  net  tel  (Bq,  (Ml)],  vhlob  eatare  the  lavleeld  problem  tbreegh  the  boundary-layer  similarity 
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variable  y n y*/L#.  A*  o*n  b«  verified  fro*  Kq*.  (3.11),  th*  solutions  with  «r  - 
r*lst*d  to  th*  solution*  with  wp  ♦ 1^  sod  oontour  (b)  by 

f(»)  «,  ifCh)  , f(b)  . lf(b)  t 

$<•>  «.  4(a)  , .j(b)  * ^(b)  . 


lu>l  and  oontour  (a)  or* 


(343) 


Tabl*  3.1  Imr  Isold  tlgsnvslusa  of  Blsslus  velocity  prof  11* 
00*put*d  with  indented  contour*. 


Contour 

i 

u,r 

“i  X 

(a) 

0.128 

0.0333 

-2.33 

(b) 

0.128 

0.0333 

2.33 

(a) 

0.180 

0.0580 

-6.80 

(b) 

0.180 

0.0580 

6.80 

Whioh  option  do  w*  pick,  (•)  or  (b)7  Slno*  th*  wrutr  si- stability  oum  for  tb*  Blasius  profile  in  of 
tfa*  typs  shown  in  Pit*  1.1*,  wsvs*  of  all  wavsauabsra  nr*  dnapod  In  th*  Halt  B • »»  Consequently,  if  th* 
lnvlsoid  solutions  nr*  r*qulr*d  to  b*  tb*  B • * liait  of  viaoous  solutions,  it  In  svldsnt  that  oontour  (s) 
Bust  b*  us*d,  just  ns  in  th*  nspsptotlo  th*ory  nod  In  ntr*«**nt  with  ' in.  Without  sn  Inflation  point, 
th*r*  nr*  no  Invlnold  napllfl*d  solutions,  for  * velocity  profll*  with  D*0  * 0 at  y-,  whsr*  th*  subsorlpt 
s r*f*ra  to  th*  infUotlon  point,  both  n*pllfl*d  and  dn*p*d  war**  *nlst  for  *aob  oontour,  unllk*  th* 
Blnslus  oss*  Th*  o*utral  wtv*nuab*r  in  *g,  sod  oan  b*  obtnlosd  with  *lth*r  oontour.  With  oontour  (s), 
th*  w«v*nuab*r*  of  th*  napllfi*d  vm*  nr*  loontod  b*low  sod  th*  wnr*nu*b*rs  of  th*  dn*p*d  wavs*  nr* 
looat*d  sbov*  a_{  oontour  (b)  tiros  tb*  opposit*  rosults.  Co*  par  Ison  with  th*  risoous  n*utr*l-*t«billty 
ourr*,  whioh  is  of  th*  typ*  shown  in  Pit.  Lib,  shows  that  oontour  (b)  Bust  b*  r*j*otsd  in  this  oss*  also. 

Th*  da*p«d  solution*  with  oontour  '*}  do  not  *sist  *r*rywh*r*  os  th*  r*sl  axis.  Aooordinf  to  Lin 
(1955,  p.  13$),  th*r«  la  so  i*t*i»w*i  of  tb*  r*sl  axis  in  th*  rlolnlty  of  th*  orltloal  lay*r  wh*r* 
v lnoo«l  ty  will  alwnya  bar*  an  *ff*ot  *r*n  in  th*  limit  of  t * ",  and  whara  th*  1 nr  Isold  solution  is  not  a 
ralld  asyaptotio  approximation  to  th*  risoous  solution,  la  th*  final  paragraph  of  his  book,  Lin  raaarked 
that  in  tbla  interval  th*  risoous  solution  baa  an  oaolllatory  babsrlor.  Thla  romsrk  was  ooaflraod 
•nalytloally  by  Tatsuml  and  Ootcft  (1971),  and  r«rifl*d  numarioally  by  Oar*y  (1981)  at  an  sxtramaly  high 
Reynold*  numbar  usint  th*  ooapound  aatrix  m*thod» 

As  a num*rl«al  *xampl*  of  dsmp*d  i nr  Isold  *it*nralu*a,  Pig.  3 Jt  tir*a  th*  Umporal  damping  rat*, 
as  a function  of  \ for  th*  Blaalus  r*loolty  profll*.  Th*  oaleulstlon  was  porformod  along  -n  lnd*Btsd 
oontour  of  typ*  (s).  Tb*  lnrlsold  daaplag  rats*  ar*,  for  th*  most  part,  muoh  larger  than  th*  rlsooua 
aapUfloatlon  ret**.  That  damp*d  larlsoid  *lg*nralu*s  oaloulatsd  with  a typ*  (s)  oontour  ar*  th*  B * * 
Us  it  of  risoous  *l4*sralu*s  was  oonflm*4  aumorioally  by  Dsr*y  la  th*  papar  a*ntloa*d  in  th*  proo*dlag 
paragraph.  Por  *■  0*179,  th*  lnrlaeld  *lg*Bralu*  is  */*•  0.32128-0.036711}  th*  risoous  *ig*nralu* 
oo*put*d  by  Dar*y  at  B ■ 1 x 10*  ia  -*/*•  0.32116-0.036291. 

а.  vqnkbxcal  nemmu 

M Typos  of  msthods 

Sins*  th*  early  i960**,  th*  asymptotic  thooria*  d*r*lop*d  by  Tollmlaa  (1929)  and  Lin  (1965)  bar*  baaa 
largely  super  a*  dad  as  a moans  of  producing  num*rioal  results  in  faror  of  direct  solution*  of  th*  gorornUg 
differential  cgwatloas  on  a digital  computer.  The  smm«ri*al  methods  that  bar*  boon  employed  fall  roughly 
into  three  *at*gorl*at  (1)  fiaite-diff*r*ne*  methods,  used  first  by  Thomas  (1953)  in  his  pioneering 
numerical  work  on  plans  Poisouill*  flow,  and  later  by  Kurts  (1961),  On  bom*  (1967),  and  Jordlanea  (1970), 
*m*ag  others;  (2)  spectral  methods,  used  first  by  Oallagber  and  M*r*ar  (1962)  for  Cornett*  flow  with 
Chandrasekhar  and  B*id  functions,  and  lat*r  lnpror*d  by  Orssag  (1971)  with  U*  use  of  Ch*byah*r 
polyaomlsls}  and  (3)  shooting  nothods,  used  first  by  Brows  and  tayr*  (1956).  All  of  th*s*  methods  bar* 
advantage*  and  dissdrantegss  whioh  show  up  in  specialised  situations,  but  th«y  are  all  equally  ah)  to  do 
th*  routine  eigr. wains  oompuUtiona  required  la  treaei  Use-prediction  *ai*ulatlo*s.  low*rer,  a shooting 
m*thod  has  boon  used  for  alnoet  all  ef  the  mnorlasl  results  giren  la  the  present  lectures,  and  it  la  this 
method  that  will  b*  described  here, 

б. 2  Meeting  methods 

After  th*  *e?ly  work  *f  Brews  0956,1959,  i*M.  1962),  eemputer  eeden  for  boundary- lay *r 
problems  that  were  alee  based  en  sheeting  methods  were  developed  by  Raehtnholm  (1963),  Mask  (1965a), 
Laodahl  and  Kaplan  (1965),  BadhUl  and  Van  Minot  (1966).  Wesson,  Ohaewra  sad  tmlth  (1966),  ay  (1973)* 
ami  Ceheol  ud  Btewnrtsem  (1979),  among  ethero.  Neat  a f thane  ends*  salvo  tha  Orr  Bemnsrfsld  equation} 
•aeeptleaa  arc  the  — mpresatbl*  stability  soda  of  Brows  (1961),  and  tha  cades  of  Nook  (1965a),  which  wore 
also  originally  developed  far  aonpressibl*  flew  sad  only  later  extoadad  to  laeamproaaible  flow.  Almeat 
all  of  the  «adet  have  th*  faatwro  that  th*  awmari**!  IntegraUea  proceeds  from  the  froaatroaa  U th*  wslL 
The  axooptlena  are  tha  e*daa  ef  Brawn  sad  ef  Bsskts«h*la  (1963),  wham  tha  lstagratles  prooooda  la  the 
eppanite  dlraatlaa  (U  a later  report  ea  plaaa  Peieoallle  flew,  Baahtaheia  (1966)  seed  s aethed  that 
latagrataa  la  hath  direttleaa). 

Tariewe  iatijrature  have  bean  weed  to  Implameat  the  ah  eel  tag  method.  Parhage  the  meat  temaea  U eeme 
farm  af  tha  tuage-Kutte  aethad,  but  tha  Adame-Nealtea  and  Cellar  baa  method  have  alee  heee  weed.  One 
chelae  that  baa  to  be  made  ia  whether  to  can  a fixed  ar  variable  atcp-elae  lategrster.  the  latter  la 
batter  in  principle,  bat  it  adds  te  the  sampwta tlaaal  averhaad,  mad  than  U tha  sxpaaaa,  sad  it  mag  be  an 
diffianlt  to  aiaalrnirt  a proper  error  loot  and  than  abeam  tha  error  Unite  an  It  la  ta  eel  set  the  proper 
fined  step  alee.  It  east  alee  he  rsaiahind  that  the  veriahle  vtap-eiae  aatheda  do  ant  really  addraaa  tha 
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right  problsa.  Vbst  vs  ara  interested  in  is  a oartaln  socuraoy  of  tbs  eigenvalues  and  slgsnfunatlons,  not 
In  tbs  per-step  trunoatlcn  srror  of  tbs  independent  solutions,  wblob  is  vbst  tbs  vsriabl*  stop-sits 
■atbods  oontrol,  Tbsss  methods  sssa  to  rsquirs  aors  integration  stops  than  fitsd  stop-sits  astbods,  which 
adds  to  tbo  expense,  sod  tbo  only  ooaponsation  is  to  relieve  tbs  usor  of  tbs  nood  to  soloot  tbs  stop  else. 
Tho  JPL  viscous  stability  oodos  have  usod  a flxod  stop-alto  fourtb-ordor  Ruoge-Kutta  Integrator  for  at ay 
yoars  without  soar  onoountorin*  a problsa  that  roqulrod  s variable  stop-sits  intofrator.  A severe  tost  of 
any  intofrator  is  to  oaloulato  tbs  dlsoroto  eigenvalue  epeotrua,  booauso  tbo  blfbor  Tlsoous  nodes  bavs 
rapidly  ooolllatlnf  eigenfunction*.  Tbo  flxod  stsp-siso  intofrator  had  littls  difficulty  in  oaloulstlnf  s 
nuabor  of  additional  toaporsl  aodos  for  piano  Polsoulllo  flow,  and  Its  ultlaato  failure  in  s portion  of 
tbs  ooaplox  . /> plane  for  Blsslua  flow  was  oausod  by  a round-off  orror  probloa  that  apparently  cannot  bo 
cured  by  any  of  tbo  usual  aotboda  [Mack  (1976),  p.  901]. 

Tbo  oarly  applications  or  shoot inf  astbods  suffered  froa  tbo  probloa  of  parasltlo  orror  growth.  This 
growth  arises  boosuso  of  tbs  presonoo  of  a rapidly  frowlnf  solution  In  tbo  dlrootion  of  lntofratlon  that 
is  associated  with  tbs  large  characteristic  value  >«  In  tho  froostroaa,  wbloh  tho  nuasrloal  round-off 
orror  will  follow.  Ths  parasltlo  orror  eventually  ooapletoly  oontaalnatos  tho  loss  rapidly  frowlnf 
solution,  assoeisted  with  tbo  obaractoristio  value  a . la  tbo  frooatroaa.  Tho  essential  advance  in  ooplnf 
with  this  problsa,  wbloh  had  previously  liaitod  nuasrloal  solutions  to  node  rate  Reynolds  nuabero,  was  aade 
by  Kaplan  (196A).  Tho  If plan  aetbod  •purifies"  tbo  oontaainatod  solution  by  filtering  out  tbo  parasltlo 
orror  whenever  It  bsooaos  lsrgs  enough  to  destroy  tbs  linosr  Independence  of  tho  solutions.  An 
llluainating  presentation  and  application  of  tho  Kaplan  astfaod  aay  bo  found  la  Betokov  and  Crialnalo 
(1967).  Throe  reoent  astbods  that  oopo  sxooptionally  well  with  tho  oootaaination  probloa  are  tbo  Klooetl 
aetbod  [Oavoy  (1977,1979)],  tbo  aetbod  of  ooa pound  aatrioos  of  If  col  Bold  (1979,1960),  and  tbo  aetbod  of 
order  reduction  [fan  Stljn  and  Van  do  Voorea  (1962)]. 

A. 3 Oraai  Scheldt  ortboaoraallastlon 

A widely  usod  aetbod,  that  was  original ly  developed  for  ayateaa  of  linear  differential  equations  by 
Godunov  (1961)  and  Balloon  and  Kalsbs  (1969)  and  applied  to  tho  boundary-loyer  stability  probloa  by 
Radbill  sad  V-n  Driest  (1966)  ssd  Masson,  Okaaura  and  Salth  (1966),  Is  that  of  Qraa-Schaldt 
ortbonoraal  last  ion.  This  aetbod  has  tbo  advantage  that  it  la  sealer  to  generalise  to  higher-order  ays  teas 
than  is  tbo  Kaplan  filtering  technique.  However,  tbo  geometrical  argument  often  adduced  la  Its  support, 
that  this  prooeduro  preserves  linear  Independence  by  keeping  the  solution  vectors  orthogonal,  oaaaot  be 
correct  because  the  solution  vector  apace  does  not  have  a aetrlc.  Za  aueh  vector  spaces,  veotors  are 
either  parallel  or  non-parallel;  the  eonospt  of  orthogonality  does  not  sxlst.  instead,  ths 
ortbonormaliaatioe  aetbod  works  oa  exactly  the  saae  basis  as  Kaplan  filtering:  the  •small*  solution  Is 
replaoed  by  a linear  combination  of  the  •small*  and  "large*  solutions  which  is  Itself  eonatralasd  to  be 
•■sail." 


for  the  alapleet  case  of  a 
solutions,  I'1'  and  XC3?,  each  oo< 
It3J  the  vlsoous  solution.  Altb< 


two-dl  a national  wave  in  a two-^iaeMloeal  boundary  .layer,  there  are  two 
consisting  of  four  ooa po neats.  In  tb»  freestream,  X'1'  la  tbo  lav Isold  and 
Although  this  ldsatlflcatloa  is  lost  in  tbo  boundary  lays r,  X(3)  oootlnuss  to 
grow  more  rapidly  with  dsoreaslng  y than  does  r1'.  Tbs  parasltlo  srror  will  follow  Xt3',  and  wbon  ths 
dlffsrsscs  in  ths  "SLngnltudea*  of  I'3'  and  X(1'  aa  ds flood  by  an  arbitrarily  assigned  aetrlc  bocosaa 
sufficiently  large,  X'"  will  no  longer  be  Independent  of  Well  before  this  occurs,  the  Gras-gcbaldt 

orthonormal  last  ion  algoritha  la  applied.  The  •large*  solution  la  normalised  component  by  eompomeat 
to  give  the  oew  solution 


8(3) . tfsi/fsCUY’M'* , (t. i ) 

where  ec  ssterlsk  refers  to  a oumpT  «x  ooajugate  end  * ) to  e aoelax  product.  The  metric  adopted  for  th» 
vector  space  Se  the  usual  Bwol*l*aa  norm.  The  scalar  product  of  Xn)  and  A la  used  to  form  the  vector 


a(D  . U(U*  . . (A. 2) 
whiob  rep. sons  X*1*,  sad  where  S refer  to  the  quantity  is  the  numerator. 

The  numsriesl  Istsgrstlos  oestlaues  with  R*1*  ssd  R*3*  is  pises  of  X*1*  end  Xt3\  sad  when  In  turn 
3(3)  exeeeds  the  set  or  it  or  toe  of,  say,  10*  with  single  precision  arithmetic  ead  s 36  bit  computer  word, 
tbe  ertbonermallsetlea  la  repeated,  tfltb  homogeneous  bousdsry  oo editions  at  the  wall.  It  pahes  ne 
difference  la  tbe  detsralaetloa  of  the  eigenvalues  whether  tbs  I'*'  or  R'*'  ere  weed.  A linear 
combination  of  tbe  two  eelwileae  eetieflee  tbe  l(0)«0  beumdary  condition,  but  tbe  f(0)s0  boundary 
condition  will  In  general  net  be  satisfied  unless  » , r end  - satisfy  tbe  diapers  ism  relation. 

Although  tbe  octhonarmalftloa  preeedurs  bee  me  effect  on  tbe  method  of  determining  eigenvalues,  it 
dose  complicate  tbe  ealeuleUee  of  tbe  oigomfenotlsaa.  Tbe mol  w ties  vectors  of  tho  sum  or  leal  Uiegratioa 
are  Uncar  omnblaa  Uea*  ef  tbe  erlglaal  eel  sties  veetere  V*'  sad  S'3',  and  It  la  assess try  to  "unravel" 
these  eon bl notions.  Two  wull-femeus  applies  Ucae  of  ertboaomollaatloa  hove  beam  gives  by  Cumte  (1966)  end 
by  feett  and  Vatta  (19TT).  Tbe  Utter  autbere  lneerperated  their  aetbod  lb  tbe  general  purpose  coda 
UPOBT  that  baa  beea  seed  is  several  stability  lsveellgstlsaa.  A Alfferuat  prsaadsre  from  either  ef  those 
wee  uorbtd  out  for  tbe  JPl  stability  codes  (1971),  and  la  readily  applicable  to  sap  order  of  differential 
equations. 


The  iewtea-bspbses  netted  baa  boss  found  to  be  eetlefeetery  for  abtalalag  tbe  eigenvalue  a.  The 
bauadary  aamditlan  r Xm  (or  »n))  is  eetlefled  at  tbe  eebeluelee  ef  each  Utagratlaa  by  a linear 
eemblnatlaa  ef  the  tea  selstleas  at  yep.  In  the  spot  lei  theory  with  - ead  d flood,  tbo  gmeoo  value  of 
a*  in  pertwrbsd  by  e email  smeemt  end  the  Utagratlaa  repeated*  Bamnn  ♦€•*  U am  saalytle  ferns  Use  of 
the  ismplss  variable  a,  tbe  finny  Rise  sen  otsetiomo 


.VIK 


J»t1(0)/3a1  • atJO/Sa-  , 

0.3) 

3tp(0)/2at  a -St^/da,.  , 

mb  bn  applied  to  •llilMU  tha  and  for  a moo m latagmtlo  with  a-  parturbad.  V«  nay  noU  that  f<0)  la 
aa  analytic  function  or  u tiran  aftar  orthoaoraallMtloa  with  tha  uaual  tfaflBltlon  of  tha  aoalar  product, 
raaarka  to  tha  oontmry  In  tha  lltamtum  notwithstanding, 

Tha  oorraotloaa  fa  r and  Aa  & to  tha  initial  guoasaa  * •*p  aaa  a.  ara  ohUlnad  froa  tha  raaldoal  9(0)  and 
tha  ouaarloal  (llaaar)  tpproxl  nations  to  tha  partial  darlvatlaac  Vy 

C.it_(0)Aip]6  v • ■ -t_(0)  , 

(l.l) 

t^t1(0)/^Yl6o|>  . (^(O/a^JAa*  - -t4<0)  . 

Tha  oorraetad  <*.  and  ^ ara  uasd  to  atart  a now  Iteration,  aad  tha  prooaaa  oontlnuos  until  Aap  and  fa  ^ 
haaa  haaa  mduood  halo*  a prana t orltarloa. 

5.  TMCOW  JMSUMILIH 

5.1  Klmtlo-anargy  aquation 

Tha  approaoh  to  Instability  theory  haaad  oa  tha  energy  aquation  vaa  originated  by  Bayaolda  (1195)* 
aad  ha a proven  to  ha  aapaoially  halpful  la  tha  aoallaaar  thaory.  la  axtaadad  aoaouat  of  manat  work  haa 
baaa  glvon  by  Joseph  (1976).  Za  tha  l.vnoar  thaory,  tha  alga  an  odes  of  tha  Orr-Soaaarfald  aquation  al randy 
supply  us  with  00a plats  inforaatloe  oa  tha  laatablllty  efcamotari*tlos  of  nay  flow,  ao  tha  energy  aathod 
la  aalaly  uaaful  aa  ao  aid  to  our  phyeloal  understanding.  be  atart  by  defining 

a • (1/JHu2  ♦ v2)  (5.1) 


to  ba  tha  klnetlo  aoargy  of  a Mall  2D  dleturtanoa.  When  wa  Multiply  tha  dlaanaloalaaa  x aad  y parallel- 
flow  nomntun  aquations  by  u aad  v,  mapeatlvaly,  aad  add.  wa  obtain 


<7.  ♦ * "ij*  - »!£♦  i <«*•  ♦ • 


(5.2) 


If  wa  latagr 
dlsturbaaoa, 


Cq.  (5.2)  froa  y«0  to  infinity  aad  avarsqa  over  a wavelength,  wa  find,  for  a teaperal 


* 


•A*-!/*-- 


(5.3) 


'0  "'0 

wham  t la  iht  total  dlaturhaaaa  hlaatle  snarty  par  wavelength,  t a - <uv>  la  tha  layaolda  atraaa,  aad 


*w/«y  - iw/ix 


(M) 


la  tha  x-ooapoaaat  of  tha  fluctuation  vortlolty.  1 derivation  of  Sq*  (5.3)  any  ha  found  la  tha  review 
artlola  of  fraadtl  (1939*  p.  IDO).  Tha  last  tarn  can  ba  mwrittaa  a a 


(5.5) 


whlah  la  mm  madlly  ldaatlflad  aa  tha  vUma  dlaalpatlaa.  It  la  auaUmry  ta  wrlta  Iq.  (5.3)  aa 


•*m  s r - D , 
i . jfmc/dvay 

la  tha  total  laaro  pmduatloa  tom  osar  a wavelength,  aad 


(54) 

(5.7a) 


D a 


< la>dy 


(5.7b) 


la  tha  Manana  dlaalpatlaa.  A dlaturhaaaa  will  aapllfy,  ha  aautral,  or  daap  dapaadlac  aa  whathar  t la 
gmatar  than*  aqual  ta*  or  lam  than  & Caaaaqually*  tham  ana  aaly  ha  Instability  If  t la  safflalaaUy 
pneitlve  osar  though  af  tha  boundary  layar  aa  that  tha  praduatlaa  tarn  aaa  autwalgh  tha  dlaalpatlaa  tar*. 


5.2  Baynsldn  atraaa  la  tha  Me  earn  wall  mglaa 


Tha  larlMld  Unary  given  tha  ramit  that  a flaw  wlU  a aamaa  valaalty  profile,  af  wtlah  tha  IUUm 
tauadiry  lapar  in  an  ananpln*  aaa  amt  aaly  dmgad  laatablllty  wvaa  Qrlglaally  tha  prawalUag  Maw 
was  that  t flaw  that  la  a tat  la  la  tha  a banana  af  Maanalty  ana  aaly  ba  aara  a tab  la  wbaa  vleenel  ty  la 
present.  Va  aaa  fraa  tq.  ()••)  that  la  a llaalaa  baaadary  layar,  wham  rxi,  a warn  af  any  phaaa 
valaalty  lam  than  tha  fnaalraaa  valaalty  armtas  a ml  li  d Uyaalda  tram  far  yiyr  Thamfam*  tha 
aaly  way  m UatablUty  warn  aaa  aalat  la  If  viaaoaity  - a paaltlva  Vayaalda  atmm  to  build  up  mar 
tha  wall.  It  waa  thla  paaaltmty  that  Thylar  0915)  maagaliad*  bat  Mi  ahaarvaUaa  want  email  ut.  A 
faw  yaara  lat ar  fraaiU  0911)  wm  lad  ta  tha  mm  Idaa*  aad  aalaulalad  tha  taqraelds  atmm  mar  tha  wall 
fraa  a alapla  aaUagaUaal  aagaL 


St  la  af  latarmt  ta  ante  that  fraadtl  vaa  haaad  ta  lavaaUgata  tha  paaalbllity  af  tiaaaaa 
laatablllty  by  m aapas  lmv>  ia  whl*  ha  aaw,  ar  tise^t  ha  aaw*  aagllfyiag  laatablllty  wcvm  la  a flaw 
that  wm  safpatad  to  ba  sublet  ta  Mm  af  tha  laperta  asa  af  this  dl  a aaw  ary,  wa  ahall  fuata  a faw  Uam 
fraa  bta  pagan 
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•Previous  satheaatloal  investigations  on  tb*  origin  of  turbulanoe  bav*  lad  to  tba  opinion  that  aaall 
dlaturbanoaa  of  a vlsoous,  laalnar  flow  betvssn  two  valla  a pa  always  daapad...  Xa  ordar  to  laarn  how 
turbulanoe  actually  originate*,  I bad  built  at  Qottlntan  an  open  ohannel...and  observed  tba  flow  by  tba 
Ahlborn  aatbod  (sprinkled  lyoopodlua  povdar)...  Wave  foraa  with  slowly  Increasing  aaplltuda  wars 
oooaalonally  obaanrad^.  Tbaaa  vara'  of  lnoreasiog  aaplltuda  ooatradlotad  tba  dogaa  of  nba  stability  of 
laaloar  aotlon  with  raapaot  to  aaall  dlaturbanoaa,  so  that  at  rirat  X tandad  to  ballava  that  X had  not 
aaan  this  Infraquant  pbanoaanon  ooaplataly  right.* 

•Be  now  appllad  ourselves  to  tba  tbaoratlol  traataant,  and,  to  antloipata  a little,  wa  found, 
contrary  to  tba  dogaa,  an  Instability  of  tba  aaall  dlaturbanoaa." 


Prandtl's  arguaont  was  latar  raflnad  by  Lin  (1959,1955),  but  wa  shall  follow  aaaantlally  tba  original 
derivation  bare.  An  levlaold  wars  la  aaauaad  to  axlat  in  tba  boundary  layar,  and  vlsooslty  no  aot  only  In 
a narrow  raglon  osar  tba  wall.  To  simplify  tba  analysis,  D(y)  la  taken  to  ba  taro  la  this  region.  With 
this  assumption,  tba  2D  d awnalonlasa,  parallel-flow  a mcmeattaa  aquation  slapllflas  to 
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(5.8) 


wbara  tba  tarna  vDC  and  -2u  / 'M2  bars  boon  drop  pod.  Out  aid*  of  tba  wall  vlsoous  raglon,  Kq.  (5*8)  raduoaa 


-JU  dp 

Tt  " 3*  • 


(5.9) 


Tba  dia&urbanee  veloolty  u oonslata  of  two  partas  an  levlaold  part  u.  that  satlaflas  Bq.  (5.9),  and  a 
viscous  part  that  satlaflas  tba  differs  no*  batvaan  Iqa.  (M)  and  (5.9*.  It  la  tba  total  veloolty  u*uA 


< u,  that  satlaflas  tba  no-allp  boundary  ooadltloa.  Banos, 

du  , d u 

V _ 1 V 


H 


R , 2 


Tba  solution  of  Bq.  (5. in)  for  * real  Is 

u^y)  a -u^O)  a*p(-(Ui)(-R/2)1/2y]aap(l(ia-og)  , 
whara  tba  boundary  conditions 

u(0)  i 11^(0)  * 0^(0)  and  u(y)  ♦ uJ,(y)  as  y ♦ - 


(5.10) 


(5.11) 


(5.12) 


haws  boon  appllad. 


Tba  additional  longitudinal  dlsturbanoa  veloolty  uf,  whlah  la  nasdad  to  satisfy  tha  no-allp 
oondltlon,  lnduoas,  through  tba  ooatlaulty  aquation,  as  additional  normal  dlsturbanoa  velocity 

%(p)  ■ -jfl  V’y)^  • (5.13) 


which  yields,  upon  substitution  of  Bq.  (5.11), 

%(y)  * (1-i)  mi(0)(1/(2^l)1/*J  (e*p[-(1-i)(  JV2),/JyJ-1)e*p(l(  ,«-jt)J  . (5.19) 

Out  aids  of  tha  viscous  raglos  (y~)  Is  lsdspsndsnt  of  y sad  a,  la  taro.  Pros  Bq.  (5.19), 

%(')  • -(1-l)[.u1(0)/(2JI)1/2|r*pm  U.-UJ)  . (5.15) 

Tba  aaaaaquasaaa  of  Be.  (5.15)  far  tba  layaolda  atraaa  arc  as  folisve.  For  an  lav  Isold  ssutrsl 
disturbance,  u asd  v arc  90*  out  of  phase  (see  fq*.  (2.50c)  sad  (2.50a)]  sod  t is  earn.  Bow  aver,  far  say 
other  dlsturbanoa  u asd  » are  eorralatad,  asd  there  la  a Beyoolda  atraaa.  Slaae  la  ssro  eutslds  ef  tbs 
wall  viscous  layar,  it  ssa  soatrlbwta  sothlng  Ui  there.  Bow  aver,  ?T  psralsts  far  seas  dlstasaa  autalda 
of  tha  wall  layar,  sad  slssa  it  la  shifted  l|5*  alth  raspaat  Is  a,  it  will  predate  a laysalda  atraaa. 
This  Bsysslds  stress  swat  equal  tha  laysalda  atraaa  sat  ap  by  tha  disturbs#*;  Is  the  vielalty  sf  the 
arltl sal  layer,  nod  whlnb,  In  tba  abnansa  ef  vioeoaity,  would  attend  ta  tba  wall.  Be  have  already  derived 
a female  for  this  atraaa  is  leetisa  3.1  (Bq.  (3.9)). 

Tbs  ferauls  far  the  Bay  soldo  stress  at  Us  edge  of  the  wall  vlssaus  regies  oao  bo  osrlvsd  free  Bq. 

(5.15).  Be  fled 

\ • -<Vv>  “ . (5.14) 

If  tbs  ratio  ' U formal,  aa  have 


V<Tw>  • (1/*^) (*/-•) 1/1  • (5.1?) 

A general  axpraaslan  fart  Is  the  wall  via  sous  region  can  ba  abtslsad  fron  Bqs.  (5.11)  and  (5.19), 
and  ibis  aayraaalsa  would  give  tba  laaraaaa  af  ? free  sera  at  tba  wall  is  tba  vales  given  by  Bq.  (5. IT)  at 
tba  edge  ef  tba  vleeewe  rattan.  Beve.tr,  Bq.  (5.1T)  aaUbiiahaa  tha  aasaatlal  retail  tint  t in  positive, 
and  than  vinnanlty  naU  an  TayUr  tbawght  It  weald,  and  bullda  up  a Beynolda  atraaa  ta  batch  tba  lavlneld 
lay aalda  atraaa,  ar,  la  Tayler*e  praalat  view,  permits  tba  a amentum  af  tba  dlsturhain  U aa  ibaerhai  at 
tba  wall,  learning  tt  tp  (5.7a),  vlU  a paalUva  atraaa  anargy  vU  ha  traaafarral  free  tba  nans  flaw 
ta  tba  wlatarhabta.  Caaaaqaaatly,  Ua  wall  vlssaus  region,  which  la  famed  U aatlafy  tha  ae-nllp 
boundary  aaadltiaa  far  tba  dintur bases,  has  Ua  sf feat  sf  sreatlsg  a Bayaslds  stress  which  ante  ta 
dsdfhUlfi  tba  flaw.  This  saUnslna  aaat  ba  yriaut  ta  tame  aataat  far  all  llatarhaaaaa,  bat  whathar  a 
parUaular  toturtfn  U aataally  aapllflad  ar  daapad  will  dope  ad  aa  tba  aagsltada  and  Utrlbatlaa  af 
tba  Boreal  da  strata  tirawgh  tba  aatlra  isuadary  layer,  asd  aa  Ua  mNptftede  af  tba  dlsalpatiaa  term. 


m 
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As  • not*  of  oeutlon,  It  Bust  bo  recoiled  that  tbo  preceding  analysis  roots  on  tbo  negleot  of  0 in 
too  noil  vloooua  region.  Therefore,  wo  oon  oxpoet  tbo  rooults  to  bo  valid  only  ot  blgh  values  of  I,  wbon 
tbo  wall  vlsoous  region  is  thin  ooa  pared  to  tbo  boundary- layer  tbloknosa,  ond  wbon  tbo  oritlcol  layer  is 
out si do  of  tbo  wall  viaoous  rogion. 

6.  KMKJtXCAL  RESULTS  - 2D  R00RBARY  UT1R3 


Zn  thin  Soot  i or  wo  shall  prosont  s number  of  nun  or  1 os  1 rooults  whloh  hsvo  boon  obooon  to  lllustroto 
inportsnt  aspects  of  tbo  theory,  so  wall  as  to  givo  on  ldos  of  tbo  nuaorieal  magnitudes  of  tbo  quantities 
wo  hsvo  boon  discussing  in  tbo  previous  Sections. 


6.1  Slasius  boundary  layer 

Tbo  Blaslus  boundary  layer,  booauso  of  its  simplicity,  baa  rooolvod  tbo  most  attention.  The  uniform 
external  flow  veena  that  not  only  is  tbo  boundory-layor  self  ainilar,  but  tboro  is  only  o single 
paraneter,  tbo  Reynolds  nunbor.  As  tboro  ia  no  inflection  point  in  tbo  volooity  profile,  tbo  only 
instability  is  viaoous  instability.  Thus  wo  are  able  to  study  this  forn  of  Instability  without  tbo 
cocpoting  Influence  of  any  other  seebanisa  of  Instability. 


Tbo  first  result  of  iaportanoo  is  tbo  parallel-flow  neutral  stability  curve  for  2D  waves,  which  is 
shown  in  Pig.  6.1  as  throe  soporsto  oyrves  for:  (a)  tbo  dlaensionless  frequency  P [Iq.  (2.60)];  (b)  tbo 
dimensionless  wavenuaber  -a  based  on  L (Iq.  (2.57)  J;  and  (c)  tbo  diaonsionlooa  phase  volooity  o based  on 
0>  lorael  nodes  for  which  P,  * end  c lie  on  tbo  ourvoa  are  neutral;  those  for  wbiob  P,  a and  o lie  in 
the  interior  of  tbo  ourvoa  ore  unstable;  ovorywboro  else  tbo  aorasl  nodes  ore  damped.  Tbo  neutral- 
stability  curves  are  a convoolont  noons  of  Identifying  ot  each  Reynolds  nunbor  tbo  P,a  and  o bands  for 
which  a wave  is  unstable,  figure  6.1a  also  oontaino  two  additional  ourres  which  givo  the  frequencies  of 
the  maximum  spatial  amplification  rate  and  of  tbo  naxlnua  amplitude  ratio  A/Aq,  whore  Aq  is  the  amplitude 
at  tbo  lower-branch  neutral  point  of  tbo  frequency  in  quootion.  both  naxino  are  with  respect  to  frequency 
at  constant  Reynolds  nunbor.  Vo  have  used  o in  Pig.  6.1a  to  denote  -jj,  the  spatial  amplification  rate  in 
the  stress  wise  direction,  and  will  oontlouo  to  do  so  in  tbo  ronainder  of  tbia  doounoat.  Tbo  corresponding 
wavenumbers  for  the  additional  ourres  are  gives  ia  Pig.  6.1b.  Tbo  ratio  of  wavelength  to  boundary- layer 
thickness  is  and  y,,  tbo  y [Iq.  (2.59)]  for  wbiob  0 ■ 0.999^  ia  equal  to  6.01.  Consequently,  the 
unstable  wave*  at  I > 1000  beve  wavelengths  between  5.551(19.61*)  and  li.ta £4$.2 u )*.  Aooordlng  to  Pig. 
6.1e,  the  unstable  phase  velocities  ot  this  Reynolds  number  are  between  0.2820*  end  0.3350*. 

Vo  oust  keep  in  nlnd  that  the  neutral  ourvoa  of  Fig.  6.1  have  been  oalouleted  from  the  quasi-parallel 
theory,  which  does  not  distinguish  between  flow  variables  or  location  in  the  boundary  lsyor.  All  of  the 
non- parallel  neutral  cur eea  calculated  by  Gaater  (1976)  define  a slightly  greater  unstable  tone,  with  the 
greatest  differences  oonlag  at  the  loweat  Reynolds  nunbers  ee  night  be  expected.  The  difficulties 
involved  in  making  eoourete  noosur  onsets  of  wove  growth  at  low  Reynolds  nun  bore  have  so  far  precluded  the 
•xperlaental  determination  of  what  osn  be  regarded  as  ee  unequivocally  •correct*  neutral -stability  curve 
for  any  flow  variable. 

The  next  quantity  to  esenine  is  the  dlnenaloalees  apetlel  anpllflcetion  rete<?  booed  on  L*.  This 
anplifloetlon  rate  la  shown  in  Pig.  6.2  for  2D  wares  as  a function  of  the  dlnoaeloaioao  frequeaoy  P el  the 
two  Reynolds  cumbers  R * 600  and  1200.  Prom  the  do  fl  alt  loo  of  the  amplification  rate  in  Iq.  (JL27),  the 
fractional  change  m anplltude  over  e distance  equal  to  one  boundary- layer  thickness  le  op 4.  Thus  the 
soot  unstable  wave  of  frequency  ^ ■ j&.Jl  a 10®*  it  I 1 1200  grows  by  4.0f  over  e boundary- layer  thickness. 
The  amplification  rate  based  on  . /oT,  9 • VR,  gives  the  fractional  wave  growth  over  e wait  increment  la 
•e.  Thus  this  sane  wava  grew*  by  Ml  over  an  increment  in  Re  of  10,000. 


The  maximum  amplification  rates  ’ and  ' , where  the  maxima  are  with  respect  to  frequency  (or 
wavenumber)  at  coa/tsst  leyaelda  number,  ir»  show  a la  Pig.  6.)  aa  functions  of  Reynolds  number.  Tbo 
amplification  rate  which  gives  the  wave  growth  per  unit  of  Reynolds  number,  peaks  st  the  lew  Roy  adds 
number  of  R • !U  Mpairieatlon  rate  9,  which  ia  proportional  to  the  wave  growth  per  boundary- layer 
isiexmeae,  dona  not  peak  until  R • 2760  (calculated  by  Ciimmeror  OfT))).  Tbo  dimensional  amplification 
rota  le  pro  peril  can  1 to  9 for  e Used  wait  leyaelda  asm  bar.  Plgure  6.)  abowe  that  tba  decline  ia  tbo 
dlneaaiemal  emplifleetioe  rate  with  i seme* leg  p- Reynolds  number  is  almost  eowateroetod  by  the  iaoreese  ia 
the  boundary- layer  thlekmeea.  Tiaeowa  instability,  it  efcerssteriaed  by  persists  to  aatremely  high 
6eyoold|  Bum  bare.  Row  ever,  if  the  measure  of  viscous  Instability  is  I shoe  to  be  the  wove  growth  over  e 
flsed  x Increment  or  expressed  by  *,  then  by  this  criteria#  the  maximum  viaoous  instability  eoowrs  at  low 
Reynaldo  nunbor. 


The  logarithm  of  the  amplitude  ratio,  A/Aq,  la  shows  la  Pig.  6.4  for  2D  waves  as  e fwmotioa  af  t for 
e nunbor  of  frequencies  P.  The  eavolome  serve,  whieh  gives  the  maximum  amplitude  ratio  possible  at  any 
Reynolds  number,  la  alas  shown  ia  the  figure  along  with  the  serree pending  frequencies,  Zt  la  this  type  of 
diagram  that  le  wood  la  engineer  log  studies  of  boundary  layer  transition.  Vhoe  InU/JU),  uhloh  lo  often 
eallad  the  I factor,  reaches  sums  predetermined  value,  any  alas  aa  suggoeted  by  Smith  sad  Oumboroml 
(1956),  ar  tec  as  ouggoated  by  daffe,  Ohaaura  and  RmlU  (1970),  trahsltiea  la  euaal  dared  U tahe  pi  see,  or 
at  laaat  to  start. 


The  distribution  of  the  logarithm  sf  the  amplitude  ratio  with  froquemey  ia  shewn  ia  Rig.  6.9  far 
several  Roy  mol  da  numbers.  Thin  figure  Illustrates  the  filtering  nation  af  the  boundary  layer.  The 
olno l f 000000  anrreetmg  of  the  bandwidth  af  wsstamle  froquowslos  and  the  largo  lmorooao  la  nmpHtmOo  ratio 
00  the  Reynaldo  quo  bar  iaeroesss  mao  no  tint  aa  initial  mmlfsrm  power  spsstrwo  of  imotohiUty  uavoe  tomdo 
U a spa  sues  at  high  Reynaldo  —bare  that  has  a short  peak  at  the  meat  amplified  flsquamay.  the  Uoot 
la  Pig.  6.5  glvms  the  bandwidth,  deft  nod  aa  the  rrsqoeasy  reaps  war  uhlan  the  smpllteds  ratio  U within 
l/o  of  the  pooh  value,  am  a funs  Ilea  af  Reynolds  hUt. 


t. 


6 id  ttm  dlassmismol  boundary- layer  lllehssss,  «, is  the  Riosooioolooo  boumdsry  layer  thiskmiss 
ami,  is  soaord  viim  the  itsndnrd  notation,  € U (he  dlmomsloms)  jjaplsoomogj  Uiohmoss. 


VL*. 


The  Squire  theorem  ^Section  2,4.1)  bee  told  ue  tbet  It  le  e 2D  wive  thet  flret  beooaea  unstable. 
Furthermore,  a*  any  T.eynolda  number  It  la  a 2D  wave  that  baa  the  maximum  amplification  rate  and  alao  the 
maximum  ampllt>>d'  ratio.  Tbua  the  envelope  ourve  of  amplitude  ratio  when  all  oblique  waves  are  oonaldered 
aa  well  aw  2D  wave*  la  atlll  aa  ahown  In  Fig.  6.4  However,  for  a given  frequency  the  2D  wave  la  not 
neoeaaarlly  the  moat  unatable,  aa  la  ahown  In  Fig.  6.6.  In  tbla  figure,  the  apatlal  amplification  rate  *•», 
calculated  with  . • 0,  la  plotted  agalnat  the  wave  angle  } for  three  frequenolea  at  I ■ 1200.  At  tbla 
Reynold*  number,  the  maximum  amplification  rate  oooura  for  F • 0.33  x 10“  . Above  tbla  frequency,  2D 
wavea  are  certainly  the  moat  unatable.  However,  below  about  F * 0.26  x 10"*  an  oblique  wave  la  the  moat 
unatable,  and  the  wave  angle  of  the  maximum  amplification  rate  lnoreaaea  with  deoreaalng  frequency. 

In  the  ealoulatlona  for  Fig.  6.6,  the  complex  wavenumber  waa  obtained  aa  a fu notion  of  the  apanwlae 
wavenumber  r with  • 0 and  the  frequency  real  and  oonwtant.  Tbua  the  ooaplex  group- velocity  angle  l 
can  be  readily  obtained  from  w/H'r  (■  -tan}),  and  the  reaulta  are  given  la  Fig.  6.7  for  F x 10*  > 0.20 
and  0.30.  The  real  part  of  * la  Halted  to  leaa  than  10°,  and  oan  be  either  plua  or  alnua.  It  la 
evident  that  at  the  maximum  of  «■»,  where  la  real,  ^ muat  be  sero.  With  the  group- velocity  angle 
known,  the  accuracy  of  the  almple  relation  Kq.  (2. 35)  f or  * aa  a function  of  1 can  be  obecked.  He  choose 
F ■ 0.20  x 10"*  and  »■  45°  In  order  to  have  i real.  Table  6.1  glvea  k,  the_  wavenumber;  \ the 
amplification  rate  parallel  to  ' (both  of  theee  are  oaloulated  a a an  eigenvalue);  <•($),  the  oomponent  of  o 
In  the  x direction  for  the  apeclfled  and  ’(0),  the  amplification  rate  In  the  x direction  tori*  0 aa 
oaloulated  from  Bq.  (2«A1o),  the  apatlal -theory  replacement  for  the  Squire  tranaformatlon  derived  from  Sq. 
(2.35),  but  with  . replaced  by  l,  Zn  the  latter  calculation  we  have  uaed  « 9.65°,  the  value  obtained 
with  0.  The  tranaformatlon  wor£j  very  well;  the  amall  dlaorepanoiea  from  the  oorreot  i ■ 0 value  are 
due  to  being  a weak  function  of  6 laatead  of  oonataat  aa  aaaumed  la  the  derivation 


Table  6.1  Kffeot  of 
transformation  rule. 

l on  amplification  rate  and  teat  of 
F * 0.20  X 10"*,  R * 1200,  v * 45°. 

r 

k 

"iio3 

’U)x103 

eigenvalue 

tf(0)x103 

transformation 

0.0 

0.1063 

3.201 

3.201 

3.201 

9.7 

0.1083 

3.156 

3.111 

3.201 

15.0 

0.1083 

3.170 

3.062 

3.201 

30.0 

0.1083 

3.368 

2.916 

3.203 

45.0 

0.1083 

3.873 

2.739 

3.204 

60.0 

O.iodv 

4.995 

2.478 

3.207 

75.0 

0.1083 

7.601 

1.967 

3.216 

We  obeerve  la  Table  6.1  that  the  real  Squire  tranaformatlon,  which  la  the  «j(I)  entry  for  »a  6,  la  la 
error  by  U.Af,  whereat  the  oorreet  tramaformatlon  la  la  error  by  only  0.11.  When  the  tame  calculation  la 
repeated  for  the  other  frequency  of  Fig.  6.7,  F ■ 0.30  x 10"*,  for  whioh  > -2.*l°  etp*  AS®  iaeteed  of 
C°  aa  for  the  frequency  of  the  Table,  equally  good  reaulta  are  obtained  for  -(0)  from  the  tramaformatlon. 
However,  k le  no  longer  coaataat,  but  Imereaaea  with  £;  for  l*  75°  it  le  O.Af  larger  than  at  l • 0°. 
Kayfah  and  Padhye  (1979)  provide  a formula  for  thla  change. 

In  Fig.  64,  lnU/Afl)  la  given  at  aeverel  Soyaolda  number*  for  F ■ 040  x 10"*  aa  oaloulated  with  the 
IrroUtiomaUty  oomdltlon,  Kq.  (?44),  applied  to  the  wavenumber  vector.  The  abac  la  ae  la  the  initial  wave 
eagle  at  R • 900.  The  change  la  the  wave  angle  from  I ■ 900  to  1900  la  1.7°  for  the  wave  thet  haa  aa 
initial  wave  eagle  of  45°.  Thie  figure  show*  that  the  greater  amplification  rate  of  oblique  wave#  la  the 
lae  lability  region  near  the  lower  breach  of  the  neutral  ourve  tram  la  tee  late  an  amplitude  ratio  that  la 
greeter  than  the  20  value,  however,  laU/lg)  for  aa  oblique  wave  la  aeoar  more  thaa  0.39  greater  than  the 
2D  valve.  Figure  64  alee  shows  that  just  aa  the  frequeaey  bandwidth  narrows  with  lnorenalag  I,  ao  does 
the  bandwidth  la  apeawlae  wavenumber.  Although  at  the  lower  Beyaolda  mumbere  the  reepoamo  extends  to 
large  wove  eagles,  at  R • 1900  the  amplitude  ratio  le  down  to  1/e  of  ita  2D  veluo  at . * 37°,  ead  oa  the 
envelope  curve  tbla  eagle  will  be  atlll  smaller.  For  example,  the  1/e  amplitude  for  F • 0.60  x 10”*  at 
the  envelope-curve  Reynolds  awe  bar  { R a 900)  eecure  at,  ■ 29bJ  for  F • 0.30  X 10"*,  at  , a 26c  tven 
ao,  it  la  aooeaaary  whoa  thlaklag  shout  wave  aaplltwdee  la  the  bowadary  layer  to  hoop  la  mi  an  that  both  a 
frequency  bend  and  apanwlae- wavenumber  band  muat  be  eoaal dared,  met  Juet  a 2D  wave. 

So  far  wo  bovo  only  been  ooamlderlag  the  elgemvalwne  sad  net  Ue  elgenfueetlema.  The  eigeafuaetlooe 
give  the  pcealbllity  of  penetrating  further  leto  tbe  phyalea  of  laatablllty,  and  we  ahmll  take  them  up 
briefly  at  this  point,  tlgeafuaetiome  are  readily  obtained  wiU  may  of  the  o arrest  owner  leal  methods,  but 
wero  difficult  to  eoapute  with  tho  old  asymptotic  theory,  fbo  flret  alga af emotions  war#  obtained  by 
Sehllehtlag  (1939),  end  the  good  agroomwat  of  the  neasereoeata  of  Rohubauor  sad  Rkranstad  (19*7)  with 
that#  calculations  waa  a key  factor  U ootabllehiag  tho  validity  of  tho  liaear  etablllty  theory.  Tho 
problem  sow  la  more  oma  of  f lading  e reasonable  way  to  prooat  tho  great  mesa  of  owner! eal  data  that  oan 
be  oempwUd.  ami  to  aatrmet  woeful  Informs  Ue*  from  this  Seta.  Some  programs  erne  been  made  Am  tho  Utter 
direction  by  Heme,  Hllllaae  end  Faeel  (IflD).  Far  different  amplitudes  of  2D  wtvoe*  then*  authors 
oaloulated  atraomllao  patterns,  eentemra  of  aoaaUml  total  vertlelty,  Rmyaalda  atrooe  ami  all  torma  of  tho 
local  spell U emwrgy  be  Usee. 

Figure  6.9  H*«  Ue  amplitude  ef  the  eigamfuoetloa  I of  the  atroaawloe  valealty  flwetwaUem  a ml  t a 
RD0,  1/00  a ad  1600  far  the  2D  wevi  ef  frequeaey  F ■ 0.10  x 10  • The  eorreopmmdlmg  phases  are  given  la 
Fig.  6.10,  Aa  may  be  memo  from  Fig.  6.1a,  theee  ley  amide  mmmbore  are,  reepeoilvaly,  mi  Mm  tho  lower 
brass*  af  the  sow trel-e lability  curve,  soar  the  mexlawo  of  j,  ami  oa  the  imiIaii  curve  ef  tho  emplltmde 
ratio.  Tho  eigomfuoetioa  normal Uotloo  of  rig*.  6.9  and  6.10  la  9(0)  • 0).  The  elgamfwaetloao 
have  met  bean  ramermallaed  to,  aay,  a oomatomt  peak  anplilsde  aa  U aftoa  dame,  U erdar  to  — ghealao  that 
im  tho  qeaol -parallel  theory  tho  harmallaatlom  U eempletoly  erhltrary.  dathlmg  oma  hq  lammed 


oa  U tho 


• rr«ot  of  tbo  variability  of  tba  elgonf unotlon  with  Reynolds  author  on  tbo  wavs  amplitude  within  tbo 
framework  of  tblo  theory.  ittompte  have  boon  Mdo  to  do  this,  and  plausible  looking  rooulta  obtained,  but 
thla  approoob  ia  without  tboorotioal  Justification.  Zt  baa  already  boon  pointod  out  In  Section  2*2  that 
tbo  aeanlogful  quantity  for  tbo  aaplitudo  aodulatlon  la  tbo  produot  of  4(x.)  and  tbo  eigenfunction,  aad 
tbla  product,  which  baa  a fixed  value  regardless  of  tbo  normalisation  of  tbo  eigenfunction,  oao  only  bo 
caloulatod  from  tbo  nonperallel  tboory. 

Por  tbo  wave  of  Pig.  6.9*  tbo  orltloal  layor  la  at  about  y ■ 0.15  and  varies  only  allghtly  with 

Reynolds  nunbor.  Tbua  tbo  location  of  tbo  aaplitudo  peak,  wblob  la  a atrong  function  of  R,  ia  only 

oolncidontally  at  tbo  orltloal  point,  ia  R looroaaoa,  tbo  viaooua  layor  near  tbo  wall  boooaoa  tblnaor  aa 
expected.  Tbo  obaraotorlatto  pbaao  obango  of  approxlaatoly  190°  In  tbo  outer  part  of  tbo  boundary  layor 
haa  nothing  to  do  with  tbo  190°  pbaao  obango  at  tbo  orltloal  layor  in  tbo  lnvlaoid  aolutlon  (Bq.  (3.9b)], 
but  la  a klnoaatloal  oonaoquonoo  of  a wave  with  taro  aaplitudo  at  both  tbo  wall  aad  at  y it  aoao  y( 
groator  than  tbo  y of  aaxlaua  aaplitudo,  wboro  vlsoosity  baa  llttlo  lnfluonoo,  tbo  alopo  of  tbo 
atroaallnoa  relstive  to  tbo  pbaao  velocity  baa  a aaxlaua.  Tbua  tbo  volooity-atroaatubo  aroa  rolatloo 
changoa  algn,  and  at  all  y > yg  tbo  u fluotuatlon  froa  tbla  offoot  ia  oppoaito  in  aign  to  tbo  fluctuation 
that  arises  froa  tbo  wavy  aotlon  in  a aonotonloally  increasing  velocity  profile,  it  aoao  yb  > y#,  tboao 
two  offocta  can  oxaotly  balanoo  for  a neutral  i nr Isold  wave,  and  alaoot  balanoo  for  noanoutral,  viaooua 

wavoa.  Por  tbo  latter,  aa  abown  in  Pig.  6.10,  there  la  a nearly  190°  abift  in  tbo  pbaao  of  ft.  Tbo  foot 

that  tbo  pbaao  oan  either  advanoc  or  retreat  in  tbla  region  was  first  noted  by  Ra an  at  al  (1990),  aad  lta 
algnlfleanoe,  lf  any,  la  unknown. 

It  was  shown  in  Section  5.1  that  tbo  kinetic  energy  ef  a 20  instability  wave  la  produoed  by  tbo  torn 
dO/dy,  whore  t la  the  Reynolds  atreaa  built  up  by  tbo  aotlon  of  visooalty.  Reynolds  'tress  distributions 
have  boon  given  by  Jordlaaon  (1970)  aad  KUaaoror  (1973),  aaong  others.  Tbo  energy  production  tora  la 
shown  in  Pig.  6.11  for  tbo  rroquoney  end  three  Reynolds  nun  bora  of  Pigs.  6.9  and  6.10.  Tbo  poak 
production  does  not  occur  at  tbo  orltloal  layor  at  say  of  tbo  three  Reynolds  numbers.  Wo  see  that  energy 
production  la  by  no  naans  lialtod  to  tho  region  between  tbo  wall  aad  tbo  orltloal  layor,  aa  algbt  bo 
oxpoctod  froa  tbo  staple  theory  of  Sootloa  5.  it  R • 1200,  wboro  tbo  aapliflostlon  rate  is  noar  lta 
aaxlaua,  there  la  significant  energy  production  over  about  half  of  tbo  boundary- layer  thickness.  Zn  those 
oxaaploa,  tbo  Reynolds  atreaa  la  positive  exoept  for  tbo  slightly  daaplod  wave  at  R ■ 900,  where  there  is 
a saall  negative  contribution  over  tbo  outer  701  of  tbo  boundary  layor.  Tbo  deaping  at  I » 900  ia  duo  to 
viscous  dissipation,  not  to  a negative  production  tora.  Kara  at  al  (1990)  give  aa  oxaapla  at  low  Reynolds 
nuaber  where  tbe  production  term  is  negative  over  tbe  entire  boundary  layer. 

6.2  Pal knar- Ska n boundary  layers 

The  lnfluoaoe  of  pressure  gradient  on  boundary- layer  stability  oaa  be  studied  oonvealently  by  aesns 
of  the  >»lknrr-sk4ii  faally  of  eelf-slallar  boundary  layers,  where  tbs  Rartrse  pereaeter  itq.  (2.62)) 
serves  aa  a press  ure-gredleet  par  mis  ter.  Tbe  range  of  db  la  from  -0.1999377*  (separation  profile)  through 
0 (Blaalua  profile)  to  1.0  (20  stagnation- point  profile),  tx tensive  numerical  calculations  for  Palkner- 

Sksn  profiles  have  been  carried  out  by  Wesson,  Okamura  and  Smith  (1969;  see  also  Obremskl  at  al.  (1969)), 
and  by  KUmmerer  (1973).  figure  6.12,  taken  from  Mask  (1979),  gives  tba  imflueaoe  or  \ oa  tbo  V-faotor 
envelope  curve.  It  la  clear  that  a favorable  pressure  gradleat  (?fc  > 0)  stabilises  tba  boundary  layor, 
aad  an  adverse  pressure  gradleat  (?„  < 0)  destabilise#  it.  Tbe  strong  instability  for  adverse  pressure 
gradients  is  caused  by  sn  iaf lection  point  is  tbo  velocity  profile  tbst  aovos  sway  fret  tba  wall  aeS^ 
beooaaa  aora  negative.  Tba  adverse  praaaura  gradleat  Palkeer-Skaa  boundary  layers  are  particularly 
instructive  because  they  provide  us  with  aaaaploa  of  boundary  layers  with  both  viaooua  aad  inflectional 
instability. 

Tba  anplirioat&oa  rata  a ia  unsuitable  for  studying  inflectional  instability,  wblob  la  basically  aa 
lev  Isold  phenomenon,  as  it  ia  aero  at  R •-  regardless  sf  whether  tbe  boundary  layer  la  stable  or  was  table 
la  tbe  lavieoid  limit.  Tba  calculations  of  Rum  merer  0973)  lsolwda  both  J and  $ and  sham  that  tba  aaxlaua 
eapllfloetioA  rets  ■>  neves  from  R s 27*0  for  tba  tl sales  boundary  layar  to  R—  aa  dooreasea  Pram 
taro.  Whoa  ■ u ia  « I ublab  scaurs  be  far*  ^ reaebsa  tbe  aeparatlea  value,  wa  oaa  nay  that  tba 
boundary  layer  is  dominated  by  lmrieatl^aml  instability.  Ia  tboao  oaeee,  vlrmaeity  ante  primarily  to  damp 
out  tbo  disturbances  just  as  emvUlswad  by  tbe  early  laveetigslera.  Whoa  we  take  up  ssaprsisible  boundary 
layers  la  Part  R,  ua  shall  eeooeetc*  a wether  example  where  tbe  Rani  seat  instability  ehaagaa  Pram  f Isamus 
to  laPleetleaal  aa  a parameter  (tbe  .Veeetrean  Naab  number)  varies. 

Tbe  frequencies  eleag  lb#  ervelepe  turves  af  Pig.  6.12  are  given  la  Pig.  6.13*  9a  may  observe  that 
ia  boundary  layers  ultb  favorable  pressure  graduate,  where  viscous  instability  la  tbe  only  source  of 
instability,  it  ia  low  frequency  wave#  ublab  are  tbe  meet  amplified.  On  tbe  eoetrary.  far  boundary  layers 
with  adverse  pressure  gradients,  where  laPleetleaal  instability  U dam  tenet,  it  is  hi#  frmqaaaay  waves 
ublab  are  tba  meat  amplified. 

Xa  a natural  disturbance  env  Ire  onset,  a aid*  spectrum  ef  normal  me  Rom  may  Ra  sapestsd  te  salat  ia  tba 
b sued  try  layar.  It  is  helpful  te  knew  tbe  sharpness  of  tbe  re  a pease  ia  aatlaatiag  when  the  disturbance 
amplitude  ia  largo  eeeugb  te  initiate  treealUem.  i m saner s af  thla  quantity  ia  given  la  fig,  4.1*,  ubare 
a frequency  bandwidth  of  tbe  29  waves  aleag  the  eavelepe  curve,  expressed  aa  a free  tie'  ef  the  meat 
amplified  frequency,  u abawa  far  tbe  Palkmor-  Rkeo  family*  This  hamRmidtb  U aa*  ldamtiar.  te  tbe  am*  la 
tba  laeet  of  fig*  9.9,  aa  it  given  snip  tbe  frequency  range  leas  that  tba  meet  eaplifl  A frmqmemey  for 
•blab  tba  amplHaRa  ratio  ia  within  1/a  af  the  peak  value.  The  filtering  soil  as  af  the  limhry  Igir  ia 
again  evldaat  ia  the  anrreulng  af  the  baeduidth  ultb  1 were#  a lag  Reynolds  number  far  a given  leuadary 
layar,  aad  me  aa#  that  the  mere  use  labia  adverse  pressure- gradient  boundary  layers  have  the  atreageat 
fil taring  nation. 

9.3  gam* similar  bouoRary  laymra 

The  aelf-mimilar  bmmiiry  Ugarm  are  ammfbl  fhr  UlaiUmUag  bmaM  lonlmhilltf  me  oh  ami  am  o,  hmt  U 
prmatlaa  bee  ads  ry  layers  arm  mum-aim  liar,  i aamputar  aede  ta  parfarm  atahitity  amlamlatiama  far  nmm- 
aimilar  bouaRmry  Ugmrm  ia  mere  earn  pleated  than  far  aalf-aimilmr  aammiory  layor*,  hmt  mmiy  hmmmmma  af  the 


n*o«Mit7  of  oalling  up  • dlffaront  rnlooity  profiit  at  naeh  Rayaolda  nuabor,  or  of  lntorpolatli*  batwonn 
diffarant  profllo*.  Tba  stability  calculations  thonaclvaa  tro  tbo  sans  ••  In  any  Raynolds  nuabor 
dopondont  boundary  loyor.  Tbo  algaovaluaa  ara  oaloulatad  aa  a function  of  Rayaolda  nuabor,  and  than  oaa 
ba  aubaaquantly  uaad  to  oaloulata  R faotors,  or  for  any  otbar  purposa,  exactly  aa  If  tha  boundary  layar 
a ara  aalf-aiallar.  Suofc  oaloulatlona  barn  baaa  dona  on  a routiaa  baa  la  aa  leant  aa  far  bank  aa  tba  papar 
of  Jaffa,  Okaaura  and  Saltb  (1970). 

6.1  Boundary  lay art  with  aaaa  tranafar 

Suotlon  atablllaaa  a boundary  layar,  and  blowing  daatabllliaa  it,  Tbla  raault  waa  aatabllabad  by  Um 
aarly  investigators,  and  extensive  stability  oaloulatlona  wara  earriad  out  with  tba  aayaptotlo  tbaory. 
Suotlon  oan  atablllsa  a boundary  layar  witb  or  without  an  Inf  loot  loo  point.  Tbo  atablllty  aooktnlsw  la 
alallar  to  tba  aotloo  of  a praaauro  gradioat*  Suotlon  given  a •fuller*  velocity  profllo,  Jmet  aa  dona  a 
favorable  pressure  grad 1 ant;  blowing  given  a valoolty  proflla  with  aa  iaflactloa  point,  Just  a a doaa  aa 
adverse  praaaura  gradient.  Suction  la  tba  prlaary  aatbod  profoeed  for  laataar  flow  control  on  alroraft, 
wbara  It  baa  baao  investigated  aalnly  In  ooanfotloa  with  tbraa  dlnaaalonal  boundary  layers,  k nummary 
aooount  of  narly  work  on  tbla  aubjaot  nay  be  found  In  tba  book  of  Sohllofctli*  (1979).  Mora  raaaat  work  la 
prlaarlly  aseoolated  wltb  Pfaaalngar,  and  a auaaary  aooouat  of  tka  vast  body  of  work  oa  tbla  aubjaot 
oarriad  out  by  bla  and  bla  co- workers  aay  ba  found  la  tba  Laetura  lotaa  of  aa  MlBD/fKI  Spaeial  bourse 
[Fftnninger  (19T7)). 

6.5  Boundary  layara  wltb  boating  and  ocollng 

Boating  an  air  boundary  layar  daatablllaaa  It,  aatf  ooollag  atablllaaa  «•*  Tba  propsr  aalculatloa  of 
tbla  affaot  mqulma  tba  oowpraaalbla  atablllty  tbaory  wbleh  la  given  la  Part  k la  aaanpla  for  a low* 
apoad  boundary  layar  nay  ba  found  la  Sootloa  10,5. 

For  a watar  boundary  layer,  tba  affaot  la  tba  oppoalta,  and  banting  tba  wall  baa  boon  axtaaalwnly 
atodlnd  aa  a naana  of  stabilisation,  Tbla  naobaalan  of  stabilisation  la  aolnly  tbrougb  tba  affaot  on  tbo 
vieooelty,  and  oaa  ba  atodlnd  wit*  tba  laoomprweslble  atablllty  tbaory  prowl  dad  only  that  tba  vlseoelty  la 
tokos  to  ba  a function  of  temperature.  Tba  initial  work  oa  tbla  awijoat  waa  by  Bataan,  Okaawra  and  Saltb 
(1966b). 

6.6  Eigenvalue  epeotnai 

ia  arbitrary  dlaturbaaaa  oaaaat  ba  rapraaaatad  by  a alagla  aaraal  nod  a,  or  by  a auparpoaltloa  of 
normal  modes.  Tbaao  ao4 aa  rapraaaat  only  a alaglt  ana  bar  of  aa  aaUra  aigaaoalaa  apaatrwa,  tag  It  la  tbla 
apaotrua  that  la  rwgwlrwd  for  aa  arbitrary  dlaturbaaaa.  It  aaa  ba  prow  ad  that  for  a bowodod  abaar  Maw, 
auoh  aa  plana  Polaauiila  flaw,  tba  elgesvalue  apaatrwa  U 4) enrols  nag  infinite  (Ua  0961)].  That  la, 
for  a gives  wavomwmlar  and  Rayaolda  awabar,  tbara  la  aa  Infinite  dlaarata  aagwaaaa  of  aaaplaa  frogna anion 
wboaa  algaafuaotloaa  satisfy  tba  boundary  aaadltloaa.  tuft  a iaa  a at  of  tba  aagwaaaa  aaaatitwtaa  a Ms 
Me  la  tba  aora  praalaa  moaning  of  tba  tara  aa4a;  what  wa  bora  aallad  tba  aaraal  aadaa  all  baloag  to  tba 
fl.*st,  or  laaat  atabla,  of  tbaaa  aora  ga  moral  aadaa.  To  diatlagwlab  bat  waa  a tba  two  waagaa  af  tba  tara 
mod*,  wa  aball  rafar  to  tba  dlaarata  aagaaaai  aa  tba  rtaaaua  aadaa.  Only  tba  firat  olaesma  aada  aaa  ba 
uaatabla;  all  af  tba  o tbara  ara  besvlly  da  a pad,  wblah  la  tba  raaaaa  why  tbay  ara  w at  apart  ant  la  alaaat  all 
praatlaal  atablllty  preblsaa.  Calawlatlaaa  af  tba  dlaarata  taaporal  eigenvalue  apaatrwa  af  plaaa 
Polaauiila  flaw  b aaa  baaa  oarriad  out  by  Or  aaa*  aad  Sal  waa  (1961),  Oraaag  (1971),  aad  Maak  (1976). 

tt  waa  long  believed  that  tba  aigaaoalaa  apaatrwa  af  bawadary  layar  llawa  U al aa  dlaarata.  law  to  or, 
a o*l  ou  latino  by  Jardlaaaa  (1971)  far  a alagla  oalaa  af  4 aad  I oaaavored  only  a flak  to  dlaarata  apaatrwa 
far  tba  Blaalwa  boundary  layar.  Tbaaa  talnolatlnaa  wara  la  aaaa  arrar  aoaarlaally,  bat  a latur 
lawaatlgatiaa  by  Maak  0976).  wblob  warbad  out  tba  aarraat  tamper  al  apaatrwa,  aaaflraad  tba  aaaalnalaa  af 
Jardlaaaa.  Sa  abawa  la  rig.  6.15,  at  4 • 6.1T9,  B • Bid,  tba  aaaa  aaaa  l da  rad  by  Jardfaana,  tbara  ara 
aaly  aevea  tiaaaua  aadaa.  Had#  1 la  aapllflad)  Madaa  1-7  ara  atraagly  den  pod.  la  Pig.  6.15*  tba 
algaavalwaa  ara  Mown  la  eaaplaa  « apa aa,  rathtr  than  - apaaa,  baaauaa  ap  a f .0  bad  a apnalal  algal  fl  a a aaa 
la  Ula  problem. 

iltbaugb  tba  awabar  af  dlaarata  aadaa  la  a fwaatlaa  af  balk  wavenumber  aad  Bayaalda  awabar,  tba 
awabar  raaalaa  flalta  aad  eeaperetlvely  aaail.  It  waa  abawa  by  Maak  0996)  aa  tba  baa  la  af  aaaariaal 
a aaaplaa  wltb  f laita-wtdtb  aba  aaa  la  la  whiab  tba  ippar  boundary  deved  ta  y • *,  aad  wltb  palyaaaial 
veleelty  prafllaa  af  varies*  or  darn,  Uat  kata  tba  eewl-imlelte  flaw  latarwal  aad  tba  aaatlawlty  af  tba 
v*iee«ty  roftla  at  tba  adga  af  tba  baundary  lapar,  ara  raapa— Ilia  far  tba  aaa  salat  idea  af  tba  laflnitn 
par?  af  tba  dlaarata  apaatrwa  af  baaadad  flown,  la  a flalta  dlaarata  apaatfwa  la  atlll  aaabla  ta 
rapraaaat  aa  arbitrary  dlaturbaaaa,  wbara  ara  tba  blading  alga— alaaat 

It  la  a art  waaaaaaa  aaawrraaaa  la  aigaaoalaa  prablaaa  ta  baoa  aaly  a flalta  glacrata  apaatrwa.  Tba 
ran  alalag  part  af  tba  apaatrwa  la  tbaa  a coat  l aaaa  a apaatrwa.  Aa  aaanpla  la  tba  taoiaaid  atablllty 
ague ties.  wbiab  baa  a aaatlaaaaa  apaatrwa  a— ralatsd  wltb  tba  a lags!  art  ty  at  tba  arlUaal  lapar.  It  waa 
*1  randy  awggaatad  M Jardlaaaa  0970  that  tba  ttnarata  vtaaaaa  apaatraa  la  aapplimaaf  I bp  a ullnwxm 
apaatrwa  along  the  er  • 1 anla.  Tba  proof  bp  Ua  0961)  that  a oiaaaaa  anal  I aa  awn  apaatrwa  oaaaat  walat 
far  a baaadad  flaw  daaa  aat  apply  ta  aa  waknandad  flaw*  Maak  (19T6)  awgpartad  Jarflna— *e  aapaatatlaa  by 
a aaaa  af  a fan  awaarlaal  aalaaiatiaaa  af  aaatlaaaaa  apaatrwa  alga  not!  ana,  aad  alaa  abaaad  that  tba 
aaatlnwawa  »pattrum  u alwnpa  damped  baaaaaa  af  tba  raatriaUaa  a.  < -ft  g aust  sample*#  and  dafUBUaa 
study  af  tba  aaatlaaaaa  apaatrwa  waa  tiling  anally  narriad  aat  by  BraM  aad  Pal  aaa  (1971),  aba  ara 
radgaantbla  far  alarifyug  aaap  anpawu  af  tkid  pradlam.  Uaa  a papar  If  Nardaak  and  Hawartw  OUT) 
aaat  ba  mantissa  d.  Baawltd  far  tba  dlaarata  spatial  apaatrwa  af  tba  ilnnima  inwaPary  lapar  baaa  baaa 
glvaa  bp  Onraar,  Bnaiai  aad  Paan  (tmi 
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T.  RUNOilC  rout  SOQftCtS  or  dutuilxtt  vim 
7.1  OiMnl  rcaarka 

In  tbs  previous  Seotlocs,  «•  hm  been  considering  id*  bohsvior  of  id#  Individual  aoraei-eod* 
solutions  of  u llaaarliad,  quesl-ptrallsl  stability  aquations.  Thla  prluiry  attention  to  tda  aorual 
node*  haa  baaa  tda  uaual  oouraa  la  Boat  tdaoratlaal  aad  cxportaoctsl  work  oa  boundary- lays r stability.  Tba 
ruadaoaaui  stability  ssporloonta  of  Sadubauar  aad  Skraastad  (19*7)  la  low-apeo<  flow*  aad  of  Kendall 
(1967)  la  high-speed  flow  uara  both  designed  to  produos  a partloular  aoraal  nod*.  Sven  tba  auota  uaad  a1 
aatbod  of  traaaltloa  prediction  la  baaad  oa  tda  aaplltuda  ratio  of  tda  ooat  aopllflaO  aoraal  aoda.  Xa 
aoat  aatual  flow  situations,  bowsvur,  a apootrua  of  Instability  wavaa  la  prsssst.  XT  tba  boundary  iayor 
vara  truly  arallal,  tda  aoat  uaatabla  aoda  would  avaatually  da  tda  doalaaav  one,  aad  all  of  tda  otdar 
aodaa  would  bo  of  negligible  laportaaoa.  la  bouadary  layara  fouad  la  praotloa  ara  not  peril lei,  tda 
obaatlaf  layaolda  nuabar  aaaaa  that  tba  ldaatlty  of  tba  aoat  uaatabla  aoda  alao  obaacna  an  tba  wava  avatoa 
aovaa  downs  tress,  aad  no  single  aoda  oaa  from  ladafialtaly.  Disturber  m aaarty  will  always  bo  dlwtrlbutod 
ovar  a flalta  baadwidtb.  Xf  tba  aodaa  all  ooaa  froa  a single  souroe,  or  ara  otbarwlaa  phase  routed,  than 
latarfsraaoa  of  facta  will  oauaa  tba  avolutloa  of  tda  wideband  aaplltuda  to  further  depart  froa  tba 
aaplltuda  avolutloa  of  a single  aoraal  aoda.  Tbla  dlffaranea  waa  vividly  daaonatrntod  in  tba  exparlaaat 
of  Qaatar  aad  Or  sat  (1975),  where  tba  aaplltuda  at  tba  oaatar  of  a wava  paahat  produoad  by  a pulsed  point 
souroa  obsegsd  llttla  with  Inerssslag  dlataaoa  froa  tda  aouroa,  avaa  though  tda  aaplltuda  of  tda  aoat 
aapllflsd  aoraal  aoda  waa  incress  leg  aavaral  tines. 

Tda  wava-paekat  problaa  waa  traatad  first  by  Crlalaals  and  Kovaanay  (1962)  aad  by  Oaatar  (I960), 
ivltbsr  tda  straight  wavs  fronts  of  tda  foraer,  nor  tda  aauatlo  of  tda  lattsr,  wars  odnarvad 
aaperlaeatally,  baoauaa  la  aaoh  ossa  spproxl  notices  that  warn  asadad  to  preduss  nuaarlaal  ranulta  tor  aad 
out  not  to  ba  valid.  Utar,  Oaatar  (1975)  obtalasd  raaulU  la  good  agrasaant  with  asparlaaat  by  replsal* 
tba  aatbod  of  staapast  dasoaat  uaad  aarllar  by  diraot  nuaarlaa!  latagratlon.  Ha  waa  alao  able  to 
daaaaatrsta  tda  validity  of  tda  aatbod  of  ataapaat  doaaaat  for  a 20  wava  paokat  In  a strletly  parallal 
flow  by  aaaat  aaloulatloa  of  tba  nsaaaaary  alga  aval  waa  (Oaatar  (1961b,  1962a)].  fl  sally,  da  showed  bow  to 
astaad  tbla  aatbod  to  a growing  boundary  layar  (Oaatar  (1961  a,  1962b)],  wdara  tda  aeon  How  downs  trass  of 
tba  aouroa  la  a function  of  Aeyaolda  nuabar. 

Is  this  Jeetion,  wa  shall  aaaalas  a alaplar  problaa  than  tda  wava  paahat,  sanely  the  stationary  wava 
pattare  produoad  by  a dsraoale  point  aouroa.  This  wava  notion  das  the  saaa  nuabar  of  specs  dlaensloas  as 
a Jfi  wove  paahat,  but  Is  really  a 2P  wava  propagation  problaa  that  Is  aloaaly  ralatod  to  fester**  20  wava 
paokata.  Tda  propagation  apaaa  bora  Is  i.a,  tda  plans  of  tda  f*ow,  ratdar  tdaa  «,t  a#  In  tda  lattar 
problaa.  Tba  fast  that  tba  wava  nation  la  two  dlasaeisml  anbaa  It  poaalbla  to  obtain  detailed  nwaarloal 
raaulU  both  by  nuaarlaal  lntagmUoa  and  by  0sster*s  (19610,19629)  osteosis*  of  tba  aatbod  of  staapast 
descent  for  s greulnc  boundary  layer  (Nook  and  Urdell  (196))],  In  tba  paint  sourss  problsas,  as  nttaapt 
is  anda  to  find  s aoaplata  aethanstlsul  solution.  Xnntastf  It  Is  aerely  sssuaad,  fallavlng  Osstsr  (1975), 
that  tba  aeerao  produces  s seatlanous  spoatrua  of  tba  least  stab's  aoraal  nodes.  Par  a pulsed  26  (lias) 
eewree,  tbs  spoatrua  Is  over  froa  won**,  far  a pulsed  J*  (paint)  saroa,  tbs  spaatrua  la  aver  frag  weary  sad 
a pa  aw  Isa  wavanuabari  far  a point  sauraa,  tba  spoatrua  la  ever  a pan  visa  wnvaauabar.  Xt  la 
usually,  but  net  always,  sssuaad  that  tba  apeotral  densities  ara  walforo  (•white  sties*  spectra). 

Tda  salutlaa  far  a baraeale  paint  sauraa  la  obtained  by  aval  us  ting  tba  Integral  far  tda  seoples 
aaplltuda  avar  all  paaalble  spanwlsa  wavoaunbars.  Tba  nest  straight  forward  netbei  la  to  use  diraot 
nunarlaal  lntagratlaai  a so  so  ad  nethed  la  to  evalusta  the  integral  any  nptat  leal  ly  by  tba  aatbod  af 
staapoat  densest  as  was  dene  far  parallal  flews  by  Cebeel  and  Itawartoon  (1966a,  1966b),  and,  la  aura 
detail,  by  bay  fed  (1966a,  1966b).  bona  nun  rr  leal  results  for  tl  sales  flow  war*  sited  by  Cebeal  and 
ftewarteon  (1966b),  but  wltbln  tba  franawerb  ef  tba  a"  aatbod  a f transition  predlatlsn.  Only  the 
svpenential  tarn  af  tbs  anplltude  waa  evaluated,  and  the  saddle  paint  aaadltlea  was  tbs  one  far  parallel 
flew. 


laperlnents  on  the  bamenle  paint  eewree  have  been  earned  an  by  Qllev,  leebaaev  end  loslov  dHD, 
and  ty  ft^ch  and  Kendall  (196)).  In  those  saporl neats,  ettenelva  dot- wire  neaeurensnU  ef  snpUtode  and 
lhane  were  node  in  tbs  dsusetrosn  end  spanwlsa  directions  la  s 6X00100  boundary  layer.  In  61  lev  et  si. 
(1961),  a Pearler  eaulyeis  ef  the  dele  yielded  the  shllgea  sera  si  nedsa,  but  as  neaps  rtamm  with  theory 
were  neda.  one  significant  renal t wan  the  napping  cut  af  tbs  Usee  ef  sssntsnt  phase  U Ue  m Pl4WM  ns 
shewn  in  Pig.  T.l.  it  least  three  dlatieet  rogleae  aae  be  1 Sealifts#  in  this  figure.  Close  te  the 
seuree,  the  eurveture  u season,  and  far  aw ay  it  U naiivh  la  an  lstsnadlsU  rogftaa,  a bttnilah  appaare 
at  tba  oaatar  linn  1 raglae  af  « *nve  survaturo  gradually  entaeda  tdvnd  ta  anaanpaaa  tba  anura  oaUr 
partiaa  af  tba  uava  pet  torn,  whU«  be  dlnple  spreads,  flsttsas  and  finally  disappear#.  All  af  than# 
feat  urea  are  dwpllaatni  la  tba  was#  • .tiara  aalsulatoa  bp  nunarlaal  IntagraUaw  (Hand  aad  Kendall  (196)}]. 

Pl#m  T.l  gbawa  that  thare  la  a ■nflnua  insUnaUaa  af  oaob  aanwtaat  pbm  Has  that  ta  aeuh  loan 
tnaa  tba  nanlw.a  wane  aegis  nf  aantabis  samil  libs.  Ibis  fas  tarn  fallows  dlreetly  free  tbs  aatbod  ef 
slsspeet  dsneent,  where  tin  saddle- pad M send! Use  Unite  tba  tsynaHi  —bar  dspsmni  uptown  wevs  a*le 
»•  tbla  roatrietioa  wan  naiad  in  enpnbllebed  eeleuletlene  by  beak  and  by  Pndbye  and  lay  fob 


In  »bo  1 wool  pnrallol  tboory,  aaplituds  la  badland  aa  tbs  integral  ef  tbe  spntlsl  mpU  ft  nation  rein, 
end  in  ant  idMtiflai  witb  any  pofUenlar  flew  vnrtnble  or  dletMoa  y free  tbs  well,  in  tba  taster  .frfei 
(tm)  ispsrlaisd,  aaplituds  waa  nsnenrod  ad  tin  enter  pao'  af  tba  anplltude  bi  iswiieo*  U tune  et  aL 
(196D  at  a fined  y A in  tbe  boundary  layer,  and  alee  et  e fined  y * just  outbids  ef  tbe  beendery  Uyeri 
end  It  nett  and  Kendall  (196)),  at  tba  lanar  see  af  tba  anplitwde  it  6 seapnrlaoa  af  tbn 
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Tin  Integra)  otw  all  apenvlae  v a venue  ben  for  the#dleenelonal  vjl<g5ity  fluctuation  ut  (the  subscript 
t denote#  tlae  dependence}  fro*  e aouroe  of  frequency  located  at  **,«*  1* 

uf(x\.V>  • exp(-l  w#t#)jT*i#({J*)eipCl  <(fl#|x\t#))d?#,  (7.1) 

vhere  ( (:■  ) la  tba  (oenplei)  anplltude  distribution  function  of  dleennlonn  valooity  x length,  tbe 
frequency  la  reel, 


, a a.  /**•/•  ,•  • J,  a e, 

-(x  ,x  ) ef  i (x  j*  )dx  ♦ a <*  -t.) 


(7.2) 


la  tbe  tlee-lndependent  part  of  tb|  phased  and  tbe  uavenunber  oospooenta  i*  and  a*  are  ooep*ex«  Tbe 
eigenfunctions  are  Ignored  m that  u,  la  lade panda at  of  y , and  u"  could  equally  veil  be  ooael dared  ea  nay 
other  flow  variable.  Thin  integral  vlll  be  evaluated  belov  by  direct  ounerloal  integration,  and  by  an 
adaptation  of  Oeater*a  0941a, 1962b)  aayaptotlo  eetbod. 

7.2  lunar loal  Integration 

be  plaoe  tbe  aouroe  at  a*  • 0,  drop  tbe  tine  foot  or,  and  define  tbe  dlaeneloaleaa  variables 

$ • t j / 0,  , 


I • 1 . /o. 


I i D i /. 

1 

u • a /B,  , 


, „•  a,  a 

I • 0j«  /v  , 

g • a*g#/v*  , 


(7.3) 


vbere  u*  la  tbe  tine-independent  part  of  u*,  and  tbe  .ref  ere  nee  velocity  la  Um  freaetrean  veloelty  0j_ 
Be  bava  oboaan  th-  lavaraa  aalt  ley  acids  a unbar  v /B?  aa  tba  refereaoe  leagtb  ao  that  £,  aa  vail  aa  p 
vlll  aatiafy  tbe  lrrctattonallty  eondltiea  la  tbe  nlnplett  fern,  Sq*  (2.5$).  diva  thane  cboUea,  the 
dlnenaionleea  I end  I are  tbe  ueuel  x end  a ieyaolda  nun  bars.  The  re  seen  for  the  nerval  lactic*  aoeataat 
2-  in  tba  deflnltloa  of  g vlll  appear  la  ieetloe  7.9.  Bltb  tbe  definition*  ef  Iqa.  (7.2),  Sq.  (7.1) 


ud.ljf)  . i\n*)J  g(*)exp(iK(Sit,l))<S  . 


bltb  t • 0,  the  phene  is 


*(?;! 


.k)  •/ 


“«dt  ♦ ?1  . 


(7.9) 


(73) 


Be  take  I to  be  real  far  oenveeleeee,  vhieh  neeaa  thet  ve  are  going  to  a an  over  apetlel  eornel  nodes  of 
the  type  ve  have  bees  using  ell  along.  If  ve  vrite 


r ' '«r  * ^1  * 


the  reel  end  Inogioary  perta  af  e are 


**r  */  V-  • M • 

e era 

e^d.S)  • (1/*^ i(*)e*p(-*l)aee<1Tae#(?S)df 


(73a) 


(7.1b) 


(T.te) 


ejd,i)  * (1/^)^*(!)enH-I4)»*h‘lrd^(ft)d| 


(t.Tb) 


Be  bate  tehee  advantage  ef  the  aynaeiry  U * ef  g(|),  and  < . te  centrist  the  interval  ef  ietegretlee 
te  the  peeitlve  * axis.  Iqaatleae  (7.7)  ere  the  tpfelfle  letegrnln  te  be  eveleeted  by  merleel 
ietegretlee  Xt  te  eeeveeleet  te  preeeet  the  aunerleal  reeelta  la  terna  ef  the  peek,  er  envoi ape. 
Mglltude 


Beth  ef  thooe  ttndlUia  ten  he 


9(1,1)  • (V*  • V*),/*  . 

*d,l)  a Ue"1^/^)  . 
i ev  perineetAliy. 


(7. Be) 


(f.H) 


the  nen a r leal  Ietegretlee  ef  Bqe.  (7.7)  praaeada  ea  fellenei  Kill  the  dlnaneleeleee  freqneney  f 
eqvel  te  the  frequency  ef  the  aaeree,  the  phene  Integral*  eed  «.  ef  tq.  (7.4b)  ere  evaluated  aa 
fenetlone  ef  I vlth  eonoteet  { far  a hand  ef  apnea  I ae  vote  nett  or  a free  the  elgaev  aloes  *di?,f).  The 
f eerier  one  1 no  integrals  ere  eveleeted  at  eoeagb  I etatleee  at  eeeh  f te  reeel  ve  the  neve  pattern, 
ftighl*  ehllqee  revet  ere  deeped,  vtu  tee  doe  pi  eg  rate  1 ear  eealng  vlth  leeroening  ebliqelty. 
Ceaaa gnantlf,  the  integral#  ef  Bp.  (7.7)  vUl  elvepe  noaenrgn  fur  ft  > L if  lerga  seen*:  vnlene  ef  g era 
need,  lit  |J  end  g(|)  la  the  f eerier  enelne  tranefern  ef  e.(l).  la  parti  eel  er,  if  gif)  a i, 

then  nr  !e  e 6-lheettoe  In  f i if  g(  $)  la  e Boennlan,  then  ee  in  e^ 

7.)  hnlher  ef  eteageet  deeeeet 

the  entbnd  ef  euenrlnal  let  egret  lee  te  «9ral#itferverd,  hnt  re  get  red  the  eeeUnUen  ef  e fen  hvegred 
olgn  trainee  far  good  raeeleUee  ef  the  neve  pet  tern.  A ftffburt  agpreneb  te  u nsaleela  the  lateral  ef 
*t  (73)  enpngtntleelly  hp  the  eatbed  ef  it  input  haem,  er  nidlMhH  e a that,  me  embed  allow 


oertaln  results  to  bs  obtained  with  fower  calculations,  and  also  bss  the  advantage  that  tbs  dominant  wave 
at  aaob  1,1  aaaas  to  oorraapond  dlreotly  to  what  Is  observed. 


(7.9) 


(7.10) 

saddle  point  £0  Is 

(7.11) 

whloh  la  equivalent  to  the  two  real  conditions  A 

/!<  :>.V  aS)r<i*  ■ -*  . 

a A 

J * (r«VA9)tdt  ■ o . 

X9 

These  integrals  are  evaluated  with  the  ooapltx  * held  oonstant,  so  that  we  are  deal Inf 
that  satisfy  the  generalised  irrotatiooallty  ooodltlon  of  klnamatlo  wave  theory. 

The  saddle-point  conditions  of  Eq.  '7.1 2)  are  of  the  ease  type  as  introduoed  by  (lister  (1981a,  1902b) 
for  s ?D  wave  packet  in  a growing  boundary  layer.  Osually  the  saddle-point  aethod  is  applied  to  problems 
where  the  wave-propagation  aedlua  (here  the  boundary  layer)  la  independent  of  t,  but  Qaater  demonstrated 
the  correctness  of  the  present  procedure  when  the  aediua  la  a funotlon  of  f.  In  a strlotly  parallel  flow, 
the  boundary  layer  aeets  the  aore  restrloted  requirement  of  I independence,  and  the  saddle-point 
conditions  simplify  to 


(7.12a) 

(7.12b) 

with  spatial  waves 


Equation  (7.*),  with  g($)  « 1,  is  written 

u(M)  ■ 1U  (l/2n)^*exp[ (l-t#)$(p)  ]d£  , 
where  C is  the  contour  of  steepost  descent  in  the  ooaples  g plane,  and 

(t-t,)  ♦ • if*S(i;ft>df  ♦ igd-t.)  . 

The  Halt  8 •"’is  taken  with  8/(8-lg)  held  oonstant.  The  ooodltlon  for  the 

• 0 , 


(^/i?)p  ■ -l/(i-l#)  , (7.13a) 

( A/  ^p)i  ■ 0 . (7.13b) 


for  a constant-frequency  wave, 


(I*Vv*g)  » -(  *./$)/(  W<j*)  «*  -tan  p , 


(7.1b) 


where  ; is  the  complex  angle  of  the  group-velocity  vector,  and  we  see  that  the  parallel-flow  saddle-point 
condition  is  equivalent  to  requiring  the  group-velocity  angle  to  be  real.  Consequently,  the  observed  wave 
pattern  in  a parallel  flow  oonalats  of  waves  of  constant  coaplex  spanwlae  wsvenuaber  *c  moving  along 
group-veloolty  trajectories  in  the  real  1,1  plane.  This  saddle-point  condition  bss  been  applied  to  a 
growing  boundary  layer  by  Cebeoi  and  Stewartaon  (1980a, 1960b)  and  by  Ityfeh  (1980a,  1980b).  This  procedure 
can  yi<  „ satisfactory  reaultc  in  s restricted  region  of  the  t,8  plane,  but  cannot  be  valid  everywhere  as 
the  correct  asymptotic  representation  of  Eq.  (7.9)  is  in  terms  of  Eq.  (7.12)  saddle  points  rather  than  Sq. 
(7.16)  aaddle  points.  The  •rays*  dtflned  by  Eq.  (7.12)  are  not  physical  raya  in  the  usual  aenae.  For  a 
complex  that  satisfies  Eq.  (7.1 2).  8 ia  oomplex  at  all  t>tg  exoept  at  the  final,  or  observation,  point. 
The  trejeotory  that  ie  traced  out  in  the  t,l  plane  by  satisfying  Eq.  (7.12)  at  suooesaive  f>f#  for  tbe 
same  (?e)p  bss  s different  (g_  at  eaeb  point.  Zn  a parallel  flow,  a single  normal  mode  defines  ee 
entire  ray;  here  a single  norma,  aode  defines  only  a single  point. 


With  t expended  in  s power  eeriee  in  end  with  only  tbe  first  aonsero  term  retained  (assuming 

It  ia  tbe  second  derivative),  Iq.  (7.9)  becomes 

u • (l/2")e*p((l-l#)«<g0)jy,expU/2(j2V^2),(I-l.)(J-;<J)2Jd;  . (7.15) 


be  write 


(^WJ^)*  • bexp(i*'^) 

?-Sc  • 1i***p(i"i) 


(7.16s) 

(7.16b) 


where  e le  tbe  path  length  measured  frog  the  aaddle  point,  end  le  its  inelinatloiw  With  the  contour  C 
eeleoted  to  peas  through  r.c  from  left  to  right  at  the  oonstant  angle  • -**tf/2,  the  final  result  is 

u(t,t)  • ((l/20(l-tt)D],/2m*p((l-t#)6<ge))m*pU(VUty2))  . (7.17) 

Isplsolng  D,  I,  1 and  g by  D,  8,  i sad  , where  the  referenee  length  ie  L*  of  tq.  (2.57),  we  obtain 

CT.18) 


u(I,t)  ■ <2/«P)1/2mxp(->1  ♦ ijy)  , 

X 

d • ai^^o*^*)**  i , 

*r  • *f*r{** t,a  ♦ - V* 


*i  * ^li(,,9e,a  * < V**'1 


(7.19) 

(T.20a) 

(7.20b) 
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■ nd  '‘d  i*  tha  argument  of  tha  ooeplex  intagral  in  Eq.  (7.19)*  Wa  oontioua  to  uee  I for  tha  s-Reynolda 
number. 

In  thaaa  variables  tha  saddle-point  conditions  ara 

2 (^tpF)pRdl  • -I  , (7.21s) 

/*R(3a/3p)1»dn  • 0 . (7.21b) 

\ 

With  tha  parallel-flow  aaddla-polnt  oonditlona  of  Eqs.  (7.1  3)»  Iq.  (7.18)  Is  still  valid,  but  D sod 
have  dlffarant  meanings.  With  constant, 

D • U(I2^)()V¥2)11/2  , (7.22) 

and  Hd  Is  tha  argument  of  <27/»|?2  ratbar  than  of  Its  Intagral. 

for  a given  R and  I,  a doubla  iteration  prooadura  Is  nssdsd  to  find  tha  oqmplax  that  sstlsflM 
tq.  (7.1 2).  As  aach  iteration  involves  tha  reoaloulatlon  of  alganvaluts  and  froa  R#  to  R,  tha 

coaputatlonal  raqulraaants  ara  large.  If  only  R la  glvan,  than  an  ltaratlon  of  ^ for  a aaquanoe  of  £p 
sill  produce  tha  wave  pattern  at  that  I ulth  auob  leas  ooaputatlon,  but  tha  apaolflo  I at  whloh  tha 

aaplltude  and  phase  ara  calculated  will  not  be  known  In  advenoe.  Or,  both  ?T  and  8^  oan  be  a peel  fled,  and 

R advanoed  until  tha  Intagral  in  Kq.  (7.12b)  ohangaa  sign.  This  will  not  always  happen,  but  when  It  does, 
a saddle  point  and  Ita  location  in  the  R,1  plane  ara  obtained  without  Iteration. 

Because  of  tha  iteration  requirement,  tha  aaddla-polnt  netbod  la  lass  suited  than  oumarloal 
integration  to  the  detailed  calculation  of  tha  antlra  wava  pattern,  but  It  oan  more  readily  produoa 
results  at  Just  a few  locations.  Ita  greatest  advantage,  bowavar,  la  that  along  tha  oanterllne  (a  ■ 0) 
the  aaplltude  and  phase  oan  be  obtained  at  a apeolfled  R without  Iteration,  and  a single  integration  peaa 
froa  Ra  to  R produoea  results  at  all  lnteraedlate  R at  whioh  eigenvalues  are  oaloulated.  This  la  possible 
because  the  saddle  point  la  at  ? * 0 all  aloig  tha  eentarllne,  and  only  Iq.  (7.19)  has  to  be  used,  and  not 
Kqs.  (7.12).  Wa  oan  also  note  that  there  la  no  raal  saving  by  ualng  the  approxlaate  Kq.  (7.22)  In  plaoe 
of  Sq.  (7.19),  because  <2  J-}2  has  to  be  oaloulated  In  any  oaaa,  and  only  tha  numerical  Integration  of 
this  derivative  la  eliminated. 


7. A Superposition  of  point  souroea 

Wa  can  imagine  souroas  of  Instability  wavea  to  ooour  not  juat  aa  alngle  point  souroea,  but  as 
multiple  point  souroea  and  as  distributed  aouroes.  for  aavaral  dlaorete  souroea,  the  formulae  or  the 
preoedlig  Section  apply,  and  we  Juat  hava  to  add  the  contributions  from  the  various  souroea.  We  oan  use 
this  same  approach  for  distributed  souroea:  The  distributed  souroe  la  represented  by  dlaorete,  oloaely 

apeoed.  Infinitesimal  point  souroea.  In  thla  Seotlon,  we  apply  thla  Idea  to  line  souroea. 

We  re  plaoe  the  function  g#t  *)  In  Iq.  (7.1)  with  a more  general  function 

t*(r *.«*.**)  • <l/2rtuj(xj,«j>&r.*g(  ) , (7.23) 

where  u^,  the  souroe  strength,  has  tbs  sama  dimensions  a a u*,  and  1*  tha  arc  length  along  the  souroe. 
We  substitute  Kq.  (7.23)  into  Kq.  (7.1)  without  the  lima  factor,  uee  tha  definitions  of  Kq.  (7.3)»  and 
arrive  at 

.*.u(l,l)  . (1/2-)ua.V.fjfg(?)axp(i»)dR  (7.2*s) 

rorft|*  gootri button  to  u at  i,l  of  an  inflnltsaimal  line  ecura*  at  In  Sq.  (7«2*e),  ug  > u*/D*,  K , 

• • •nd 

<(r;i,l)  a/^ldt  ♦ ?(»-*,)  . (7.2MO 

t finite-length  souroe  whioh  extende  from  si  ■ (ts,ft#),  to  a2  ■ (la,la)2  mill  produce  ut  1,1  tha  vsloolty 


u(t,l)  • ( i,  2 


g(S)exp(i »)d? 


where  the  ' . Integration  proceeds  along  the  line  souroe. 


(7.25) 


Aa  tha  simplest  possible  example,  we  apply  In.  (7.25)  to  a 2D  inf lnlte-langth  line  souroe,  l.e.,  a 
souroe  whioh  extende  from  ft*-4-  to  ♦-  at  a constant  t#.  With  g(?)  • 1,  so  that  all  oblique  normal  modes 
have  the  name  initial  aaplltude  and  phaae,  wa  obtain 

u(ft,l)  • (1/2-) J«a<ft,/  exp(i<;4?  , (T.26) 

The  Integral  ewer  ft.  muet  eonverge  beommae  the  <(  Integral  la  Juat  the  polat-eouree  eel  tloa  Sq.  (7*3).  A 
phyeleel  interpretation  ef  Kq.  (7.28)  la  that  Kq.  (T.))  oan  be  regarded  aa  either  the  dletrlbwtloa  of  u 
with  reepeet  to  ft  et  the  obeervatloa  etetlom  ft  due  to  e elegle  eouroe  et  fta,0,  or  aa  the  variolic*  of  u et 
the  alagle  e beer  vet  ion  pout  1,0  am  the  pel  at  oowroa  et  lg  move#  from  ft§  * - to  I . Ceameq  neatly,  if 
tha  polmt-eowroe  eolutlem  la  weigh  tee  by  u#  amd  lategratmd  with  reepeet  to  ft,,  the  rmeulUmt  amplitude  and 
phase  meet  be  that  pro du sad  by  ah  infl alto- length  apamwime  11am  aaaraa. 

At  l«ia,  the  phaae  fumotioe  * redueme  to  amd  hq.  (7.2*)  beoomae 
u(«#,ft)  . (1/2-^u,^^  oom(  “(l-fta))d?  . 


(7.2?) 
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Wa  recognise  the  § intagral  as  tha  Dirac  ^-function: 

oos[&(t-ta)ttfl  - 2ir  MI-1,)  . (7.28) 

Therefore,  u(t_,f)  • u aa  it  ahould,  and  we  aaa  the  raaaon  for  tba  faotor  2n  in  tba  daflaitlon  of  tba 
funotion  g In  lye.  (7.3)  and  (7.23).  Thus  when  applied  to  an  infinite-length  line  aouroe  of  oooatant 
amplitude  A,  and  of  oonatant  phase,  By.  (7 .25)  nuat  yield  tba  anplitude  ratio  A/A,  of  a 20  noraal  node. 
Tbia  property  of  the  point* aouroe  solution  o ffers  a convenient  obsok  on  nuaerioal  reaulta.  Furtharnore, 
if  u,  ■ A,ain(P,!,)  (a landing  ware)  or  A,txp(l#,a,)  (travelling  wave),  Bq.  (7*25 > will  give  tba  aaplltude 
ratio  of  an  oblique  noraal  node  of  apanwlae  wavenuaber  Applioationa  of  Eq.  (725)  to  finite-length  20 
and  oblique  line  aouroea  bave  been  given  by  Haok  (1984a). 

7.5  Nuaerioal  and  eiperiaental  reaulta 


The  wave  pattern  behind  a haraonio  point  aouroe  of  frequency  F * 0.60  x 10“'  located  at  8,  ■ 485  baa 
been  worked  out  in  detail  by  Maok  and  Kendall  (1983).  He  aball  quote  a few  reaulta  here.  Figure  7.2 
glvea  the  centerline  aaplltude  dletrlbutlon  downatreaa  of  the  aouroe  aa  oaloulated  by  nuaerioal 
integration  froa  Bq.  (7.7)  with  Kft)  * 1*  The  aaplltude  diatrlbution  of  the  20  noraal  aode  la  abown  for 
comparison,  where  A*  baa  been  oboaen  to  equal  tbe  aaplltude  at  I * 630.  The  initial  ateep  drop  in  the 
aaplltude  la  reversed  near  tbe  lower  branch  of  tbe  20  neutral-atabillty  curve,  but  tbia  flrat  alnlaua  la 
followed  by  a broad  aeoond  alnlaua  before  tbe  auatalned  aaplltude  grewtb  ge'.a  under  way.  Tbe  peak 
aaplltude  oaoura  at  tbe  upper-branch  location  of  I « 1050.  However,  tbe  aagnitude  of  tbe  peak  aaplltude 
ia  leaa  tban  balf  of  tbe  noraal-aode  aaplltude.  Tbe  reduction  in  aaplltude  la  due  to  tbe  aldewaya 
§p reading  of  tbe  wave  energy  in  tbe  polnt-eouroe  problem. 

Tbe  wave  energy  alao  apreada  in  tbe  y direction  beoauae  of  tbe  growth  of  tbe  boundary  layer.  Tbia 
effeot  la  not  lnoluded  in  tbe  calculation  beoauae  of  tbe  uae  of  parallel-flow  elgenvaluea,  even  though  tbe 
oorreot  leynolda-nuaber  dependent  eigenvalue  bave  been  used.  In  tbe  point- aouroe  wave-packet  problem, 
Gaater  (1975)  feund  that  tbe  boundary- layer  growth  oould  not  be  Ignored,  and  he  introduced  a correction 
baaed  on  a alaple  energy  argument.  kith  tbe  aaauaptlon  that  tbe  wave  energy  la  proportional  to  tbe  aquare 
of  the  aaplltude,  A2  would  be  oonatant  in  tbe  abeeooe  of  daaplag  or  amplification  or  aldewaya  spreading. 
This  aiguaent  auggeata  that  tbe  aaplltude  froa  Bq.  (7.7)  be  aultlplled  by  I**'2  to  correct  for  boundary- 
layer  growth,  and  tbe  reault  la  abown  in  Fig.  72.  Tbia  correction  la  aixeable,  and  if  correct  cannot  be 
neglected. 

A characteristic  feature  of  experiaental  phase  aeaaureaenta  on  the  oenterllne  la  that  if  tbe  pbaae  la 
extrapolated  backwarda  to  aero  tbe  apparent  location  of  tbe  aouroe  la  downatreaa  of  tbe  actual  aouroe 
location.  Figure  7.3  deaonatratea  why  tbia  la  no.  The  pbaae  initially  rlsea  at  a slower  rate,  and  it  la 
only  after  an  adjustment  in  tbe  region  where  aapllfloatlon  atarta  that  tbe  pbaae  then  increases  at  tbe 
faster  rate  of  tbe  aeaaureaenta 

The  centerline  aaplltude  distribution  baa  alao  been  oaloulated  froa  Bq.  (7.18)  of  tbe  extended 
saddle-point  aethod.  Starting  at  about  K ■ 650,  the  saddle-point  reaulta  are  virtually  identical  with 
those  obtained  froa  nuaerioal  integration  in  both  aaplltude  and  pbaae.  Bven  tbe  perallel-*low  saddle- 
point  aethod  glveo  a good  reault  to  about  tbe  region  of  aaxlaua  aaplltude,  after  which  there  la  a alight 
departure.  Consequently,  Bq.  (7.18)  glvea  us  a way  to  obtain  tbe  oenterllne  aaplltude  accurately 
everywhere  exoepl  quite  oloae  to  tbe  source  with  only  a little  core  calculation  tban  la  needed  to  obtain 
tbe  noraal-aode  A/AQ. 

The  laportant  question  mw  la  whether  or  not  tbe  aaplltude  distribution  of  Fig.  72  baa  anything  to 
do  with  an  experiaentally  deteralned  aaplltude.  Tbe  answer  ia  given  in  Fig.  7.4  [Naok  and  Kendall 
(1983)).  For  tbe  aaae  conditions  aa  tbe  calculations,  a hot- wire  aneaoaeter  was  noted  downatreaa  in  a 
Blssius  boundary  layer.  At  each  Reynolds  nuaber  station,  tbe  aaxlaua  fluctuation  aapUtude  in  tbe 
boundary  layer  was  deteralned  by  a vertloal  traverse  of  tbe  hot  wire,  the  soured  strength  was  wall  within 
tbe  retge  for  which  tbe  response  at  tbe  hot  wire  marled  linearly  with  tbe  aouroe  aaplltude.  Tbe  aaplltude 
in  Fig.  7.4  la  tbe  actual  aeasured  aaplltude  expressed  aa  a fraotlon  of  tbe  freeatreaa  velocity.  Tbe 
level  of  tbe  oaloulated  aaplltude  baa  been  adjusted  aooordlngly.  Tbe  oaloulated  aaplltude  increases  sore 
rapidly  tban  in  tbe  experlaent,  but  tbe  (tester  correction  for  boundary- layer  growth  aakea  tbe  two 
aaplltude  distributions  identical  up  to  about  I • 890,  where  tbe  aeaaureaenta  depart  abruptly  free  tbe 
theory.  Tbia  dlaagreeaent  was  traoed  to  a favorable  pressure  gradient  on  tbe  flat  plate  that  started 
precisely  at  tbe  point  of  departure.  Tbe  good  agreement  In  ibis  one  exaaple  of  tbe  calculation  with  tbe 
Oaater  growth  correction  and  tbe  iseasureaeat  in  tbe  aero  preaeure-gradient  region,  while  hardly 
conclusive,  does  suggest  that  when  dealing  wltb  wave  notion  over  aany  wavelengths,  tbe  growth  at  tbe 
boundary  layer  cannot  be  neglected. 

Tbe  off-oeaterline  wave  pattern  la  of  considerable  complexity,  as  abown  by  01  lev  at  al  OKI).  The 
peak  aaplltude  occurs  Initially  off  oenterllne,  and  it  la  only  wall  downatreaa  of  tbe  aouroe  that  it  la 
found  on  tbe  oenterllne.  A typical  oaloulated  apanwlae  aaplltude  aad  pbaae  dlatrli ..  leu  la  abown  la  Fig, 
7.5.  The  ooaplex  evolution  of  tbe  pbaae  that  appears  la  fig,  7.1  ia  reproduced  quite  oloaely  by  Bq. 
(7.7) » but  tbe  calculated  off-center  line  aapUtuda  ic  lean  exact.  Indeed,  tbe  saddle-point  netbod,  even 
la  lte  extended  fora,  fella  to  give  off-oeaterllne  aaplltude  peaks  of  sufficient  aagaitude,  aad  only 
agrees  wall  wltb  tbe  auaerleal-iatagretloa  reaulta  after  those  peaks  bave  disappeared.  Tbe  parallel-flow 
a add la- point  aethod  falls  bediy  in  ealeulatlag  tbe  eff-eeaterllae  wave  pelt era.  Tbe  difflewlty  of 
oorreetly  ooaputlag  tbe  aaplltwde  wltb  tM  present  aetboda  la  probably  related  to  tbe  ooaplleated  nature 
of  tbe  elgeafweetioae,  whloh  la  ouch  of  tba  wave  pattern  bear  little  reeoablaaoe  to  ooeveetloeol  noraal- 
aede  elgoafuontlaaa.  Is  order  far  aaplltude  ealoulatleaa  to  agree  aa  wall  with  eaporlaoet  aa  do  tba  pbaae 
ealeulatleae,  it  will  be  noooooary  to  laalude  tbe  slgaafeaatloao  la  tba  ealeulatloaa.  however,  cvea  wltb 
tbia  Uaitetiwa,  tba  auaerloel-iatagretloa  aethod  dote  reaarkably  well  la  reprodual ng  tbe  eoaswrod  wave 
pattern,  aad  provides  aaatbar  exaaple  of  tba  utility  of  linear  stability  theory  la  deallag  with  point* 
aouroe  problems. 
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PABT  8.  COMPRESSIBLE  STABILITY  THEORY 

8.  FOtWJLATIOF  OP  C0MPBIS3XBLK  STABILITY  THEORY 
8 . 1 Introductory  rwiru 

Th«  tboory  of  tbs  atablllty  of  a ooapraaalbla  laalcar  boundary  layar  diffora  auffloiantljr  from  tha 
laooaproaalbla  tboorjr  to  warrant  balnc  traatad  aa  a 'ia  para  to  aubjaot,  Tba  baalo  approach  and  nany  of  tha 
ldaaa  era  tha  aaaa,  and  for  tbla  raaaon  tba  lnooaprtsslbla  thaory  oan  ba  ragardad  aa  an  lndlapanaabla 
praluda  to  tha  study  of  tba  ooapraaalbla  thaory.  for  axaapla,  all  of  tba  natarlal  in  Saotlona  2.2,  2.3 
and  2.6  appllaa  alao  to  tba  ooapraaalbla  thaory.  Tba  motivation  for  tba  atudy  of  tba  atablllty  of 
ooapraaaibla  boundary  layara  la  tba  problaa  of  tranaltlon  to  turbulanoa,  Juat  aa  It  la  for  tba 
lnocapraaalbla  thaory.  Bowovor,  tba  ralatlon  of  atablllty  to  tranaltlon  la  avan  a ora  of  aa  opan  quaatlon 
than  at  low  apaoda.  Exparlaants  hava  baan  parforaad  that  flraly  aatabllah  tha  axlatanoa  of  Inatablllty 
warns  in  auparaonlo  and  byparaonlo  boundary  layara  [Laufar  and  Trabalovloh  (I960),  Kandall  (1967,1975)], 
but  thara  ara  oooa  that  raally  daaonatrata  whan,  and  undar  wbloh  olrouaatanoaa,  tranaltlon  la  actually 
oauaad  by  llnaar  Inatablllty.  A aarlaa  of  atablllty  axparlaanta  with  "naturally*  ooourrlng  tranaltlon  In 
wind  tunnala  baa  baan  oarrlad  out  by  Daaatrladaa  (1977)  and  Stataon  at  al.  (1983,1988),  but  many  of  tLnlr 
obaarratlooa  hava  yat  to  ba  raoonotlad  with  thaory.  Mantlon  auat  alto  ba  a ad  a of  tba  maarkabln  flight 
axpnrlaant  by  Dougbarty  and  Plabar  (1980)  that  la  probably  tba  baat  avldnnon  to  data  that  tranaltlon  In  a 
low-dlsturbsnoa  anvlronaant  at  auparaoalo  apaoda  la  oauaad  by  laalnar  Inatablllty.  For  furtbar 
information  on  tha  lntrleaolaa  of  tranaltlon  et  auparaonlo  and  byparaonlo  apaoda,  wa  raooaaand  a atudy  of 
tba  report  by  Morfcovln  (1969). 

Tba  flrat  attaapt  to  davalop  a ooapraaalbla  atablllty  thaory  waa  aada  by  Kuobaaann  (1938). 
Ylaooaity,  tha  aaan  taaparatura  gradlant  and  tha  ounralura  of  tha  valoolty  prof  11a  wara  all  naglaotad. 
Tba  lattar  two  aaauaptlona  latar  provnd  to  bava  baan  too  raatrlatlva.  Tba  aoat  Important  tbaoratloal 
invnatigatlon  to  data  of  tha  atablllty  of  tba  ooapraaalbla  boundary  layar  waa  oarrlad  out  by  Laaa  and  Lin 
(1S*6).  Thay  dnvnlopnd  an  aayaptotlo  thaory  In  oloaa  analogy  to  tba  lnoonpraaalbla  aayaptotlo  thaory  of 
Lin  (1983),  and,  In  addition,  gava  datallad  oonaldaratlon  to  a purtly  lnvlaold  thaory.  Tba  Eaylalgb 
tbaoraaa  wara  axtnndad  to  ooapraaalbla  flow,  and  tha  anaryy  aathod  waa  uaad  aa  tba  baala  for  a dlaouaalon 
of  wavaa  aovii*  auparaonloally  with  raapaot  to  tha  fraaatraaa.  Tha  quantity  % DC),  whara  D • d/dy,  waa 
found  to  play  tha  aaaa  rola  In  tba  imriaeid  ooapraaalbla  thaory  aa  doaa  ITU  In  tba  lnoonpraaalbla  thaory. 
Aa  a oonaaquanoa,  tha  flat-plata  ooapraaalbla  boundary  layar  la  unatabia  to  puraly  lmrlaold  wavaa,  Quit  a 
unlit*  tba  lnooapraaalbla  Bl  talus  boundary  layar  whara  tha  inatablllty  la  vlsocus  In  origin. 


Tba  oloaa  adbaranoa  of  Laaa  and  Lin  to  tba  laooaproaalbla  thaory,  and  tba  inadaquaoy  of  tba 
aayaptotlo  thaory  aioapt  at  vary  low  Maob  nuabara,  aaant  that  aoaa  aajor  diffaranoaa  batwaan  tha 
lnoonpraaalbla  and  ooapraaalbla  thaoriaa  wara  not  unoovarod  until  axtanalra  oaloulatlona  bad  baan  oarrlad 
out  on  tba  baala  of  a dlraot  nuaarloal  aolutlon  of  tba  diffarantlal  aquatlona.  In  tba  lnoonpraaalbla 
thaory,  it  la  poaaibla  to  a aka  aubatantlal  progrnss  by  Ignoring  thmn-dlnanaiooal  wavaa,  baoauaa  a 2D  warn 
will  alwaya  hava  tha  largaat  aaplltuda  ratio  at  any  Baynolda  nuabar.  Tbla  la  no  longar  trua  a bora  about  a 
Haoh  nuabar  of  1A  A aaoond  ootabla  dlffaranoa  la  that  In  tha  lnoonpraaalbla  thaory  thara  la  a unlqua 
ralatlon  batwaan  tha  wsvanuabar  and  pbaaa  valoolty,  wbaraaa  In  tba  ooapraaaibla  tbaory  thara  la  an 
lnflnita  aaquanoa  of  wavsnuabara  for  aaob  pbaaa  valoolty  wbanavar  tba  aaan  flow  rolativ*  to  tba  pbaaa 
valoolty  la  supersonic  (Maok  (1963.1968,1965.1969),  0111  (1965)].  Tbaaa  additional  nolutloaa  ara  oallad 
tba  hlgbor  aodaa.  Tbay  ara  of  praotioal  laportanoa  for  boundary  layara  baoauaa  It  la  tba  first  of  tba 
additional  solutions,  tha  aaoond  aoda,  that  la  tha  aoat  unatabia  aooordlag  to  tha  lmrlaold  thaory.  Above 
about  > 8,  it  la  alao  tha  aoat  unatabia  at  alaoat  all  flnlta  Baynolda  nuabara. 


Subsaquant  to  tha  work  of  Laaa  and  LI  a,  a raport  of  Laaa  (1987)  praaantad  nautrai -stability  curves 
for  Insula  tad- wall  fiat  plata  boundary  layara  up  to  R.  * 1.3,  and  for  eoolad-wall  bouodary  layara  at  M,  • 
0.7.  Tbla  raport  alao  lnoludad  tha  famous  pradiotlon  that  cooling  tha  wall  aota  to  »t*»bllla«  tha  boundary 
layar.  Bowavar,  tbla  pradiotlon  auat  ba  ooaaldarably  aodlflad  baoauaa  of  tha  axlatanoa  of  tba  blghar 
aodaa.  Thaao  aodaa  raqulra  for  thalr  axlatanoa  only  a ragloa  of  auparaonlo  relatlvn  flow,  and  thus  cannot 
ba  aliaieatad  by  oooltng  tha  wall.  Xndaad,  thay  ara  actually  by  eoolinj  [Maok  (1965,1969)]. 

8.2  Llnaar laad  parnllal-flow  atablllty  aquatlona 


A ooaprnbnnaiva  aooouat  of  tha  ooapraaalbla  stability  thaory  auat  start  with  tba  darlvatloa  of  tba 
govnrolt*  aquatlona  from  tha  Bavlnr-Stokaa  aquatlona  for  a visooua,  baat  ooaduotiag,  parfaot  gas,  wbloh  in 
dlaanaloaal  fora  ara  ■, 
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Again  asterisks  denote  diaeneionel  quantities,  overture  tine-dependent  quantities,  and  the  euaaatlon 
oonventlon  hee  been  adopted  ae  in  Seotion  2.  The  equations  are,  respectively,  of  aoaentua,  oonUypulty, 
energy  and  s}ate.  The  quantities  whioh  did  not  appear  if  the  inooapressible  equations  are  T , the 
teaperature;  - , the  coefficient  of  theraai  oonduotivijyj  R , the  gas  oonatant;  o^,  the  apeoifio  heat  et 
oo  net  ant  voluae,  which  will  be  asauaed  oonatant;  and  \ , the  ooeffioient  of  aeoond  vlaooaity  (•  1.5  x bulk 
vieooalty  ooeffioient). 

The  stability  equations  are  obtained  froa  the  Bavier-Stokss  equations  by  the  aaae  prooedure  that  was 
uaed  for  inooapreaaible  flow  in  Seotion  2.1.  Pirat,  ell  quantities  ere  divided  into  aeon  flow  end 
fluotuation  teras.  With  prises  uaed  to  denote  fluctuations  of  the  transport  ooeffioient, 
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where  the  firet  variable  on  eeoh  RBS  is  a steady  assn-flow  quantity,  and  the  aeoond  ie  an  unsteady 
fluctuation. 

Next,  the  equations  are  linearised,  the  aeen-flow  teras  ere  eubtreoted  out,  end,  finally,  the 
parallel-flow  aaauaptlon  ia  as  da.  The  resulting  equations  are  then  aade  diaenalonlesa  with  respeot  to  the 
looal  freeatreaa  veloolty  0*,  e referenoe  length  L , and  the  freest  central uea  |f  all  state  varia|l|a 
(including  the  pressure).  Both  vlaooaity  ooeffioients  ere  referred  to  n ,,  and  is  referred  to  Op^ , 
whet'e  oe)  ia  the  apeoifio  heat  at  oonatant  pressure.  The  transport  ooeffioients  ere  functions  only  of 
teaperature,  so  that  their  fluctuations  oan  be  written 

a (d*/dT)4*,  ■ (d*/dT)<$, 


Therefore,  M,.  and  « in  the  following  equations,  along  with 
fluotuatlona.  The  diaenalonlesa,  linearised  x aoaentua  aquation  is 
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are  aeen-flow  quantities,  not 
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The  continuity  squat  Inn  ia 


3*31 


Tha  energy  equation  la 
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(8.5a) 


Tha  aquation  of  atata  la 


p . r/.  #4/1.  (8.5f) 

frevloualy  undaflnad  quaotitiaa  which  appaar  In  tbooo  aquatlona  aijp  ^,,§tha  local  Maofa  number  at  tha  edge 
of  tha  boundary  layer;  r,  tba  ratio  of  apaolflo  baatai  and  * ■ oJi*A  , tba  frendtl  nuabar,  whloh  la  a 
funotlon  of  taaparatura.  Bquatlona  (6.5)  ara  tba  oaapraaalbla  oountarparta  of  tba  lnooapraaalbla 
atablllty  aquatlona  (2.5),  and  ara  valid  for  a 30  diaturbanoa  in  a 30  naan  flow.  It  should  ba  notad  that 
unllka  aoat  ooapraaalbla  atablllty  analyaaa,  Kq.  (6.5a),  tha  energy  aquation,  la  valid  for  a varlabla 
frandtl  nuabar.  Tba  oonatant  frandtl  nuabar  fora  la  raoovarad  by  raplaolng  * with  u In  tha  thraa  taraa 
In  which  It  oooura. 

Tba  boundary  oonditlona  at  y ■ 0 ara 


■ff 
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-■ 

; 
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u(0)  » 0,  v(0)  * 0,  w(0)  - 0,  4(0;  ■ 0 . (8.4a) 

Tha  boundary  oonditlona  on  tba  valoolty  fluotuatlona  ara  tba  uaual  no-allp  oonditlona,  and  tba  boundary 
condition  on  tba  taaparatura  fluctuation  la  aultabla  for  a gaa  flowing  ovar  a aolid  wall,  for  alaoat  any 
fraquanoy.  It  la  not  poaalbla  for  tba  wall  to  do  otbar  than  to  raaaln  at  lta  naan  taaparatura.  Tba  only 
exception  la  for  a atatlonary,  or  naar  atationary,  oroaaflow  diaturbanoa,  whan  0(0)  ■ 0 la  raplaoad  by 
D0(O)  > 0.  Tha  boundary  oonditlona  at  y * ■ ara 

u(y),  v(y),  w(y),  p(y),  (y)  ara  bounded  aa  y * * (6.6b) 


This  boundary  oondition  la  laaa  raatrlotlva  that  requiring  all  dlaturbanoaa  to  ba  aero  at  Infinity,  but  In 
auparaonlo  flow  wavaa  nay  propagate  to  infinity  and  wa  wlah  to  Include  tboaa  that  do  ao  with  oonatant 
amplitude. 

6.3  Normal  ~*odo  aquatlona 


Wa  now  apaclallse  tba  dlaturbanoaa  to  normal  nodes  aa  in  Section  2.3: 

(u,v,w(p,r, * lfi(y),6(y),8(y},P(y),f(y),§(y))Texp(l(fud**rti»-.t))  , (8.7) 

where  wa  have  adopted  tba  quaal •parallel  fora  of  the  oomplaz  phase  funotlon.  Tba  normal  nodes-  nay  grow 
altber  tanporally  or  apatially  or  botb,  depending  on  wbatbar  * or  k,  or  both,  ara  ooaplex.  Tba 
dlaouaalon  In  Saotlon  2.3  applies  to  tba  ooapraaalbla  theory  just  aa  wall  aa  to  tba  laooapreaaiblo  theory. 

When  tqa.  (6.T)  are  substituted  into  tqs.  (6.5),  and  tba  aaaa  linear  ooablnatlona  of  tba  a and  a 
aoaeatua  aquatlona  formed  aa  lo  Ssotloa  (2.6)  for  tba  veri alias 

*»  • A ♦ , iw  ■ j6  - rfl  • (6.6) 


wa  obtain  a ayataa  of  aquatlona  wblob  ara  the  oospmaaiblf  oountarparta  of  tqa.  (2.)6). 
aquation  in  tba  dl  motion  parallel  to  tba  wave  nun  bar  motor  k la 
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Tha  MMDtia  equation  In  the  direction  normal  to  i(  it 

* [M^V-.)'*  ♦ (iDW-r  og)fJ  - j-  | ilAf  - ( i2^2)'»Wl 
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The  continuity  aquation  ia 

1 ( +P(Df4l»u)  ♦ Dp  t ■ 0 . 


dT 


(8.90) 

<8.9d) 


Tba  energy  aquation  la 

. [1  ( iWU-uV’  ♦ DT  tl  - - (y  - 1)  (Dftalitt) 

♦ ft  . D2:  - ( i2*r2)S  ♦ 1 [%  D*T  ♦ d\  (DT)2)*  ♦ 1 % DT 

K • dT  J2  * dT 

♦ ,(,  - 1)*^  J ti2.-(  iOOanW)t  ♦ ^ (D02*W2)*| 

♦ y'  2 ((  ♦ ( iDV-j-DC)  iDu)}  . (0.9a) 

/ 

Tba  aquation  of  atata  la 

P ■ f/.  ♦ VT  . (0.90 

To  reiterate,  In  these  aquations  tba  eigenfunctions  of  tba  fluctuations  ara  functions  only  of  y and  ara 
danotad  by  a oarat  or  a tllda;  tba  meao-flou  ralooltlaa  U and  V ara  also  functions  of  y,  as  ara  tba  otbar 
naan-flow  quantltlaa:  dsnslty,  (•  1/T),  tasparaturs  T,  vlaooelty  ooafflolanta  i.  and1  , tbarnal 

conductivity  ooafflolant  * , and  Frandtl  nuaibor.  Tba  a pacific  baata  ara  oonstant.  Tba  rafaranoa  velocity 
for  0 and  V la  tba  aasa  as  for  I and  Mj,  and  tba  rafaranoa  length  for  y is  tba  aaaa  u la  L 

8.  <•  First-order  aquations 


0.*.1  Eighth-order  ayatam 


Equations  (6.9)  ara  tba  baalo  aquations  of  tba  oonpraaalbla  stability  theory,  but  ara  not  yat  In  a 
form  aultabla  for  minor loal  computation.  For  this  purpose  va  naad  a ayatam  of  first-order  aquations  as  In 
Seotloa  2.5.2  . ¥Ub  tba  dapandant  variables  da  flood  by 

• >8  ♦ . Ij  • OX,  , Zj  * t , 

Z*  • . I,  ■ * . Zj  » D«  , (8.10) 

Lf  ■ il  - rfl  , Z|  ■ DZ^  , 

Equations  (I  9)  oaa  ba  wrlttan  as  eight  firat-order  differential  aquations 

DZt<y)  * £ *U(r)  rl(y)  • (1-1.8).  (8.11) 

1-1 

sad  tbs  fast  tbst  tbla  rsduotloa  la  poaslbls  proves  that  Eqs.  (8.9)  oosatltuts  as  eighth-order  ayatam. 
Tba  lengthy  aquations  for  tba  natrli  alansota  ara  llatad  la  ippendla  1. 


Tba  boundary  ooadltloaa  ara 

1,(0)  • 0 , Zj(0)  • 0 . 1,(0)  s 0 , 

if(y)  . ij(y)  . V2)  * 


£7(0)  • 0 . 

Lf(y)  bouadad  as  y * * . 


(8.12) 


0.4.2  Hath- order  ayatam 

Equations  (*.11)  mi  ba  aalvmd  by  tba  aaaa  mum  ariosi  taobalquaa  as  uaad  for  tba  fourth- order  ayatam 
of  tba  laaoapraaalbla  tbaary.  Samovar,  tba  foot  that  tbara  ara  10  raal  aqualloaa  and  four  ladapaadant 
aolutlama  means  that  tba  oompwtar  Uma  raqalrad  to  aaloulata  aa  elgeevalue  la  lcomaaad  by  aavaral  times. 
It  la  tbara f ara  lspartaat  to  baas  If  it  la  paaalbla  to  asks  uao  of  a ayatam  af  lasaar  ordsr,  aa  la  tba 
lmammpraaaibla  tbaary  vbara  tba  urlgiaal  alstb-ardsr  ayatam  could  ba  radsaad  to  fourth  ardor  for  tba 
dotamlamlion  af  slgcmvalsss.  Va  seta  that  far  a 29  oeve  la  a 2D  bmumdary  layer,  tba  ayatam  already  la  of 
only  slits  ardor,  aa  tbara  oaa  ba  aa  voloalty  samps  asst,  altbar  mama  or  fleet  ustlag.  la  tba  a direction, 
Za  tbara  aa  aaaat  radustlaa  available  from  eighth  ta  sixth  ardmrT  Tba  siav-r,  unfortunately,  as  maatlonod 
by  Duam  sad  Ula  0999)  sad  eaplltlUy  da  as  astro  tad  by  Uabalba  0902).  la  mm. 

Tba  tbaary  af  Duma  aad  Lla  (1999)  aablavad  tba  radustlaa  ta  alitb  ardar  by  as  ardar  af  nasnltud# 
argument  valid  far  Ursa  bayaalda  sum  bars.  Tba  nativatloa  uoa  to  pot  tba  aquations  ta  a farm  uboro  am 
improvad  2D  esympUUa  Unary  amuld  ba  amp  11  ad  to  obllqos  uavao  la  a 2D  bammdary  layar.  Souavor.  maltbar 
uaa  tbaary.  mar  diroot  bum  art  sal  eeluUeas  af  tba  Hubs  Ua  alitb  ardar  ays  too  of  equations,  tmrmad  amt  to 
$lva  adaquata  ammarlaal  results  abava  a lam  auforaomla  Maab  sum  tar. 

Da  may  aQaarvs  from  tba  aoofflolomt  ootrls  of  D*  (ft.11)  lutod  la  ppistti  t tbal  tbo  only  torn  that 
sample*  tbo  firm!  ala  aqaatioaa  ta  tba  loot  tuo  la  ig.  Tbla  eaefnaiami  maos  from  tbo  last  torn  of  tbo 
oaorgy  oqmotlom  (ft.to),  a bd  la  oaa  af  four  dlaaipatTaa  terms.  It  ia  tbo  predmet  of  tbo  grodloat  of  tbo 
noma  voloalty  oormol  U 1 aod  tba  gradient  af  tbo  flee  toot  lea  valeelty  to  tbo  aabo  dlrootioo.  Zt  mas 
prapaaad  Ip  Maab  (1909)  to  simply  amt  ibis  term  equal  ta  mere,  and  uma  tba  ramnltaat  alitb  ardar  system 
far  tba  salmmlmtlam  af  alga  aval  man.  Tba  mamarlaal  eeldaaas.  aa  dlaamamad  fbrtbar  U SeeUse  1M,  U that 
stampt  oarnr  tbo  orlUoal  at  ymalda  amt  bar  tbla  agpragl  gat  tarn  flvaa  oapllflamUao  rotes  ultbla  a fmv  pmrmmtt 


» 


of  those  obtained  from  the  full  eighth -order  system,  and  la  moat  aoourata  at  highar  Mach  numbers. 

6.6  Dnlfona  mean  flow 

In  tba  fraaatraaa  0 • Uj,  H • H,,  T ■ 1,  u • 1,  *e  1/Oj,  all  y darlvatlvea  of  mean-flow  quantitlaa 
ara  xaro,  and  Bqs.  (6.11)  raduoa  to  a ayataa  of  aquations  with  oonatant  ooaff Iolanta.  In  aplta  of  tha 
greater  ooaplexity  of  thaaa  aquatlona  ooaparad  to  tboaa  for  lnooapraaalbla  flow,  «a  ara  atlll  abla  to 
arrive  at  analytical  solutions,  Tha  langthy  darlvation  la  givan  In  Appendix  2 [Haok  (1965a)).  Tha  axaot 
fraaatraaa  aolutiona  ara  tba  onea  to  uaa  to  oaloulata  tba  Initial  values  for  a nuaarloal  integration  of 
Bqs.  (8.11),  but  tbay  do  not  land  tbaaaalraa  to  a raady  pbyaloal  Interpretation.  For  thla  purpoae,  va 
axaaloa  tba  Halt  of  large  Reynolds  nuabar.  Tba  obaraotarlatlo  valuaa  alapllfy  to 


2 ■ 5 [i2^2.H21(  T01eHWr42)1/2  , (8.13a) 

3|l  . I [1»(  .0, ♦«,-* )J,/2  , (8.13b) 

*5  6 ■ I (li|(«i01eai(r.»))1/2  , (8.130 

7,8  * *3,8  * (8*13d> 


Ha  can  now  ldantlfy  our  aolutiona  aa,  In  ordar,  tba  lnvlaold  aolutlon,  tba  flrat  viscoua  velocity 
solution,  a viscous  taapsratura  solution,  whlob  la  new  and  does  not  appear  In  tha  lnooapraaalbla  theory, 
and  tba  second  vlaooua  velocity  solution.  Ha  shall  only  use  tba  upper  signs  In  wbat  follows,  as  these  ara 
tha  solutions  whlob  enter  tba  eigenvalue  p rob lea. 


The  coaponents  of  the  characteristic  veotor  of  the  lnvlaold  aolutlon  are 
a/’>  . -i<  >2t2)"2  , 

*3<1>  • t^r2-Mj(.U1T»rJ*J1/*/(.^2),/2 

A*(1)  * 1(  .01e.H1-.)/(  «2et'2)1/2  , 

A5(1)  • i(.-1)H^(  .01*rH1-.)/(  .2*h2)1/2  . 


(8.18a) 

(6.18b) 

(8.18c) 

(6.18d) 


The  noraallxatlon  has  been  obangad  to  oor.eapond  to  tba  lnooapraaalbla  solutions  of  t?.  (2.50).  It  oan  be 
noted  that  these  expressions  are  oorrect  when  wa  sat  * 0. 


Tba  coaponanta  of  the  characteristic  vector  oorreaponding  to  tba  flrat  vlsoous  valoolty  solution  ara 

A,(3)  . 1 , (8.15a) 

A3(3)  • i/(l»(»OterV,-u))1/2  , (8.15b) 

*4(3)  ■ 0 , A^J  - 0 . (8.150 

This  solution  la  identical  to  the  • 3 lnooapraaalbla  solution  only  In  tha  Halt  of  large  Reynolds  nuabara. 

The  ooaponents  of  the  obaraotarlatlo  veotor  oorreaponding  to  tba  vlsoous  temperature  solution  a re 

A,(5>  e 0 , (8.16a) 

Aj(5)  • -i(  4l1e.-'tl1-.),/2/(l  i)1/2  , (8.16b) 

*g(5)  • 0 , l5(5)  - 1 , (8.16o) 

The  oemponanta  of  the  obaraotarlatlo  veotor  corresponding  to  tha  second  vlsoous  valoolty  solution  ara 

A1(7)  ■ 0 , A3<7>  • 0 , A^7^  • 0 , A^(7)  • 0 , <8. 17a) 

A7(7)  ■ 1 , (8.17b) 

Ag(7)  , -(  ,2er2elt(  )) 1/2  . (8.17o) 

This  solution  la  axaot  and  la  the  same  apaowlse  vlaooua  wave  solution  as  in  lnoomprasslbla  flow. 

Va  may  observe  that  tha  visooas  velocity  solutions  have  only  fluctuations  of  valoolty,  not  of 
pressure  or  temperature.  Tha  velocity  fluetuatlona  Is  thu  x,t  pitas  are  In  tha  direction  of  It  for  tho 
first  solution,  nod  ara  normal  to  a for  tho  moooad  aolutlon  which  la  periodic  only  la  time.  Tho  vleooue 
temperature  oolutlea  ham  mo  velocity  fluotuatloaa  In  the  a, a plane,  or  pressure  fluctuations.  Ha  any 
rngard  than#  aolutiona  on  tho  roopoaooa  to  oourooo  or  u,  u and  d,  and  to  oaphaalao  this  foot  tho 
roapootivo  aolutiona  hava  boon  aoraallaad  to  nabs  thaaa  quantitlaa  unity.  Thu  auooad  vlaooua  valoolty 
solution  still  has  tho  latarproutloo  of  a normal  vortlolty  wave,  aa  la  1 atom proaal hit  flow,  but  thin  wave 
cannot  oslat  no  a pure  mod#  la  tha  boundary  layer  (tqulrs  mode)  bcenac  of  tha  age  dissipation  term  that 
oouploa  tho  latter  two  of  Bqs.  (8.11)  to  tho  first  aix  oquatloaa. 


f.  coHraaanu  htxkzs  nton 

9.1  lnvlaold  aquation* 

la  oomproomlblo  flow,  oven  flat- plat*  boundary  layers  have  InvUald  Uatahlllty,  and  thin  Umtahlllty 
tnareneee  with  imoraaalmc  Hmah  number.  Therefore,  the  lavloald  theory  la  mush  nor*  useful  In  arriving  at 
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an  understanding  or  iu«  instability  of  compressible  boundary  layers  than  It  is  at  low  speed*  Indeed  tbo 
Initial  detail ad  numerioal  working  out  of  tha  vlaooua  theory  (Maok  (1969)1  was  greatly  facilitated  by  tba 
insight  offarad  by  tba  lrrrlacld  tbaory.  In  tba  Halt  of  inflalta  Reynolds  nuaber,  Iqs.  (6.9)  reduoe  to 


p(i(ulMJW-*)iu  ♦ tiKkSWJtJ  ■ - KaWxjAM2)  . (9.U) 

U>(aO*W-u)t  ■ -D0AMf  t (9.1b) 

KaOagV-uXiw  ♦ (fiW-SW)t  • 0 , (9.1o) 

i{>tki*-w)f  ♦ u(Dfal4i)  ♦ Dp  t a 0 , (9.1d) 

K(i(«OaW-.)t'  ♦ DT  f)  • -(Y-1)(D9aiau)  , (9.1a) 

9 ■ 9/p  ♦ 8/T  . (9. If) 


We  rtota  that  tba  w aoaentus  aquation,  Iq.  (9.1o),  and  tba  energy  aquation,  Iq.  (9.1a),  ara  decoupled  froa 
tba  other  equations.  Therefore  we  oan  eliminate  « u and  f froa  tha  latter  to  arrive  at  tba  following  two 
fi rat-order  aquationa  for  f and  0: 


( iOedtf-u)Dv  • (uDO«tf0W)v  ♦ i$i2*b2)[T  - M2(aOadW-<1i)/{a2ae2) HP/rM2)  (9.2a) 


D(6/!M,2)  - -1„(  iO*t<V-ui)t  . 


(9.2b) 


Tbaaa  aquations  ara  tba  3D  ooapraaaibla  oountarparta  of  Kqa.  (3.12).  Tba  boundary  conditions  ara 

1(0)  • 0 , 9(y)  Is  bounded  as  y * -.  (9.3) 

Tba  Invlacld  aquations  oan  be  written  In  a simplified  fora  if  we  lntroduoe  tba  Mach  number 

M • (i0h-:«-OM1/(i2*:.2)1/2T,/2  (9.4) 

For  a temporal  neutral  pave,  M la  real  and  is  tba  local  Kaob  nuaber  of  tba  aaan  flow  in  the  diraotlon  of 
tba  wavenuaber  vaotor  k relative  to  tha  phase  velocity  _/k.  Xn  all  other  oases,  M is  ooaplax,  but  aaan 
so  wa  shall  refer  to  it  aa  tba  relative  Maob  nuaber.  In  terms  of  M,  Iqa.  (9.2)  simplify  to 

D(t/(iOantf-w))  ■ i ( 1-H2) (ft/ TPf2)  , (9.5a) 

Dp  • -UK2*  *2*t<2)f/{»U^W-4  . (9.5b) 

Wa  observe  that  these  aquationa  ara  Identioal  to  two-dimensional  aquations  (£•  0)  when  written  in  tba 
tilde  variables  of  tq.  (2.37).  Therefore,  Invisoid  Instability  is  governed  by  tba  aaan  flow  in  tba 
diraotlon  of  k,  just  as  for  lnooapreselble  flow.  Kltbar  Sqs.  (9.5)  or  (9.2)  oan  be  used  for  numerical 
Integration,  but  tba  latter  have  tba  advantage  that  f is  a batter  behaved  function  near  tba  critical  point 
than  la  t/(»0*rW-~). 

Equation  (9.5a)  is  tha  faalllar  linearised  pressure-area  relation  of  one-dimensional  flow.  Tba 
quantity  f/(»U*rW-~)  is  tba  aaplltude  function  of  the  at  ream  tuba  area  change.  The  other  flow  variables 
can  be  written  in  a similar  manner  as 


u • i(DC  * ♦ ~l  of  Z-Jh  , 

»U-.„  i 1-K“  ^ it—./ 

. 1I0T  -V-  - ('-DT  -jD/  — \J  . 

• I--  1-ft^  \»U-.  j 

' ■ - £(*>  ■ 

■ ■ ■"  ■ 

where  wa  have  used  the  tilde  variables  for  simplicity.  When  the  secoad  terms  of  theme  equations  are 
written  with  9 1*  pieoe  of  t/li&O,  they  earn  ha  readily  recognised  am  the  1 1 near  1 tad  met  stum  equation, 
the  iaeatroplo  tee pereture* pressure  relation,  and  the  leant ropio  4e salty  pressure  relation,  rnepeotlvwly. 
The  first  terms  are  la  the  nature  of  aouree  torn*,  and  nrlne  from  the  oembihhtloi  of  h vertienl 
fluctuation  velocity  and  a mate  shear,  heceuae  tq.  (Md)  la  nn  aqua  ilea  far  the  vertieel  vertielty 
oompomsmt  »w,  only  the  amerce  term  is  pro  smart. 

A manipulation  of  Sqm.  (9.1)  lands  to  a single  seemed  order  aqua  Use  for  ft 

DlKaO^iDd^aCetJ/d-iP))  - (A,2)(aO-*)t  • 0 , (».T) 

This  equation,  wbleh  in  ID  form  was  used  by  Less  and  Ua  (1944),  la  the  ID  omapreaalble  ament erf  art  ef  the 
key  1 sigh  aquation.  A aeocmd- order  equation  far  t/(iD— ) felleua  direetly  from  Iq.  (M)< 


(9.6a) 

(9.6b) 

(9.6c; 

(9*6d) 


(9.1) 


Ths  oorr*»  poncing  equation  for  P la 

D2^  - DllnCM2)]!^  - <«24H2)(1-Jf2)fr  > 0 . 


(9.9) 
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9.2  Uniforo  assn  flow 

In  tha  freest reea,  Eq.  (9*9)  reduoss  to 

D20  - (u2at^)(1-l^)P  ■ 0 . (9.10) 

Tha  aolutlon  which  aatlaflaa  tha  boundary  condition  at  infinity  la 

P/iH,2  . i[(atw  w^  )/(a2+.f?)1/2]aKp[-(«i2*5<2)1/2(1->^)1/2y)  , (9*11) 

which  agrees  with  Eq.  (8.14o).  Equations  (9*11)  and  (8.14b)  provide  tha  initial  values  for  tha  nuaerleel 
intafration. 

Tha  fraaatraaa  solutions  asy  ba  classified  into  thraa  groups:  subsonic  waves  with  H2  < 1;  sonic 

waves  with  Mf  « 1;  and  auparsonlc  waves  with  M2  > 1.  Neutral  supersonic  waves  are  Mach  waves  of  the 
relative  flow,  and  can  exist  as  either  outgoing  or  lnoalng  waves.  True  instability  waves,  whloh  aust 
satisfy  the  boundary  oondltlon  at  y ■ 0 as  wall  as  infinity,  are  elaost  all  subsonic,  but  elgenaodea  which 
•r«  aupersonio  waves  of  tha  outgoing  faally  in  the  freeetreaa  have  been  found  for  highly  cooled  boundary 
layera  [Mack  (1969)1.  A coablnatlon  of  lnooalng  and  outgoing  wavea  peralta  the  boundary  oondltlon  at  y < 
0 to  be  satisfied  for  any  coablnatlon  of  »,  Bend  *•■,  as  pointed  out  by  Lees  and  Lin  (1946).  It  is  when 
only  one  faally  of  waves  is  present  thet  we  have  an  eigenvalue  problea.  The  coablnatlon  of  both  faallles 
la  the  basis  of  the  forcing  theory  presented  in  Section  11. 

9.3  Sons  aathaaatloal  results 

The  detailed  study  of  the  two-diaenelonel  invlacld  theory  carrlad  out  by  Lees  end  Lin  (1946) 
established  a nuaber  of  lcportant  results  for  teaporal  waves.  Lees  end  Lin  classified  all  instability 
waves  as  subsonic,  sonic,  or  supersonic,  depending  on  whether  the  relative  Mach  nuaber  M,  la 

less  than,  equal  to,  or  greater  than  one.  Their  ohlef  results  are: 

(1}  The  necessary  and  sufficient  condition  for  the  exlatenoe  of  e neutral  subsonic  wave  is  that  there  is 
sons  point  y#  > yQ  in  the  boundary  layer  where 


DMXJ)  . 0 , (9.12) 

and  y la  the  point  at  whloh  0 » 1 - 1/H,.  The  phase  velooity  of  tbe  neutral  wave  is  o#,  the  aean 
velocity  at  y#.  This  neoesaary  oondltlon  le  the  generalisation  of  Eaylslgh’s  oondltlon  for  lnooapresslble 
flow  that  there  aust  be  a point  of  Inflection  in  the  velooity  profile  for  e neutral  wave  to  exist.  The 
point  y#,  whloh  plays  the  ease  role  in  tbe  ooapresslble  theory  as  the  inflection  point  in  the 
lnooepresslble  theory,  is  called  the  generalised  inflection  point.  The  proof  of  aufflelenoy  given  by  Leea 
and  Lin  requires  M to  ba  ev  ary  where  subsonic. 

(11)  A sufficient  oondltlon  for  the  exlatenoe  of  an  unstable  wave  le  the  presence  of  a general  1 ted 
inflection  point  at  soae  y > y0,  where  y0  it  the  point  at  whloh  0 ■ 1 - 1/M,.  The  proof  of  this  oondltlon 
also  requires  M to  be  subsonic. 

(ill)  There  is  s neutral  aonic  wava  with  tha  aigenvaluea  i • 0,  o s e0  • 1 - 1/M,. 

(lv)  If  M2  < 1 everywhere  in  the  boundary  layer,  there  le  e unique  we  venue  bar  corresponding  to  o#  for 
the  neutral  sccsonlo  wave. 

Leea  and  Lin  obtained  these  results  by  e direot  extension  of  tho  aethodo  of  proof  used  for 
Incompressible  flow.  Tbe  neoeesery  oondltlon  for  o neutral  subsonlo  wave  was  derived  free  the 
disoontinulty  of  U*  ley  acids  ) trees  t « - <uv>  at  the  critical  point  y^  An  la  lanoeprennible  flow,  : 
la  oonatant  for  a neutral  invlacld  wave  exoept  possibly  at  the  critical  point,  for  ■ 0, 

(Fe*0)  ■ <*/0l DfcDU)/DO)0<v£>  . (9.13) 

tatuetioe  (9.1 3)  Is  the  sees  ns  gq.  (3.1)  in  the  inooa  preeel  hie  theory  exoept  that  DC  DO)  appears  ia  place 
of  D*Q.  Since  • le  sere  at  ths  wall  sad  in  tbs  fresstrsne  by  tbs  boundary  conditions  for  s oubsonie 
wave,  it  follows  that  D(,  oC)  aust  bf  jisro  at  y . Ms  any  also  sots  that  for  a neutral  superset, Is  wave, 
wbsrs  « < c0  sod  i (yc*0)  • ( froa  ths  freostrsna  solutions,  ths  dlsooaUseity  at  ths 
eritioal  point  aust  squal  this  value  of  t sad  ths  panes  velocity  aust  ba  other  thea  0r 

At  this  point  we  sen  exealne  the  euaerleal  coneequesoes  o i the  finding  that  neutral  and  unstable 
wevee  depend  en  the  exleteaee  of  a geeerelUod  lnfloetioe  point,  for  tha  ftUniua  boundary  layer,  trV  is 
negative  everywhere  eseept  et  y ■ 0.  however,  for  a eoepreeaible  boundary  layer  en  an  insulated  flat 
plate,  DC  DO)  ie  always  sere  sees  where  la  the  boundary  layer.  Consequently,  all  aeob  boundary  layers  ere 
unstable  te  invleeld  waves.  Fliers  f.t  shbws  that  ths  assn  veloeity  st  ths  geaerslltod  lafleetien 
petal  sad  thus  the  phase  veloeity  of  the  neutral  aubeeaie  wave,  laereeee)  wlU  laereaslag  freeetreaa  Mash 
nuaber  M.  la  eeoecdaaee  with  the  outward  aeveaeat  ef  the  general  Ued  inf  lest  lot  point.  If  we  resell  free 
Seelies  I that  invleeld  InstahlUty  lnereaeee  for  the  adverse  pressure  gradient  falkaur-Skaa  profiles  an 
tho  lnfloetioe  paint  eevea  ewey  fro*  the  wall,  we  aaa  espeet  la  thin  lasts non  that  lavlesid  laatahillty 
will  increase  with  iaaressiag  Nath  nuaber.  figure. 9.1  nine  las  lodes  bath  the  rhase  veloeity  of  a 
neutral  seals  wave,  nod  the  phone  valeeity  for  uhieh  M ■ >1  at  the  wall,  la  tho  aaaat  auaerieal  aoluUaaa 
ef  the  boundary-lay er  equations  uhieh  ware  used  far  fig.  9.1,  tho  wall  ie  laaalatad  and  tha  freeetreaa 
teapsrsture  Tj  ts  oharasteristle  of  wlad-twoael  oeadiUeaa.  Tho  stegastlsa  teaperature  in  held  toast  oat 
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at  1 1 °t  until,  with  increasing  M.,  T*  drops  to  50°K.  Por  higher  Kaob  nuabera,  T*  la  bald  oonatant  at 
50°I.  1 1 

Por  a wave  to  ba  aubaonlo  ralativa  to  tha  fraaatraaa,  and  hanoa  have  vanishing  aaplltuda  at  even 
whan  neutral,  o auat  ba  greater  than  o0.  It  la  oftan  aaid  that  only  aubaonlo  waves  ara  oonaldarad  In 
atabillty  tbaory,  but  tbla  atataaant  la  not  antiraly  oorreot.  it  la  trua  that  tba  aautral  aubaonlo  wava 
with  eigenvalues  »#,o  oan  only  exist  whan  og  > 1 - 1/M}.  How  a Tar,  tbla  doaa  not  rula  out  eapllfied  and 
danpad  waves  with  o < 1 - 1/M.,  or  even  nautral  auparaonle  waves  with  a c dlffarant  froa  ca.  Cxaaplea  cf 
aueh  wavaa  hava  baan  found,  all  of  whiob  aatlafy  tba  boundary  condition*  at  Infinity  and  ao  ara  aolutiona 
of  tha  alganvalua  problea.  Por  i 0,  tba  aaplitudaa  of  outgoing  aapllfiad  and  1 nooning  deeped  wavaa 
vanlah  at  Infinity  ragardlata  of  tba  valua  of  o;  for  nautral  wavaa,  tba  aaplltuda  will  only  ba  boundad  at 
Infinity  whan  o < cQ.  Vbat  doaa  turn  out  to  ba  trua  la  that  tba  aoat  unatabla  wavaa  ara  alwaya  aubaonlo. 
Purtbaraora,  for  ona  elaaa  of  wavaa,  tba  aapllfiad  firat-aoda  wavaa,  tba  phaaa  valooity  la  alwaya  batwaan 
oQ  and  c#.  Tbla  raault  baa  laportant  oonaaquanoaa* 

9.1  Mathoda  of  aolutlon 

Tha  aatboda  for  obtaining  aolutiona  of  tba  lnviaold  aqua t Iona  for  boundary- layar  profllaa  hava  baan 
pattarnad  after  oorraapondlng  aatboda  in  inooapraaalbla  flow.  Laaa  and  Lin  09*$)  davalopad  power-series 
aolutiona  In  i , and  alao  uaad  tba  ganaraliiatlona  of  Tollmen's  Inooapraaalbla  aolutiona 

Vy>  * (y-yo»i(yy0)  • <9.na> 

92<F>  • f2(r-y0)  ♦ (T2/Do3)0  (DO  WDJ^yUoty-y,,),  y > ye.  (9. Mb) 

for  y < ye,  ln(y-y.)  • ln,y-y -,-i"  aa  for  Inooapraaalbla  flow.  Tba  loading  taraa  of  Fj  and  P2  ara  D0O 
and  ?C/DUC,  respectively,  ao  that  9^  and  t2  ara  uortaallxad  bar*  in  a dlffarant  aannar  than  In  Sac t ion  3.1. 
Thaa*  aolutiona  bav*  baan  workad  out  in  nora  datail  by  fteahotko  (19(0).  Both  t and  0 brva  tha  aan* 
analytloal  bahavlor  aa  In  inooapraaalbla  flow.  Vbat  la  now  bora  la  tba  tanparatura  fluctuation,  whiob, 
acoordlig  to  laahotko,  baa  tba  bahavlor 

? - 1/(y-y0)  ♦ (T/W)c[D(^HI))0ln(y-yc)  ♦ ....  (9.15) 

Hanoa,  avan  for  a nautral  aubaonlo  wava,  whara  ( D(.  D0))o  • 0 and  t and  Q ara  both  regular,  * baa  a 
al regularity  at  yQ. 

Two  aatboda  hava  baan  dovlaad  for  tba  nuaarioal  Integration  of  tba  lnviaold  atabillty  aquations.  Tba 
flrat  aatbod  (Laaa  and  Beabotao  (1962))  tranaforaa  tba  aaoond-ordar  linear  aquation  Into  a first-order 
nonlinear  aquation  of  tba  Blooatl  type  Tbla  aquation  la  aclvad  by  nuaarioal  integration  axoapt  for  tba 
region  around  tba  orltleal  point,  where  tha  power  aarlaa  in  y-yQ  ara  uaad.  Tba  second  aatbod  (Mack 
H965a)  la  a ganaralixatlon  to  oonyresslblc  flew  jf  Seal's  (1951)  aatbod.  Tbla  aatbod  baa  already  been 
described  la  Saotloa  )i.  Por  uoutral  and  daapad  aolutiona,  tba  contour  of  Integration  la  iadaatad  under 
tba  singularity,  Just  aa  for  Inooapraaalbla  flow. 

9.5  Higher  node* 

9.5.1  Inflectional  nautral  wavaa 

Although  the  Lose -Lin  proof  for  nautral  aubaoale  wavaa  that  * la  a ualqu*  fueotlon  of  ea  waa 
dependant  sj^N7  < 1,  and  although  Laaa  aad  laahotko  (19(2)  aaatlonad  tba  poaalbillty  that  say  sot  ba 
unique  for  M*  > i,  so  aerlou#  oone* aeration  waa  glvaa  to  tba  poaalbillty  of  null  1 pi*  aolutiona  until  tba 
extensive  nuaarioal  work  of  Rsca  (19(Jtl9M,  19(50  brought  thus  to  light.  Slnllar  nulttpla  aolutiona  wore 
found  independently  at  about  tha  Hit  tine  by  Gill  09(5,  paper  praoootod  la  19(0  la  hi  a otwdy  of  nap- 
hat*  jata  and  wakaa.  Kith  tba  baaafit  of  blndaigbt,  it  la  actually  rather  aaay  to  denoaatrat*  tbolr 
axiat anea.  r»ba  lnviaold  aquations  for  (/(  ) and  f.  Bqa.  (9.1)  aad  (y.v),  quite  avldoatly  have  a 

dlffarant  analytical  character  da pend lag  oa  whether  r It  laaa  than  or  greater  thaa  unity*  It  la 
instructive,  an  augp»otod  by  Loot  (private  oonamal aalloa  (19(0)*  to  eonaldar  »*  large  enough  no  that  the 
first -derivative  tom  oan  bn  asglsct#*.  Than  Bq.  (94)  raduoaa  to 

P(t/(4b-w))  - l,(l-*,)(t/C.B--))  • 0 . (f.K) 

khan  M*  < 1,  thn  aolutiona  of  ftq.  (9.U)  era  eU\otle,  end  It  la  under  this  cl  reuse  tone*  that  Lana  and  Un 
proved  tan  unique  naas  nf  i#,  Saw  aver,  wbaa  I7  > 1,  lq.  (9.11)  bacon  aa  a wave  aquatic-,  and  aa  la  nil 
Proliant  governed  by  a wave  aquation,  wo  one  expeot  there  to  ho  an  infinite  anquanno  nf  wavsaaaboro  that 
will  aatlafy  the  boundary  eonimern.  be  nay  « a that  far  a subaealr  wave  (this  tomlnalngy  still  rafsrs 
to  the  froaotraon)  and  the  usual  sort  of  boundary  layer  profllaa,  tha  relative  supers* ale  raglna  eoonm 
below  the  orltiaol  paint  wham  R < 0, 

if  ya  U the  y whom  R*  * 1,  approalnaU  aaluUaas  nf  Bq.  (9.11)  nf  tha  BO  type  ara 

9/UhO  . i , y < t%  . 


9/(i*-*>  • . i > y*  . 

wham  tq.  (9-ITa)  fallnwa  frun  ‘ho  lina^T  aaailHia  Kg)  a 0.  fa  hava  written  L an  ^ the  auhaaript 
a da  not  an  a aautml  auhoani#  aoluilaa  an  bsfomi  thn  awhaangt  a rafura  ta  tha  hultlgXi  aaluUaas  Tha 
aaaotnat  la  tq*  (9.1Tb)  to  thaaaa  aa  -i  ta  naho  $ real  and  paaitlva  far  r > !.•  tlthar  sign  la  paaalbla 
far  y > y-«  tlqpa  $ li  nonti  nanus  and  flail*  at  y * yA,  Kf/(«l*d),  trim  tq.  (94a),  a not  go  ta  tarn  ao 
y aa  Coy#  r-L  Tha  darivativa  af  tf<(*»«)  glvaa  a faetar  (r-i)1'1,  and  thn  mqaimd  addltlaaal 
faster  af  ;R*>1},/*  aan  only  anna  fmn  tha  eelnt  having  a tarn  at  yr  OuasaquaaUy, 


(9.17a) 

(9.1Tb) 


(9*19*) 
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tqustlos  (9.19b)  It  tbs  fioel  result,  sod  deaoastrotoo  that  there  la  so  iRfislte  sequence  of  discrete 
asutral  weveouaber*  with  the  phase  velocity  o#.  The  dlfforeeoe  be tv sec  tdjiotat  values  of  1* 

>.(5.1)  * >«■'(/  <»•’») 

bo  tis?  *leo  observe  that  according  to  Bq*  (9.19b),  tho  sequence  of  values  of  2 la  Ibis 

raault  was  flrat  noted  and  gives  a phyeloel  explanation  by  Morkovln  ( private  ooaawnl nation  (1992)}. 
Booauao  Iq.  (9.16)  la  only  cpproxlaste,  tho  angnltude  of  »##,  tho  difference  foroulo,  and  tho  ratio 
sequence  aro  not  o*  poo  tod  to  bo  tmaarlcally  oorroot*  However,  *a  wo  a*  all  aoo  bo  low,  with  an  ie  ported 
•xooptloa  thoy  aro  either  oorroot,  or  apprexlaately  oorroot. 

bben  tho  ouaerlesl  lntogration  of  Bqs.  (9.2)  la  eorrlod  out  for  2D  vovoa  with  o • e(  and  • 0 for 
tho  iaouloied-veli  flat-plote  boundary  layora  doaorlbod  In  Section  9.3*  tho  ^tQ  obloh  aro  found  by  tho 
olganvaluoa  aoarch  proooduro  aro  shown  la  fig.  9.2.  Tho  solution  for  oaob  n will  bo  roforrod  to  so  a 
oodo:  n • 1 la  tho  flrat  aodo,  n ■ 2 u.o  second  aodo,  etc.  Tho  * eve  oua  boro  of  tho  first  nods  woro  first 

cosputod  by  Loss  and  loshotko  (19<">2).  blth  e • o#,  a y#  whoro  N2  - 1 ooours  first  at  R,  ■ 2.2  (y_  * 0). 
bith  Increasing  R,,  tho  rolstlvv  sonlo  polst  y aovos  out  into  tho  boundary  loyor,  aad  3 varies  in 
Inverse  proportion  to  y#  ss  required  by  Bq.  (9.19b).  lo  higher  aodos  with  o e o#  oould  bo  found 
nuaorloal ly  for  K,  t 2.2,  In  agrooaont  with  the  theory  gives  above. 

* prealnont  feature  of  Pig.  9.2  la  that  tho  upward  eloping  portion  of  tho  first- aodo  ourve  between  N1 
■ 2 and  t.5  is  In  s aonso  continuous  through  tho  other  aodos,  l.e.,  there  Is  a Kaoh  nuabor  range  for  oooh 
aodo  ohoro  the  vs.  M.  curve  has  s positive  a lope.  Tho  oad  point  of  thla  region  for  one  aodo  Is  oloae 
to  tho  starting  point  of  s slailsr  region  for  tho  asst  higher  aodo.  Tho  opproaob  boooaos  closer  os  N. 
increases.  Tho  slgnlfloohoe  of  these  intervals  of  positive  slope  Is  that  they  provld*  tho  exceptions  to 
tho  oorroetaeas,  or  approiiaato  correctness,  of  tho  results  given  by,  or  doduoed  froa,  Bqs.  (9.19b). 
Indeed  wo  ©ou;d  well  identify  those  nodes  as  tho  "ezoeplloaxl*  nodes. 

bits  tho  wavonuabora  of  tho  aultlplo  neutral  waves  established,  the  next  step  la  to  axaalna  the 
eigenfunction*.  For  thla  purpose,  tho  olgorfuoctlon  %/ T K?  lo  shown  la  fig.  9.3  for  the  first  » I * aodos 
at  Mt  • 10.  The  first  thing  to  note  is  * the  nuabor  or  terooa  la  % la  one  lose  thaa  the  node  nuabor  cl 
For  oxsaplo,  tho  neooad  node  boa  oaa  i :*,  aad  9(0)  is  190°  out  of  phase  with  9tf);  tho  third  aodo  has  two 
serosa  sad  9(0)  is  in  phaae  with  9( 1 ).  Ths  nuabor  of  torooo  lo  f(y)  lo  tho  ouroot  ldootlfiootlon  of  tho 
aodo  under  consideration  Py  keeping  trees  of  tho  phase  difference  hotweos  9(0)  sad  9<  ).  it  Is  possible 
to  do  tore!  no  when  there  lo  o change  froa  oee  node  to  another. 

The  eppeareeoe  of  tho  olgoafunolloea  lo  Pig.  9-3  oo  of  Iran  tho  ala  pie  theory  gives  above:  there  lo  sa 
inf  lolls  sequence  of  periodic  solutions  In  the  supersonic  relative  flow  region  which  oaa  satisfy  the 
boundary  conditions.  The  aagailudo  of  9(0)  la  a alnlaua  for  tha  fourth  aoda  (90  la  tho  sons  for  ell 
aodos}.  Since  tho  fourth  node  at  H,  • it  is  os  tho  upward  sloping  portion  of  tho  eigenvalue  ourve  lo  Pig. 
9.2,  this  lo  soother  iedteetlea  of  tho  epeclel  nature  of  eueh  eoutral  solutions*  Per  other  aodos, 
9(0)/9(  ) toads  lo  beeoao  largo  soap  froa  a • 9,  aad  toads  to  Infinity  ss  n •-  . 

There  is  oee  1 sport  ant  difforooeo  be  twees  the  staple  theory  sad  Pig.  9.3.  According  to  tho  theory, 
ft  ) la  positive  for  ell  aodos;  there  ore  so  serose  in  the  interval  y > y , end  tho  nuabor  of  serose 
in  y < y#  increases  by  oee  for  each  successive  sods,  be  oee  froa  Pig.  9.3  that  |(>)  lo  negative  for  n > 
A,  and  tho  nuabor  of  torooo  is  y < y#  lo  the  ease  for  o e 9 so  for  • * «.  Tho  toloi  nuabor  of  aeroee 
Iseroosoo  by  one  froa  • • Mo  » « i only  bee  sues  of  tho  sore  is  y > y#.  However,  wo  solo  that  tho 
progroooioo  of  serees  lo  oorroot  to  tho  swpereeelo  regies  if  wo  eaolwde  tho  aodo  • > 1.  This 
•osier  Uveal*  node  lo  os  trees  out  to  tho  staple  theory,  end  preserves  oogo  thing  of  a first -node  character 
vhio*  probably  betrays  o different  pay  stool  origin  froa  tho  other  eodee.  Indeed,  tho  other  higher  aodos 
are  nothing  aero  than  sound  woven  which  refloat  book  end  forth  bo  twees  tho  wall  aad  the  seal#  line  of  the 
rotative  flow  at  y e y os  first  suggested  by  Uaao  sod  Cold  HH*  . Rerbevle’c  theory  lo  booed  so  this 
!*»••  one  its  dopltootloo  of  tho  wovonwaber  rolls  segue  see  l,J,y(...  ottooto  to  Its  correctness.  The 
••••optional*  aodos  ore  out  psfl  of  tbit  theory;  they  ore  perhaps  vortlolty  wovoo  eeeoelated  olth  the 
gnoerel isod  inflection  point  oa  aro  laoeapreeeiwU  sad  lea  Has*  nuabor  first- node  wove*,  lo  this  view, 
the  aedee  oblob  novo  boos  identified  lo  Pigs*  9.2  sod  9.3  ss  flrst-aodd  itm  f«*  R.  > 9 are  sat  first- 
nods  vssee  st  sill  this  distinction  u reserved  for  tho  aadoa  whoso  wove  oaa  boro  icoreaeo  aoeotoas«*liy 
with  1 serosal  sg  k,.  ho  wo  or,  wo  Mall  ooetlauo  to  refer  lo  i e l so  tho  ftrei  node. 

9.9.2  teal af loo tloaal  aoutrol  wovoo 

A further  saaaafwoooo  of  o regies  of  sepensslo  relative  flow  is  tho  boundary  layer  is  ths  salstodss 
sf  s slsss  of  aoutrol  woven  wnieh  1*  see  plot  sly  dlffereet  free  sag  thing  snsnestsrod  Is  tho  isaeoprossihis 
theory*  These  waves  are  anarostorlaod  by  having  phono  volooiUoo  la  tho  reap  1 i o * t * l/R*.  Per  im! 
phase  velsolty  there  is  as  1 aft  alto  laqeoaso  of  wo  wave  hero,  jest  as  for  ths  lafloetloeal  aoutrol  oaves. 
A as  vs  with  s * t is  st  rest  wlU  res  poet  ts  the  freeatreaaj  s ante  with  • • •*»  • 1 • t/R,  propagates 
lmttCM9  relsUvs  isl*.  wlU  ths  frees treae  spend  of  sound.  Ths  Loop. Us  aoutrol  seed*  wave  pngsgiTi 
gklCHi  relative  ts  B|  fill  tho  freest  ran  speed  of  sowed. 

AU  ef  ths  1 i s i 1 # t/R.  seven  ore  eeheeale  waves,  and,  bssssss  MpN)  • 6 is  tho  froeelreaa, 
there  is  ae  dlseeotlaalty  is  tW  tey  aside  stress  pad  the  as  sons  ary  oaadltlse  far  the  sslstsaae  af  a 
subsea!  o aoutrol  save  is  satisfied*  alike  the  laf  loo  tloaal  eoutral  waves,  M^N)  does  ast  have  ta  ho 
•are  la  tha  hound  ary  1 a per,  aad  tho  1 » o » 1 * i/Rf  waves  exist  far  any  beeadary  Infer  sehjaet  only  ta 


tha  rsqulransnt  that  H2  > 1 soae  where.  The  la porta non  of  tha  o«1  neutral  viv«i  la  that  In  tha  abaanoa  of 
an  l atari  or  ganarallasd  lnflaotion  point  thay  ara  sooonpanlsd  by  a aalfhborlnf  f tally  of  unatablf  waves 
with  o < 1.  Consequently,  a ooapraaalbla  boundary  layar  la  uaatabla  to  lnvlaold  waves  whenever  H2  > 1, 
regardleoa  of  any  othar  faatura  of  tha  valoolty  and  taaparatura  profiles* 

If  wa  aiaalna  tha  lnvlaold  aquations  (9.2),  «a  aaa  that  whan  o > 1 thay  ara  no  longer  singular; 
i.a.,  tbara  la  no  oritloal  layar.  Ivan  ahan  oil.  and  tha  orltloal  layar  la  In  a aanaa  tha  antlra 
fraaatrsan,  Bq.  (9.2a)  la  atill  not  singular  baoauaa  DU/(IM)  and  0(y)/(O-1)  both  have  flnlta  Units  aa 
y *y{.  Vs  oall  thia  olaaa  of  aolutlona  tha  nonlnf laotional  nautral  waves.  Tbaaa  waves  paralat  to  loa 
aubaoolo  Ha  oh  nunbsre,  baoauaa,  azoapt  at  • 0,  It  la  always  poaalbla  to  find  a o large  enough  ao  that 
d » *1  aooawbsra  in  tha  boundary  layar. 

Tha  approxlaata  thaory  of  tha  prsoedlng  Saotlon  appllaa  to  tha  nonlnf laotional  naut.al  a ara a Juat  aa 
wall  aa  to  tha  Inf  laotional  nautral  waves  prorldad  tha  initialisation  la  obanfad  for  o > 1 to  a aka  9/(a0- 
.)  flnlta  in  tha  f— trass.  Thia  ohanca  la  naadad  baoauaa  with  o * 1 tha  wava  notion  la  oonflnad  to  tha 
boundary  layar  and  f auat  ba  taro  for  y > in  Infinite  aaquanoa  of  wsvsnunbsra  la  obtalnad  with  tha 
apeolng  flran  by  Bq.  (9.19),  but  ainoa  o la  different  fron  o#  tha  nuaarloal  raluaa  ara  not  tha  aaaa  aa  for 
tha  inf  laotional  waves.  Tha  wavsnuabara  obtalnad  fron  tha  nuaarloal  Integration  with  o ■ 1 ara  shown  In 
Fig.  9.1  an  funotlona  of  Haob  nwabar,  Tbaaa  wavanuabara  ara  dsnotsd  by  <^Q|  wbara  tha  first  aubaoript 
rafara  to  e • 1,  and  tha  saoond  la  tha  aoda  nuabar.  Tbara  la  now  ao  portion  of  any  warn nua bar  ourra  with 
a posit lra  alopa,  and  tha  apaclrg  a grass  raaaonably  wall  with  tha  approxlaata  fora u la.  Tha  dlaorapanoy  in 
about  TOf  for  tha  first  two  aodaa,  and  daoraaaaa  to  about  If  for  tha  fifth  and  sixth  nodes. 

Tha  alganfunotlons  f(y)  of  tha  flrat  alx  aodaa  of  tha  nonlnf  laotional  nautral  waraa  with  o ■ 1 at 
N,  a TO  ara  ahown  la  Pig,  9.9.  Mara  tha  ratio  0(y)/0(O)  la  plottad,  rathar  than  0(y)  with  0(4)  flxad  ns 
in  Fig,  9.3.  Tha  appaaranoa  of  thaaa  alganfunotlons  la  la  oonplata  nooord  with  tha  alapla  thaory,  uallloa 
tha  A nf laotional  nautral  waves  where  tha  aodaa  on  tha  upward  aloplag  portions  of  tha  wevenuaber  our— a 
lntarrupt  tha  ordarly  aaquanoa,  and  wbara  an  outar  taro  uppsara  in  tha  eigenfunctions  for  n > 6. 

Tha  nuaarloal  raaulta  for  1 < o < 1 ♦ 1/M,  ara  alallar  to  tbaaa  praaantad  for  o ■ 1.  Slnoa  tbaaa 
waraa  bara  no  neighboring  unatabla  or  damped  wavaa,  thay  ara  of  laaa  laportanoa  In  tha  lor  Isold  thaory 
than  tha  otbar  nautral  waraa.  Conaaquantly,  tbaaa  wavaa  will  not  ba  oonaldarad  furtbar,  and  tha  tarn 
nonlnf  laotional  nautral  wara  will  rafar  only  to  i o ■ 1 warn.  however,  wa  night  aantion  that  tha  rlsooua 
counterparts  of  tha  o > 1 wavaa,  wbloh  ara  daapad  rathar  than  sautral,  do  hnva  a rola  to  play  In  oartala 
caaas. 


9.6  Dnatcbla  2D  wavaa 

i data  Had  dlacuaaloo  of  tha  eigenvalues  of  asp  1 If  lad  cad  daapad  wavas  as  a function  of  Haob  nuabar 
Tor  tha  first  faw  aodaa  baa  baa  a glvan  by  Hack  (1969).  Vhat  wa  ara  aalnly  lntaraatad  In  bara  la  tha 
aaxlnua  aapllf loatlon  rata  of  tha  various  aodaa,  and  this  la  ahown  la  Pig.  9.6,  wbara  tha  aaxlaua  temporal 
aapllf  ioation  rata  la  glvan  ns  ■ function  of  Naoh  nuabar  wp  to  M.  • 10.  Tha  oorraapoading  fraquaaolaa  ara 
•nown  in  Pig.  9.7.  Ms  aaa  froa  Pig.  9.6  that  balow  about  N1  ■ 2.2  tha  faally  of  bsuadary  lay  ara  wa  ara 
considering  la  virtually  atabla  to  lnvlaold  20  wavaa,  and  that  abovs  Hy  • tha  saoond  nods  la  tha  soot 
unatabla  nods.  Tha  1 attar  rssult  be  Ida  for  20  wavaa  la  ail  boundary  lay  ara  that  bavo  boon  atudlod,  and  la 
one  of  tha  faaturaa  that  nakaa  a u parsonic  atabllity  thaory  ao  dlffarant  froa  l ha  laaoaprooalbla  theory, 
sot  only  la  tbara  nor#  than  aaa  aoda  of  instability,  but  it  la  oaa  of  tbs  additional  sons  a that  la  tha 
•oat  unatabla.  Above  N,  • 6.5,  tha  flrat  noda  la  not  avan  tha  aaooad  neat  unatabla  node.  Tha  saoond- nods 
anplif loatlon  rates  oaa  ba  appreciable.  At  N,  ■ 5,  the  snplllude  growth  over  a boundary- layar  thlokasss 
la  about  double  what  la  poaalbla  la  a Blaaiua  boundary  layar  at  tba  layaolda  nuabar  of  tha  aaslaua 
aapllf loatlon  rata,  and  about  251  of  tha  aaiiaua  growth  in  a Pal knar- Ska a separation  boundary  layer. 

9.7  Three -dlneaalo—1  waves 

la  the  da  tall  ad  study  sf  tha  eigewvalw—  of  unatabla  20  first-node  wavas  (Hack  (1969)),  It  was  noted 
that  the  phene  valoolty  la  al  way  a between  «p  and  a..  Thaaa  twe  vslosttlas  ara  nlnoat  1 Seat  leal  near  M.  ■ 
1.6,  wklak  swggaata  why  boundary  layara  soar  that  Haab  awaber  ara  elneat  atabla  even  though  tha 
general  land  urination  pal  at  has  n> red  out  to  0g  • 0.3ft.  The  uflaatlas  point  In  a fund  faatura  of  tha 
boundary  layer  prefile,  and  aa  la  lads  panda  at  of  tha  wavs  orientation.  Tha  phasa  velocity  a#  of  a JD  wava 
la  0taaa»,  and  tha  pnaaa  velocity  a#  la  (l-l/Mfloeat,  wSara  H,  • M,scs*.  Thus  aa  tha  wnva  angle  v 
tnaraaaaa  fron  sere,  a daoraaaaa  no ra  thss  by  a— t*  sad  tha  Airfares  an  - a.  isoreo— a.  Conaaquantly, 
wa  ecs  espeat  tha  first  noda  to  banana  nare  unatabla.  At  tha  sane  Una  the  thiakaaas  of  tha  twparaoais 
relative  flaw  —glen,  where  ana  salats,  will  Aaaraaaa  nlaag  wiU  *,  and  wa  dill  ant  ho  surprised  to  find 
tact  the  higher  nodes  baoana  sere  a table, 

figure  9. ft  shews  the  tenporal  enpllftsatloa  rata  or  tha  flrat  and  naaond  nadaa  at  N.  • 6.5  aa  a 
function  of  the  fraqwanvy  * for  aaveral  wava  angles.  Three  dlnonalannl  flrat  node  wavaa  ara  lads  ad  nare 
unatabla  than  it  woven,  and  aa— nd- nods  SB  wav—  ara  here  atabla  than  tha  —rr— ponding  IB  wa— a.  ltd 
l at  tar  —it  also  halo*  for  nil  of  tha  blghar  nodes.  Tha  n— t e— table  first- no—  no—  In  at  an  angle  of 
eln—  to  60*.  with  — nnpllft— tl—  rate  nhawt  twi—  tha  nnslswn  IB  rats  and  with  a fraq— y n llttla 
sear  a—  half  of  the  fraq— nay  of  Ue  aoct  u— table  28  wave. 

At  H.  a 6.9,  tha  wnatabla  regia—  of  tha  flrat  two  nndaa  a—  — —rated  by  a dnnpod  raglan  for  all 
wa—  angina.  B— soar,  it  M.  « U,  Pig  M ad— • that  far  it  wav—  tha  flrat  thr—  nod—  a—  nargad  lag# 
a angle  wnatabla  regie*.  If  — land  at  Pig  U m — that  at  this  Hash  nwnbor  Ida  — ptlanal  node  la 
tha  third  node.  Than  wa  ana  —to  a— tfcer  f— tors  of  tha  toe  Ira  l wave  sen—  ^.af  thaaa  nodes  t Thay 
ear—  — tha  Hal  points*  of  tha  nargad  wnatahla  roglo—  of  tha  nod-  lying  bal—  than,  ftp  Ida  wa—  angle 
inarans—  fron  — aad  V.  da  ora gw,  Ida  sargiag  U still  Is  ga— ral  —sard  with  Pig  9-1  far  H.,  — Is 
— nftnaad  by  tha  anl— latSac  a f * the  aana  pat—  of  wgwnrd  eloping  —apt lo— 1 — — ba—  is  fowni 
far  ndilgad  as  far  IB  wa— a (ttnnh  (1949)).  far  ».  6t#,  tho  aa— ad  noda  la  tUblsi  for  6 a $4f, 
tdora  ara  null  aaa  and  Mdn  wont  able  wo— a,  — a—  — — rifted  by  soon  Icing  tda  pdn—  adaaga  os—  tho 
—-j  lagar  of  tda  yo—i  fl— Ilona,  a— o tdacgi  — pa—  Is  tuidlo  — tda  ear—  of  fag  9.9. 
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In  Ft*  9.10,  tb*  Miliua  temporal  amplification  rot*  with  reaped  to  frequency  la  plot  tod  against 
for  tba  four  Naob  nuabara  8,9,  5.8,  8.0  and  10.0.  At  all  of  thoaa  Naob  auabora  tb*  aoat  unatabl*  flrnt- 
aoda  wav*  la  at  an  angla  of  between  50°  aod  60°,  aad  baa  a aaxiaua  amplification  rata  that  la  roughly 
double  tb*  aoat  unatabl*  20  wav*.  7h*  af  foot  of  Naob  nuabar  on  tba  aaxiaua  first-mod#  aapllfloatloa  rat* 
ith  raapact  to  both  fraquanoy  aad  war*  aagla  la  ehown  la  Fig.  9.11.  Tb*  vara  aagla  of  Ua  aoat  unatabl* 
•a  la  notad  on  tb*  figura  to  within  5°.  and  tba  aaxiaua  20  aapllfloatloa  rataa  ara  abowa  for  comparison. 
* iotaraatlng  ofeai«*  In  tba  rolatlooahlp  botwaan  tba  20  and  JO  aapllfloatloa  rataa  taka  a plaoa  for  Nj  < 
■*.  Tba  JO  aaxiaua  aapllfloatlon  rata  la  oo  long*?  only  ooubla  tb*  20  rat*  aa  at  hlgbar  Naob  nuabara; 
laataad,  at  N1  • J.O  tb*  ratio  of  tb*  JO  rat*  to  tb*  20  rat*  la  5*8,  at  Nj  • 2.2  It  la  JJ,  and  at  N.  • 1.8 
it  la  1J0.  Va  raoall  froa  Fig.  9.1  that  It  la  naar  N,  • 1.6  that  tba  dlffaraaoa  c,  - o0  la  tb*  aaallaat. 
Tbarafora,  tb*  aoaio  Halt  aota  aa  a aavara  ooaatralat  on  tb*  aapllfloatloa  of  20  wawaa  at  low  Naob 
nuabara.  Whan  tbla  oonatraiat  la  raaotad,  aa  It  la  for  JO  warn*,  tb*  aapllfloatlon  rataa  looraaa* 
abarply.  W#  aay  oonaldar  tba  JO  aaxiaua  aapllfloatlon  rat*  aa  tb*  on*  that  proparly  raflaota  tba  izba  root 
instability  of  a yl  van  boundary- lajrar  prof  11  a. 

9.6  if fact  of  wall  oooling 

Farbapa  tb*  aoat  calabratad  raault  of  tb*  aarly  atabillty  tbaory  for  ooapraaalbla  boundary  layara  waa 
tba  pradlotlon  by  Laaa  094?)  that  oooling  tba  wall  atablllxaa  tba  boundary  layer,  Tbla  pradlotlon  waa 
aad*  on  tba  baa  la  of  tba  aay  aptotic  tbaory,  nod  a criterion  waa  provided  for  tba  ratio  o/  wall  taaparatura 
to  raoovary  taaparatura  at  which  tba  critical  Ray  no  Ida  nuabar  bacoaas  Infinite.  Although  Lees's  original 
calculations  oontoinad  nunarioal  arrora,  tha  taaparatura  ratio  for  ooaplata  atablllaatlon  waa  latar 
ooaputod  oorractly  by  a nuabar  of  authors.  Tba  aoat  aoourata  calculations  gave  tha  raault  that  ooaplata 
atabillty  can  be  achieved  for  1 < Nj  < 9 by  auffloiaat  oooling.  The**  oaloulatloo*  tea  be  crlt'oiiad  in 
thraa  laportant  ra  a pacta:  First,  no  indication  la  given  aa  to  bow  tba  aapllfloatlon  rata  varies  with  wall 

taaparatura;  sacond,  the  calculations  ara  for  2D  waves  only;  and  third*  no  aocount  la  taken  of  tb* 
existence  of  tba  higher  node*.  In  tbla  Section  wa  aua.ll  aa*  that  tba  currant  lnvlsold  tbaory  oaa  raaady 
all  of  tbaaa  deficiencies. 


Aa  tba  boundary  layer  la  ooolad  a second  gana rallied  inflection  point  appear*  for  C < 1-1/N,.  Aa  the 
oooling  progress**,  this  second  inflection  point  nova*  toward*  tba  first  on*  aod  than  both  disappear  for 
highly  cooled  walls.  Tba  ooaplata  aooount,  aa  given  by  Hack  (1969),  of  bow  tbaaa  two  lnflactloa  points 
affect  tb*  instability  of  2D  and  JD  waves  la  a lsngthy  on*  and  also  bring*  In  unatabl#  auparaonlo  waves. 
Tba  conclusion  la  that  when  the  geo*  rail  tad  inflection  points  disappear,  *o  do  the  first  nod*  waves,  but 
tba  higher  nodes,  being  dependant  only  oo  a relative  auparaonlo  region,  remain.  Soak*  results  ara  shown  In 
Fig.  9.12«  where  tb*  ratio  of  tb*  aaxiaua  temporal  aapllf  icatlon  rata  to  Its  uncool  ad  value  la  plotted 
tgalnst  the  ratio  of  wall  taaparatura  T ¥ to  recovery  taaparatura  Tf  at  • J.O,  4.5.,  and  5.8  for  JD 
first -soda  waves,  and  at  Nj  • 5.6  for  2D  aatond-aod*  waves.  Ze  each  instance,  tba  wav*  angle  given  in  tb* 
figure  la  tba  aoat  unatabl*.  The  flrat-aouw  waves,  avan  whan  obliQua,  can  be  oomplataiy  atabUlsad  at  tbs 
Hack  ou«  bar  a shown.  Just  aa  originally  predicted  uy  Laaa  (1947).  However,  tba  aaooad  nod*  1*  not  only  jxUL 
atabillxad.  It  la  actually  although  if  tba  aapllfloatlon  rata  la  baaed  on  tb*  boundary- layer 
thickness,  th*  incraaaa  In  ^ la  Just  about  oonpanaatad  for  by  tba  raduetioa  in  y,  aad  ~tjf.  Is  virtually 
unchanged  by  cooling. 

Aa  a final  raault  oo  tba  afreet  of  cooling,  w*  give  Fig,  9.1 3 which  abowa  tb*  tan  pore  1 aapllf  ioatloo 
rata  at  M,  • 10  aa  • function  of  ravoaumbor  tor  an  Insulated  wall  stud  a highly-cooled  wall  (T„/T  « 0.05  K 
For  tha  forear,  tba  first  four  nodes  nr#  merged  to  fora  a single  unatabl*  ^ agios,  aad  tba  Halting  upper 
wavenuabar  la  th*  exceptional  wavaounbar  of  Fig,  y .2.  For  tb*  latter,  tha  unatabl*  region*  of  tha  four 
nodes  are  separata,  aa  la  true  at  lower  Mace  number*  for  an  insula  wad  wall,  and  Um  maximum  amplification 
rat*  of  a a oh  nod*  Is  about  double  tb*  uaeoolad  value. 

ic.  conpimsiiu  nscotw  mo  at 

Tba  early  theoretical  work  oa  tba  viscous  atabillty  theory  of  umpmaaibia  boundary  layers  waa  baaed 
oa  tb*  aayaptetic  nathoda  that  bad  provar  to  be  auccaaaful  for  laoaapraaaibla  flaw.  Rawovor,  tbaaa 
theories,  which  ware  developed  by  Laaa  aod  Ua  (1944),  Duns  and  Ua  0955),  and  Laaa  end  has# otto  (1962), 
turned  out  to  be  valid  only  up  to  low  supersede  Mace  nuabara.  Sen*  results  for  insulated-wall  flat-plat* 
boundary  layara  obtained  with  tha  asymptotic  aothod  are  glvaa  la  Fig.  10.1,  and  compared  wltb  direct 
numerical  sol  wt  iota  of  tha  eigenvalue  problem.  Ail  bus  ariosi  results  la  this  Section  ara  for  th*  asm* 
family  af  flat-plat*  beuadery  layers  used  la  Saatlca  9.  la  Fig.  10.1  neutral-stability  curves  of 
frequency  at  N,  • 1.4  and  ?J  sa  com  put  ad  from  tha  Porno- Us  (1955)  theory  by  Nash  (I960)  ara  compared  with 
result*  obtained  by  Burner icsl  integration  using  bets  th*  sixth- order  simplified  aquation*  af  Duma  and  Ua, 
sad  th*  sixth  order  oonatsat  Framdtl  number  version  af  th*  aemplat*  atabillty  aquations  of  Appendix  1.  At 
Nf  • 14,  th*  three  oa  leal  at  less  are  U goad  s«r*e mast  for  R > TOO,  hwt  at  N,  • 2.2,  th*  agree  mast  between 
tha  busn-Lla  lhaary  aad  the  sumarlaal  solatia*  with  th*  aasyiata  aquatics*  1*  poor  at  all  Reynolds 
cue  bars  Th*  aay  spiel  1«  theory  1*  ■wppaMd  to  solve  the  simplified  equations  with  as  error  aa  larger  than 
th*  error  l evolved  is  dropping  th*  rinsing  viscous  lares.  It  fa  evident  from  th*  numerical  solutions  af 
th*  Oonm-Ua  a*  cat  Ices  la  Fig.  10.1,  that  tha  squat  lose  nr*  batter  than  th*  method  weed  to  solve  them,  but 
avan  aa  at  N,  • IJt  the  differ* ossa  aampnrod  to  tha  eempiot*  aquation*  are  tea  large  to  permit  thair  woe. 
Haw  wear,  there  la  llttia  raoaou  m nap  ana*  la  waa  Use*  aqua  liana  in  mum  ariosi  w«rk,  baesusa  they  are  of 
th*  asm*  order  aa  tha  a^mplata  it  wq— tieoa,  and  for  JD  wavaa  the  nlxtb  order  egymisetlea  given  is  this 
Fvotlon  la  mere  accurst*. 


10.1  irfoat  af  Nash 


1 amiability 


The  nmaomm  theory  mmrnt  of  comrav  bo  mood  far  all  —maria nl  onlOLlntla—  at  flUta  Ray  melds  anmbara. 
Aa  impart—*  tb— dtlmal  q ana  11  an  that  wa  ara  anl*  la  an— ar  with  the  vlsmu  theory  la  the  unworn—  af 
atatli  member  an  via—  iMtaimif.  Tba  daf  ini  ties  of  visa*—  instability  that  me  man  bare  far 
*n±*ift*eii*n  pmrtsm  la  that  tha  ntxln—  ampllfl— Una  rata  mwaH  m Um  Day— Ida  am mbor  gMCflflftHb 
tba  maxi—  U with  rat»it  U fraquaaiy,  em«  wove  nmgl*  fir  JD  wav—,  at  a ana*  ami  bay— 1dm  nwmhar, 
sod  tha  ngfllflantlwa  rata  la  rafaraoaod  to  L (tg.  (MT)).  A hewlral-ataUlllty  awrvo  with  an  »pp#r- 
hramma  vwmialir  vhlah  t— ream—  wlU  da  ara  an  lag  Hay— Ida 


iral-ataUlllt)  awrvo  with  an  xppar- 
— fbr  tha  llnmi—  I— mdnry  lnr—.  U 


MO 


an  indicator  of  vlsoous  instability.  Ha  atart  by  exaalnirg  the  ourvaa  of  neutral  atability  for  2D  waves 
praaantad  in  Fig.  10.2,  where  at  five  Kaoh  nuabara  tha  wavenunber  la  plottad  against  1 /H  to  aaphaaisa  tha 
highar  Baynolda  nuabar  region.  Tha  nautral  curve  at  H^  > 1.6  la  of  tha  aaaa  ganaral  typa  aa  for  a low- 
apaad  boundary  layar  with  only  vlaooua  lnatablllty.  Tha  low  values  of  tha  nautral  wavanuabara  raflaot  a 
draatlo  waakanlng  of  vlaooua  lnatablllty  ooaparad  to  tha  Blaalua  boundary  layar.  Ha  already  know  froa 
Fig.  9.6  that  tha  aaxlaua  lnviacid  aapllf loation  rata  lnoraaaaa  sharply  for  H.  > 2.2.  Hhat  wa  aaa  in 
Ftg.  10.2  la  that  aa  tha  Kaoh  nuabar  lnoraaaaa  aDove  1.6,  vlaooua  lnatablllty  oontlnuaa  to  waakan  and  tha 
affect  of  tha  increasing  invlaold  lnatablllty  extendi*  to  lowar  and  lowar  Baynolda  nuabara.  Finally,  at  Mj 
• 3.6  tha  Influanoa  of  Invlaold  lnatablllty  la  doalnant  at  all  Baynolda  nuabara,  and  no  traoa  of  vlaooua 
instability  can  ba  seen.  Viaoosity  aota  only  to  daap  out  tha  invlaold  instability,  Juat  aa  for  tha  low- 
speed  Falkner-Skan  boundary  layers  with  a strong  adverse  pressure  gradient.  Aa  a result,  tha  lnatablllty 
characteristics  of  flat-plate  boundary  layers  above  « 3 are  nore  like  those  of  a free  shear  layar  than 
of  a low-apaad  xaro  pressure-gradient  boundary  layar. 

Wa  have  learned  in  Section  9 that  2D  aaplifioatlon  rates  above  H,  > 1 are  strongly  influenced  by  tha 
constraint  of  tha  sonic  Halt  on  tha  phase  velocity,  and  do  not  represent  tha  true  instability  of  a 
boundary-layer  profile.  Therefore,  to  gat  a ooaplete  view  of  tha  influanoa  of  Haoh  nuabar  on  viscous 
Instability  wa  aust  turn  to  3D  vsvti.  Tha  instability  of  2D  and  3D  waves  up  to  Mj  * 3.0  la  suaaarixed  In 
Fig.  10.3,  whara  tha  aaxlaua  taap^ral  aaplifioatlon  rata  la  given  at  H.  « 1.3,  1.6,  2.2,  and  3.0  as  a 
function  of  Baynolda  nuabar  up  to  f * 2000.  Tha  aost  unstable  wave  angles  (to  within  5°)  of  tha  3D  waves 
ere  shown  in  tha  figure.  It  la  apparent  that  these  angles  differ  little  froa  tha  invlaold  values  axoept 
near  tha  orltloal  Baynolda  nuabar  at  H^  « 1.3.  Wa  sea  that  vlsoous  instability,  whioh  at  ■ 1.3  is 
totally  responsible  for  both  2D  and  3D  instability  at  the  Boynolda  nuabara  of  tha  figure,  daoraasaa  with 
increasing  H1  for  3D  aa  wall  aa  for  2D  waves.  However,  there  la  little  change  in  tha  aaxlaua  3D 
aaplifioatlon  rata  with  Increasing  Haoh  nuabar,  In  oontrsat  to  tha  large  deorease  in  tha  aaxlaua  2D 
aaplifioatlon  rata.  At  Mj  • 3.0,  viscosity  sots  only  to  aalntaln  tha  aaxlaua  aaplifioatlon  rata  at  about 
Ibe  aaaa  level  down  to  low  Baynolda  nuabara,  rather  than  aa  tha  asin  souroa  of  instability  aa  at  lowar 
Haoh  nuabara. 

Thera  are  unfortunately  no  oaloulatlons  available  between  • 3.0  and  *.5,  but  th«  distribution  with 
Rc/nolds  nuabar  of  tha  aaxlaua  teaporal  aaplifioatlon  rata  is  given  in  Fig.  10.*  at  K.  « *.5,  5.6,  and  7.0 
for  wave  angles  that  sre  approxlaately  the  aost  unstable*  All  of  these  waves  are  first-node  waves.  At  Kj 
v 10  it  is  difficult  to  assign  a aaxlaua  in  tha  first-node  raglon  as  tha  single  peak  In  the  va  i ourvaa 
for  , > 50°  occurs  near  tha  transition  froa  tha  first  to  tha  second  node,  and  55°  has  bean  rather 
arbitrarily  selected  aa  tha  aoat  unstable  angle.  In  any  case,  it  la  clear  froa  Fig.  10.*  that  in  this 
Kaoh  number  range  there  is  no  vlsoous  instability  and  tha  influanoa  of  viaoosity  la  only  stabilising. 

10..?  Second  node 

Tha  low  oat  Haoh  nuabar  at  whlob  wha  unstable  second  node  raglon  has  bean  located  at  finite  Baynolda 
nuabere  la  Kt  • 3.0S  where  the  alnlaua  critical  Baynolda  nuabar  Bor  la  13,900  [Keck  (196*)].  Aa  tha  Msoh 
nuabar  Increases,  tha  li/ltoid  second- a ode  aaxlaua  aaplifioatlon  rata  increases,  as  shown  in  Fig.  9*6,  and 
tha  unstable  second- nodi  region  novas  rapidly  tc  lowar  Baynolda  nuabara.  At  Mj  • 3*6,  B„  la  827,  at  Hj  * 
*.2  it  la  355;  and  at  H ^ * *.5  it  la  235.  Furthernore,  tha  first  and  higher-node  unstable  regions  go 
through  the  aaaa  process  of  successive  Bargers  as  they  do  in  the  invlaold  theory.  Tha  first  aargar, 
between  tha  first  and  eecoao-*ode  unstable  regions,  takas  place  at  about  M1  • *.6.  Exaaples  of  neutral- 
stability  curves  of  wsvenuxber  Juat  before  aargar  (H,  « *.5),  and  Juat  after  aargar  (Hj  ■ *.8),  are  shown 
in  Fig.  10.5.  Tha  shapes  of  the  neutral-utsblllty  curves,  both  before  and  sftar  aargar,  era  auoh  aa  to 
suggest  that  viscosity  is  only  stabilising  for  all  highar  nodes,  and  this  la  oonflraed  for  tha  2D  seoond 
soda  by  Fig.  10.6,  where  tha  distribution  of  ( -j)1M  with  Baynolda  nuabar  la  shown  for  Hj  • *.5,  5.8,  7.0, 
sne  10.0.  ** 


Tha  affect  of  wave  angle  on  sacond-aoda  aaplifioatlon  rataa  la  shown  in  Fig.  10.7,  whara  la 
pictiad  agai.Aat  wavs  angle  for  tha  sens  Kaoh  nuabara  aa  in  Fig.  10.6.  This  figure  la  to  ba  ooapared  with 
tha  coaparabla  lnviacid  results  in  Fig.  9.10.  In  both  inalanoea,  increasing  Kaoh  nuabar  brings  a 
reduction  in  tha  rapidity  with  whlab  the  aaxlaua  aaplifioatlon  falls  off  with  increasing  wave  angle. 

10. 3 Effect  cf  wall  cooling  and  heating 


Few  results  have  base  coaputed  froa  the  viscous  theory  for  boundary  layers  with  cooled  and  heated 
walla.  One  result,  shown  in  Fig.  10.6,  gives  tha  affect  of  heating  and  cooling  on  tha  atability  of  e 
low-spaed  boundary  layar  (M^  • 0,05).  Tha  s- My  no  Ida  nuabara  of  2D  aoneal  nodes  for  thraa  constant  value  a 
of  the  I factor,  ln(A/A0)>  , are  p'ottod  against  the  wall  tea  pare  tvwa  ratio  T^/Tr  We  aaa  that  ooolirg 

has  a strong  stabilising  err* ot,  and  that  heating  has  a strong  destabilising  efreot.  Tha  frequencies  that 
correspond  to  tha  ■ factors  are  also  strongly  affected  by  tha  wall  taaparatura.  For  esaaplt,  at  T„/T„  » 
* * 9 la  F • 0.157  s 10‘*}  at  Tw/Tr  • 1.15,  it  la  F • 0,**5  x 10“* 


0.90,  tha  frequency  for 


Aa  aa  axaapla  of  tha  effect  of  wall  Moling  at  hypereonlj  apaada.  Fig.  10*9  shows  2D  nautral  ourvaa  at 
ft,  • 5.6  for  TM/Tr  * 1.0,  0.65,  0,25  sad  0.05.  The  f:  eeetreaa  taaparatura  is  50°I  exoe?t  for  tka  lowest 
wall  taaparatura  whara  it  is  125®*.  Wjan  tha  wall  is  ooolad  to  T~/fr  « 0.65,  a aotioaabla  stabilisation 
taxes  pinoa  for  tha  firat-aoda,  but  only  a narrowing  of  tha  unstable  wavanuabar  band  oaa  ba  dataetad  in 
tha  taoond-aode  raglon.  At  tha  other  two  taaparatura  ration,  there  ia  no  unstable  flmt-aodv  region.  Tha 
lowest  taaparatura  ratio  is  of  let  eras  t beoeuee  there  U no  generalised  lafleation  paint  In  the  boundary 
layar,  and  thus  no  i#J  to  aarva  aa  the  Halt  of  tha  upper  branch  of  tha  neutral  owrva.  Wa  any  observe 
that  tha  wavanuabara  at  tha  orltloal  Baynolda  nuabara  of  tha  thraa  ooolad  eases  are  in  tha  laverae 
proportion  I.OiO.TI :0.*6.  and  tha  corresponding  boundary- layer  thlakaaaawa  are  la  tha  proportion 
1.0(6.691^.53*  Coteeqweatiy,  the  length  saala  la  tha  control liag  faxtor  in  tha  laaatloa  of  the  eteoad- 
aoda  unstable  region  la  tarma  of  waveexa  bar. 
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10.*  Uaa  of  alxth-ordar  syst«i  for  3D  wavaa 

Ha  hava  already  no tad  In  Seotion  8.5  that  only  a slngla  dissipation  tars  oouplaa  tha  anargy  aquation 
[8.9a)]  to  tha  othar  aquatlona  for  a 3D  wave  in  althar  a 2D  or  3D  boundary  layar,  and  aantlonad  tba 
aoonoay  aaaaura  propoaad  by  Mack  (1959)  of  urlng  tha  alxth-ordar  ayataa  that  raaulta  fro^  nsgleotlng  thla 
tarn  for  3D  wavaa.  Thaaa  aquatlona  ara  aaaantlally  tba  2D  aquatlona  In  tha  diraotlon  of  k.  In  Tabla  10.1 
tha  taaporal  aapllf leatlon  rataa  ooaputad  froa  tha  alxth-  and  alghth-ordar  ayataaa  ara  ooaparad  for 
various  wava  snglaa  and  Raynolda  nuabara  at  fiva  Maoh  nuabara.  In  all  oaaaa  tha  wave#  ara  oloaa  to  tba 
aoat  unatabla  flrat-aoda  wavaa  at  tba  particular  Maoh  and  Raynolda  nuabara  listed.  Ha  aaa  that  tha  alxth- 
ordar  ayataa  la  aurprlelngly  good,  and  oan  ba  uaad  at  I * 1500  for  all  Maob  nuabara  with  a aaxlaua  arror 
of  laaa  than  51.  Tha  arror  of  tha  alxth-ordar  ayataa,  which  dapanda  not  only  on  tha  MacL  and  Raynolda 
nuabar,  but  alao  on  tha  wave  argla,  la  uaually  alnlaal  up  to  about  'J'  * 30°  and  oan  baooaa  larga  fori/  > 
70°. 


Tabla  10.1.  Coaparlaon  of  taxporal  aapllfloatlon  rataa  for  3D 
wavaa  aa  ooaputad  froa  alxth-ordar  and  alghth-ordar  ayataaa  of 
aquations  at  aavarsl  Mach  nuabara. 

H1 

R 

t 

v 

^xIO3 
6th  ordar 

^xIO3 
8th  ordar 

t diffarenoe 

1.3 

500 

0.075 

*5° 

0.883 

0.82* 

7.2 

1.3 

1500 

0.060 

*5° 

1 .*67 

1.**5 

1.5 

1.6 

50* 

0.070 

55° 

0.97* 

0.87* 

11.* 

1.6 

150O 

0.050 

55° 

1.38* 

1.3*6 

2.8 

2.2 

500 

0.055 

60° 

1.198 

1.066 

12.* 

2.2 

800 

0.0*5 

60° 

1.391 

1.300 

7.0 

2.2 

1500 

0.035 

60° 

1.325 

1.273 

*.i 

*.5 

500 

0.0*5 

60° 

1.117 

1.039 

7.5 

*.5 

1500 

0.050 

60° 

1.6*1 

1.613 

1.7 

5.8 

500 

0.050 

55° 

0.790 

0.736 

7.3 

5.8 

1500 

0.060 

55° 

1 .*03 

1.38* 

1.* 

10.0 

1500 

0.0*0 

55° 

0.*** 

0.*3* 

2.3 

Thar*  ara  thraa  othar  dlaalpatlon  tarn  a In  tha  anargy  aquation  baaldaa  tha  ooupllng  tara,  and  tbalr 
affaot  on  tha  aapllf loatlon  let*  haa  alao  baan  axaalnad  by  Mack  (1969)  at  I ■ 1500  and  Mj  ■ 2.2,  5.8  and 
10.0.  Tha  wavonwaber*  w ara  tha  aaaa  aa  In  Tabla  10.1.  At  Nj  ■ 2.2,  tba  coupling  tarn  haa  tha  largaat 
lnfluanoa  on  tha  aapllf  loatlon  rata.  however,  at  tha  two  hlgbar  Mach  nuabara  tha  othar  lama  incraaaa  in 
laportanoa.  Slnoa  aoaa  torus  ara  stablllalng  and  othara  daatablllxlng,  tha  arror  with  all  dlaalpatlon 
taraa  aaro  la  aaallar  at  thaaa  two  Maoh  nuabara  than  with  only  tha  ooupllng  tarn  xaro.  It  la  not  known 
bow  ganaral  thla  raault  la,  but  axparlanoa  with  tha  Dunn- Lin  aquatlona  lndleataa  that  It  la  llaltad  to 
wavaa  with  * wall  away  froa  xaro. 

Tba  aaall  affaot  or  tha  dlaalpatlon  taraa  on  tha  amplification  rataa  of  tha  3D  wavaa  In  tha  a Cove- 
nant loaad  oaleulatlona  la  la  dlatlnot  contract  to  what  happens  whan  tha  Ckinn-Lin  aquatlona  ara  uaad  for 
2D  wavaa.  Tba  alxth-ordar  ayataa  with  only  tha  ooupllng  tara  aaro  la  exact  for  v « 0,  unlike  tha  {hinn- 
Lln  aquatlona  wtere  all  of  tha  dlaalpatlon  taraa  are  neglected  along  with  a nuabar  of  othar  taraa  that  ara 
supposed  to  b*<  of  tba  aaaa  order.  Tba  differences  between  tha  neutral-stability  curves  In  Fig.  10*1 
ooaputad  directly  froa  tha  Dunn- Lin  aquations  and  those  ooaputad  froa  tha  ooapleta  oqualtoiu  testify  to 
tba  laportanoa  or  tha  aaglaotad  taraa.  A calculation  at  M1  ■ 2.2  and  I • 600  for  * - '.'.0*5  gave  vt* 
raault  that  tba  aaxlaua  20  aapllfloatlon  rata  froa  tba  Dunn- LI  a aquatlona  la  631  larger  than  ?he?  ooaputad 
froa  tha  ooapleta  aquations.  A ao re  favorable  result  la  obtained  at  this  Maoh  auaber  for  a 60v>  ware  with 
i • 0.0*5  at  • • 1000,  wh-ra  the  Duna-Lln  aquations  give  aa  aapllf  loatlon  rata  that  Is  151  too  high. 
This  is  an  iaprovaaaat  over  tha  2D  results,  but  still  not  as  good  as  tha  result  obtained  when  only  tha 
coupling  tara  la  aaglaotad.  At  M.  » *.5  and  I • 1500,  tha  aaplifleatioe  rata  of  tha  aoat  unatabla  30 
flrat-aoda  wava  ooaputad  froa  tha  buna- Lin  aquation*  Is  in  error  by  23li  the  error  for  the  Boot  unstable 
(2D)  aeoond-noda  wava  la  1*1.  Tha  eoaeluaien  to  ba  drawn  la  that  tha  Duna-Lln  approxiaation  is  too 
sovoro,  and  the  aquatlona  are  unsuitable  for  auaoriool  work  above  about  M,  >1.6.  On  tbo  eontrary,  tbo 
alxth-ordar  ayataa  with  only  the  ooupli*  t err  aaglaotad  oan  ba  uaad  for  nua ariosi  ooaputationr  where  high 
accuracy  la  no.  laportaat,  and  they  of  far  a substantial  saving  in  ooaputar  tlaa  and  atpanaa, 

10.5  Spatial  theory 

both  tha  tbeoretieal  sad  nuaarioal  aspects  or  the  stability  of  eoaproaaiblo  boundary  layara  were 
worked  out  alaoat  ooaplotoly  on  tbo  basis  of  tbo  taaporal  tbaory,  la  contrast,  alaost  all  stability 
calculations  arc  now  routinely  does  with  the  spatial  tbaory*  Two  exceptions  are  the  SALLY  (Srekowakl  and 
Orasaf  OtTT))  and  COS AL  (Malik  and  tirscag  (1981)1  codas  for  |D  boundary  layer  stability,  which  calculate 
olgatvaluoa  froa  the  taaporal  theory  sad  use  the  30  (tester  traasforaatloa  to  ooavort  ho  spatial 
alga ivaluea.  Thla  eppreeeh,  vhleh  introduces  a aaall  arror  into  the  calculation  haa  tha  advaataga  of 
allowing  the  sac  of  pewert'vl  aatrls  aethods.  The  COSAL  code  exploit*  thin  poaalbllity  by  providing  a 
global  alga  aval wo  search  whlob  rallavaa  tha  u ear  froa  tha  aooaaalty  of  Baking  as  initial  olgoavaluo  guana. 
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Sob 0 of  the  extensive  teaporal  calculations  of  Mack  (1969)  hart  bean  recalculated  by  El-Had;  and 
Nayfah  0 979)  using  tba  spatial  tbaory.  All  findings  ware  In  acoord  with  tbs  tsiporal  oaloulationa.  A 
racant  aariaa  of  spatial  oaloulstions  by  Waxxao,  Taghavl  and  Kaltnar  (1984)  found  laportant  dlffaranoas 
with  tba  calculations  of  Mack,  but  thara  is  food  rasson  to  bailey*  that  tba  naw  calculations  ara  not 
oorract  (Mack  (1984b)]. 

As  an  example  of  tba  aaaa  calculation  perforacd  with  tba  taaporal  and  spatial  theories,  Pigs,  10.10 
and  10.11  give  tba  respective  aaxiaua  saplificatlon  ratas  of  tba  ao*it  unstabla  first  and  aeoond-aod*  waves 
it  R i 1500  as  a function  of  fraastraaa  Msoh  nuabar.  Tba  diffaranoas  batwaan  tba  taaporal  and  spatial 
first-soda  ourvea  ara  dua  to  tba  increase  in  tba  group  velooity  froa  about  0.4  at  Mj  • 0 to  naar  1.0  at 
high  Msoh  nuabar.  However,  both  ourvea  reflect  the  fsot  that  at  first  increasing  Mach  nuabar  brings  a 
reduction  in  the  aaxiaua  aaplifioation  rate  because  of  the  weakening  of  viaoous  instability,  then  the 
increasing  lnvlsoid  instability  becoaes  doalnsnt,  snd  finally  tba  increasing  boundary- layer  thloknesa 
causes  a proper tionat*  reduction  in  the  saplificatlon  rata.  Furtheraore,  it  is  laportant  to  keep  in  alnd 
that  both  the  spatial  theory  snd  the  taaporal  theory  plus  the  Caster  trsnsforastion  give  alaost  identical 
values  of  the  aaplitude  ratio,  and  so  either  can  be  used  in  trsnsitloD-predlotlon  oaloulstions. 

11.  FORCING  THEORT 

11.1  Foraulatlon  and  nuaerlcal  results 

The  structure  of  linear  stability  theory  allows  the  forced  response  of  the  boundary  layer  on  a fist 
plate  to  a particular  type  of  external  disturbanoe  field  to  be  readily  obtained  [Mach  (1971,1975)}.  One 
of  the  independent  solutions  of  the  stability  equations  in  the  fraastraaa  is,  for  * 0 sod  in  the  Halt 
of  large  Reynolds  nuabar,  the  lnvlsoid  flow  over  sn  oblique  wsvy  wall  of  wavelength  2V*  aovlng  with  the 
velocity  o.  The  tlae-independent  part  of  the  pressure  fluctuation  given  by  this  solution  is  [Eq.  (9.11)] 

p « 1^,(1- .>)exp  ii(xT(^-1)1/2y]}  . (11.1) 

F«»*  a wave  which  is  oblique  to  the  freestreaa,  t and  R1  ara  taken  in  tba  direction  noraal  tr  the  constant 
phase  lines  in  the  x,x  plana.  It  is  seen  froa  Eq.  (11.1)  thst  whan  Rj  > 1,  the  constant  phssa  lines  in 
the  x,y  plsna  are  Mach  waves.  With  the  negative  sign  in  Eq.  (11.1),  the  Msoh  waves  are  outgoing,  l.e., 
energy  is  transported  in  the  direction  of  increasing  y;  with  the  positive  sign,  th*  Msoh  waves  are 
lncoalng.  When  R,  < 1,  the  solution  with  the  upper  sign  deoays  exponentially  upward,  snd  the  other 
solution  increases  exponentially  upward.  In  stability  tbaory,  only  .olutions  whioh  ara  at  least  bounded 
ss  y ►»  are  peraitted,  but  no  such  restriction  is  present  in  tba  forcing  theory  where  the  lncoalng  wave 
has  been  produced  elsewhere  in  the  flow.  The  full  vlsoous  counterpart  of  Eq.  (11.1)  for  in  lncoalng  wave 
has  a slow  exponential  lnorease  upward,  which  is  perfectly  sccaptabla. 

The  lncoalng-wavc  solution  bears  ccsse  reseabls'  a to  « Fourier  coaponent  or  the  sound  field  radlsted 
froa  turbulent  boundary  lsyers  at  high  supersonic  speeds  according  to  Phillips*  (I960)  theory.  In  this 
theory,  each  acoustic  Fourier  coaponent  (,;■  is  produced  by  the  ssae  Fourier  coaponent  of  the  froxen 
turbulent  field  aovlng  at  s supersonlo  aouroe  velooity  a relative  to  the  freestreaa.  Thus  ths  turbulsnt 
boundary  laysr  is  deooaposed  into  obliqua  wavy  walls  aovir*  auperaonloally,  and  the  associated  outgoing 
Mach  waves  are  the  lncoalng  Mach  waves  of  the  receiving  laalnar  boundary  layer  at  y * 0.  However,  in 
Phllli^e*  theory,  the  field  is  randoa,  snd  each  "wavy  wall*  exists  for  only  a finite  tlae  related  to  the 
lifetiBi  of  an  individual  turbulent  eddy.  Zn  the  present  theory,  the  inooaing  wave  field  ic  steady  to  «n 
obaerv«r  aovlng  with  o. 

A solution  for  the  boundary- layer  response  at  each  Reynolds  nuaber  can  be  found  for  taoh  i ,r  and  o 
by  using  both  invlscld  solutions  of  the  eighth-order  syatea,  Eqa.  (6.11),  together  with  the  usual  thrae 
viscous  solutions  which  go  to  saro  as  y * " , to  satisfy  tha  boundary  conditions  as  y • 0.  Tba  coabined 
solution,  in  addition  to  giving  the  boundary- 1 ayer  response  which  reeulte  froa  the  inooaing  soouatio  weve, 
also  provides  tha  saplltuda  and  phssa  of  tha  outgoing,  or  rafl  ictad,  wava  ralatlva  to  tha  inooaing  wava. 
Tba  coabined,  or  rasponaa,  wava  la  nautral  in  tba  sans*  of  stability  tbaory,  but  its  saplltuda  is  tha 
boundary  laysr  la  a function  or  Reynolds  nuabar.  If  tha  local  aaaa-flow  fluctuation  saplltuda  a(y)  la 
chosen  to  represent  the  saplltuda  (a  hot-wire  aneaoaeter  measures  primarily  a),  tba  ratio  of  afi,  tha  peak 
value  of  a(y),  to  a^,  tha  aaaaflow  fluctuation  of  tba  inooaiug  w*ve,  oan  be  called  A/A.,  and  used  *a  a 
Banner  alallar  to  tba  saplltuda  ratio  A/Aq  of  an  Instability  wave,  in  increase  in  +J ai  with  Increasing  1 
represents  an  *aapllUoatlor/»s  a decrease,  a •damping*. 

Tba  aoat  laportant  result  of  the  forcing  theory  la  shown  la  Pi*.  11.1,  where  a^/a^  froa  tha  viscous 
theory  la  plotted  against  Reynolds  nuaber  for  waves  of  ala  dlaanalor less  fraquenoles  “n  an  inaulatad-wall, 
flat-plate  boundary  layer  at  Mj  • A.5.  The  waves  are  2D,  and  the  t teas  velooity  has  bean  assuaed  to  be  o 
• 0.65.  Ha  saa  that  tha  saplltuda  of  esob  wave  starts  to  grow  at  be  leading  edge,  raaobaa  a peak  at  a 
Reynolds  nuabar  that  varies  inversely  with  frequency,  and  then  declines.  The  lower  tha  freqoenoy,  tha 
higher  tba  aaxiaua  value  of  Bg/Bj.  This  la  tba  principal  result  of  tha  foreleg  theory,  and  baa  bean  found 
to  be  true  for  all  boundary  layers  and  all  waves  regardless  of  he  wave  angle  and  the  phase  velooity 
(provided  only  that  Jl.  >1).  As  a consequence  of  this  behavior,  IK*  forcing  aechaniaa  provides  boundary- 
layer  waves  with  amplitude*  froa  6*14  tlae*  as  large  aa  freeatr«.*a  sound  waves  without  any  instability 
aaplifioation. 

Za  the  lav  Isold  theory,  oaoa  o and  * have  bean  specified  tha  only  remaining  parameter  la  w Khan  tha 
aaaa-flow  fluctuation  saplltuda  ratio  la  plotted  agaiaat  » for  a 2D  wava  with  o e C.65  and  tba  aaaa 
boundary  layer  aa  la  Pig.  11.1,  tha  iavlaeld  theory  give#  a result  that  la  aignlfloantly  different  froa 
tha  viaoous  theory.  31  no#  f a aa/l,  a wav*  of  gives  dimensionless  frequency  f travelling  dowaatreaa  at  a 
ooMtaat  0 will  have  lta  dlaaaaloalaaa  wavenumber  lnorease  linearly  with  R.  Consequently,  tha  a mala  la 
equlvalaat  to  tha  I sale  la  Pig.  11.1.  tthat  we  find  froa  tha  l'viaold  theory  1*  that  iavlaeld  wavaa 
daoraaaa  la  amplitude  far  *>  0*0075.  All  of  tha  amplitude  peak-  la  fig.  11.1  scour  at  an  \ larger  than 
this  exempt  for  the  lowest  frequency.  Ceaaequeatly,  tha  Initial  irowU  of  fig.  11.1,  whioh  la  Just  what 
la  found  la  experiments  la  super  so  aio  sad  hypersonic  wind  tun**;  . with  turbulent  boundary  layers  on  tha 
tuaaal  walla,  la  a purely  viaoous  phenomenon.  However,  when  th»  viaoous  response  ourvea  froa  Pig.  11.1 
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era  also  plottsd  against  i,  they  show  that  Us  dsorsass  In  aaplltuds  a hi  oh  follows  tbs  rsgion  of  growth  in 
Pig.  11.1  la  dssorlbsd  olossly  by  tba  invleoid  tbaory.  This  rasult  la  In  oontraat  to  stability  theory, 
whara  Ua  lnvlsold  amplification  and  damping  ratas  art  only  approaobad  by  tba  visooux  thaory  In  tba  Halt 
R * *.  Tha  hlghar  tba  frequency,  tba  lovar  tba  Raynolda  nuabar  at  whlob  tba  vlsooua  curve  Joins  tba 
lnvlsold  curve. 

11.?  Receptivity  In  high -rp'cf  wind  tunnels 

Tha  quantity  ip/a^,  lntarpratad  as  A/A^,  la  tha  aoat  la portent  rasult  In  super so nlo  and  hyparaonlo 
wind  tunnala.  It  provides  an  aaaantlal  place  of  lnforaatlon  wbloh  has  bean  a lasing  up  to  now:  tba 
relation  of  tba  aaplltude  of  a boundary- layer  wave  to  tba  aaplltude  of  the  fresatreaa  wave  whlob  oauaas 
it.  In  oUar  words,  wa  now  have  a solution  to  one  particular  reosptlvlty  problem.  Strictly  speaking,  ap 
is  equivalent  to  tha  k of  stability  tbaory  only  when  Ua  a distribution  la  aalf-slallar,  but  auob  la  not 
always  tha  oase.  However,  this  situation  is  no  different  free  tba  usual  ooa  pari  sons  of  Ua  quasi- parallel 
stability  thaory  with  experlaent,  as  In  Seetion  7.5,  where  tba  peak  a la  followed  downetreaa  and 
Identified  with  I arts,  though  tha  aaplltude  distributions  are  nonalallar. 

Tha  aajor  difficulty  In  using  tha  forolng  tbaory  as  a solution  of  tba  reoeptlvlty  problaa  la  tbet 
forced  waves  are  distinct  froa  free  waves,  and  the  process  by  whlob  tba  foraar  bacoaa  tba  latter  la 
unknown.  An  azparlaant  by  Kendall  (1971)  showed  that,  as  aeasured  by  tba  phase  velocity,  a forced  wave 
near  tha  leading  edge  evolves  Into  a free  Instability  wave  farther  downstream.  In  tba  paper  froa  whlob  a 
portion  of  tba  text  of  this  Section  has  bean  adapted  [Mack  (1975)],  wa  aaauaad  that  tba  forolng  tbaory 
applies  up  to  tba  neutral-stability  point  of  tba  particular  frequency  under  consideration,  and  that 
stability  tbaory  applies  downstream  of  Uat  point.  Tba  oonveralon  froa  one  wave  to  Ua  other  would  sees 
■oat  likely  tc  occur  If  tba  amplitude  distribution  through  tba  boundary  layer  at  tba  neutral-stability 
point  matched  tba  eigenfunction  of  tba  instability  wave  of  Ua  aaaa  frequency  and  wavelength,  k Halted 
nuabar  of  oalouletlons  at  • 4.5  show  that  Ua  two  distributions  are  Indeed  dose  together  for  Ua  aaaa 
F,  - and  R.  V1U  Ua  only  alaaetch  between  Ua  two  waves  a phase- velocity  differs noe  of  201,  oonveralon 
of  forced  Into  free  waves  can  be  ei pec ted  to  taka  plaoe  quickly. 

Consequently,  wlU  Ua  approach  Just  outlined  tba  forcing  tbaory  can  be  used  to  calculate  Aq/A«,  tba 
ratio  of  the  instability-wave  aaplltude  at  tba  neutral  point  to  Ua  amplitude  of  tba  sound  waves  radiated 
by  tha  turbulent  boundary  layer  on  tba  wind-tunnel  wall.  Tha  sub*«que£t  ratio  of  tba  InsUblllty-wuve 
aaplltude  to  A,  la  found  by  aultlplylng  A^/Aj  by  Ua  usual  aaplltude  ratio  A/Aq  oaloulated  from  stability 
thaory.  Thus,  with  tba  forcing  thaory  wa  can  replace  tha  previously  unknown  constant  Aq  with  a known 
frequency-dependent  Ag. 

11.3  Reflection  of  sound  waves  froa  a laminar  boundary  layer 

A more  straightforward  use  of  th«  forcing  tbaory  la  to  oaloulate  Ua  reflection  of  a aonocbroaatlo 
sound  wave  froa  a boundary  layer.  Figure  11.2  gives  tha  ratio  of  jy,  tba  aaplltude  of  Ua  reflected  wave, 
40  Aj,  the  aaplltude  of  tba  lnooalng  wava,  as  a function  of  t for  o ■ 0.65  and  tba  same  ■ 4.5  boundary 
layer  used  previously.  Figure  11.3  gives  the  ratio  of  0(0),  tha  pressure  fluctuation  at  tba  wall,  to 
0j(O),  Ua  pressure  fluctuation  of  tba  lnooalng  wave  at  Ue  position  of  Ue  wall  wlU  no  boundary  layer 
present.  In  each  figure  tha  upper  curve  la  tba  lnrlaold  result,  and  tha  other  ourvaa  era  tba  vlsoous 
results  for  a series  o»’  frequencies. 

According  to  tha  inviscld  thaory,  whan  i«  0,  kf/ki  » 1.0  and  0(O)/0|(O)  • 2.0;  whan  » *- . Ap/A.  * 
1.0  and  f(O)/0|(O)  ■ 0.  Thus  for  i«  0,  tha  boundary  layer  effectively  has  saro  thickness  and  tba  sound 
wava  refleota  as  froa  a solid  aurfaoe  in  tba  absence  of  a boundary  layer.  Tba  reflected  wava  baa  tba  aaaa 
aaplltude  and  phase  at  y • 0 as  the  lnooalng  wava  so  that  tba  wall  pressure  riuotuatlon  la  twice  0.(0). 
At  the  other  Halt,  i * • , tba  boundary  layer  la  infinitely  thlok  coapared  to  tba  wavelength,  and  tba 
reflection  la  the  same  as  froa  a oonatant- pressure  surface.  Tba  aaplltude  of  tba  reflected  wava  la  again 
equal  to  that  of  tba  lnooalng  wava,  but  1U  phase  at  y • 0 differs  by  160°  froa  tba  lnooalng  wave.  Thus 
the  pressure  fluctuation  at  the  wall  la  saro.  Between  Uaaa  two  Halts,  Ue  amplitude  of  Ua  reflected 
wave  1*  always  greater  than  tha  amplitude  of  Ua  lnooalng  wave. 

The  vlsooue  results  are  quite  diiferent.  For  aaall  «,  A.  la  always  leas  than  A..  Furthermore,  a 
alnlaua  exiata  In  A,,  for  eaoh  frequency.  A slallar  ainiaua  exists  in  0(0),  but  It  la  located  at  a larger 
< than  is  tha  Ar  ainiaua.  If  tha  A.  alnlaua  ware  to  reach  saro,  that  particular  i would  constitute  an 
Instability  eigenvalue  for  Ua  ^aally  of  lnooalng  waves.  However,  In  sUblllty  theory,  this  type  of  wava 
baa  not  beet,  encountered,  alUar  as  • ruparaoulo  wava  wlU  o < 1-1/Hj  as  in  Ua  present  axaapla,  or  as  a 
eubeonlo  wava  wlU  o > 1-1/W,  where  the  amplitude  morasses  ixpooantially  wlU  Increasing  y.  Figure  .1.2 
indicates  that  If  auob  an  eigenvalue  exists  it  would  be  at  auob  o low  Reynolds  nuabar  to  a aka  the  use  of 
toe  quasi- parallel  tbaory  Invalid. 

khan  tba  lnooalng  Mach  waves  of  Ua  axtsroal  travailing  sound  field  reflect  froa  a solid  aurfaoe  In 
tba  absence  of  a boundary  layer,  there  la  no  phase  ablft  at  Ua  wall.  Coapraaalon  waves  reflect  as 
ooa pro** l on  waves,  and  tba  reflected  waves  orlgiaate  at  Ua  points  where  tba  corresponding  incoming  waves 
lntaraaet  tha  aurfaoe.  However,  whan  a boundary  layer  la  present,  there  la  a phase  shift  at  tba  wall. 
Consequently,  a reflected  Ha  oh  wava  of  tba  aaaa  phase  appears  to  originate  at  a distance  .v  away  froa  tba 
point  of  intersection.  Thin  offset  distance,  expressed  as  s raMo  to  tba  boundary- layer  tuiskne-a,  la 
given  by 

-**/  ■ ■ (o/r*y,)t  ^(0)-Mr(0))  , (11.2) 

whara  '^(0)  la  tba  phase  (in  radians)  of  tba  nreasure  fluctuation  of  the  lnooalng  wava  at  tba  wall,  tad 
f(0)  ia  tba  aaaa  quantity  for  Ua  ref  looted  war*.  Khan  tbs  phase  of  Ua  refloated  wava  lags  tba  phase  of 
tba  1 neoair*  wave,  tba  reflected  wava  orlgiaate#  at  a point  dowaatrac*  af  tba  lntaraaet  Ion  point  of  tba 
lnooalng  wave,  tfben  tba  phase  differeeee  }*  sr  integer  multiple  of  * , tba  1 nooning  wave  raflaetn  in  n 
wave  of  tba  opposite  alga  at  Ua  point  of  later  section. 
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In  Pig.  11. 5 1 tha  ratio  A*/ 6 i«  givan  at  I ■ 600  at  a funotlfn  of  fraquanoy  for  tba  aaaa  oondltlona 
aa  lo  Plga.  11.3  cad  11.6.  At  only  oaa  fraquanoy,  P ■ 1.975  x 10  , la  tba  offaat  dlataaoa  taro.  for  ^11 
aa  lar  fraquanoiaa,  tba  pbaaa  of  tba  raflaotad  wava  laga  bahlnd  tha  pbaaa  of  tha  loooalng  aaaa,  and  A la 
poaltlva  with  a naslaua  f 6.5A at  P • 0.08  x 10**.  laoauaa  of  tba  long  wavalangtb  at  tbla  fraquanoy, 
thla  offaat  la  only  0.077'  , 28°  la  pbaaa.  Offaata  bava  baaa  obaarvad  axparlaantally  la  unpubllabad 
aaaauraaanta  of  Randall.  Tna  aaaauraaaata  vara  aada  with  a broad-band  bot-vlra  algnal,  ao  no  dlraot 
coaparlaoa  with  tba  alngl a- fraquanoy  oaloulatloaa  la  poaalbla. 

11.6  Tabla  of  boundary- 1 ay *r  thloknaaaaa 

A a q flaal  ltaa  in  Part  B,  va  appand  Tabla  11.1  whlob  glvaa  tba  tbraa  ooaaoa  dlaanaloolaaa  boundary- 
layar  thloknaaaaa  aa  funotlona  of  tba  fraaatraaa  Naob  nuabar  for  tba  faally  of  lnaulatad-uall,  flat-plata 
boundary  layar  a for  trhlob  nuaarloal  raaulta  bava  baan  g^ran  In  Saotlona  9,  10  and  11.  Tbaaa  quantltlaa 
aay  ba  uaad  to  oonvart  tba  a,  o and  R (all  baaad  on  L ) Into,  aay,  and  R,t , baaad  on  6.  Tba 
oonraralon  la  aoblavad  by  Multiplying  -* , o and  R by  y^  • 


Tabla  11,1  Dlaanaloolaaa  boundary- layar  tbloknaaa  (0  ■ 0.999),  dlaplaocnant  tbloknaaa 
and  aoaantuB  tbloknaaa  of  lnaulatad-vall,  flat-plata  boundary  layara. 
(Vlnd-tunnal  taaparatura  oondltlona.) 


•*1 

y. 

7 ft 

0 

6.0 

1.72 

0.666 

0.7 

6.2 

1.92 

0.660 

1.0 

6.6 

2.13 

0.656 

1.6 

7.0 

2.77 

0.668 

2.0 

7.6 

3.37 

0.666 

2.2 

8.0 

3.72 

0.663 

3.0 

9.8 

5.68 

0.662 

3.8 

12.1 

7.83 

0.666 

6 t* 

13.5 

9.22 

0.665 

6.5 

16.6 

10.36 

0.666 

6.8 

15.8 

11.55 

0.666 

5.8 

20.0 

15.73 

0.636 

6.2 

21.7 

17.69 

0.629 

7,0 

25.6 

21.19 

0.616 

7.5 

27.8 

23.62 

0.607 

8.0 

30.3 

26.13 

0.598 

8.5 

32.9 

26.72 

0.590 

9.0 

35.5 

31.36 

0.581 

9.5 

36.2 

36.10 

0.573 

10.0 

61.0 

36.88 

0.565 
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12.  ROT AT IRQ  DISK  - A PROTOTYPE  3D  BOON DART  LAYER 

Up  to  this  point  w a hive  boon  ooooerned  In  the  numerical  exaaplea  exoluelvely  with  two-dlaenalonal 
boundary  layers,  although  tha  foraulatlona  of  Saotiona  2 and  8 ara  alao  valid  for  thraa-dlaanaional 
boundary  layara.  In  tha  final  thraa  Saotiona  wa  ah  all  taka  advantaga  of  thla  fact  to  praaant  a nuabar  of 
raaulta  for  3D  boundary  layara.  A fundaaantal  dlffaranoa  between  tha  atablllty  ol  3D  and  2D  boundary 
layara  la  that  a 3D  boundary  layar  la  aubjaot  to  oroaaflow  lnatablllty.  Thla  typa  of  lnatablllty,  which 
cannot  ooour  in  a 2D  boundary  layar,  la  raaponalbla  for  aarly  tranaltlon  on  awaptbaok  winga.  Ita 
aaaantlal  faaturaa  oan  boat  ba  introduced  by  atudylng  tha  alnpla  boundary  layar  on  a rotating  dlak.  Thla 
aalf-alallar  boundary  layar  of  oonatant  thloknaaa  wa a flrat  uaad  for  thla  purpoaa  by  Qragory,  Stuart  and 
Walkar  (1955)  In  thalr  olaaalo  papar  on  three-dlaanaionai  boundary- lay tr  lnatablllty. 

12.1  Naan  boundary  layar 

Tha  azaot  aolutlon  of  tha  lavlar-Stokaa  equations  for  a rotating  dlak  waa  glvan  by  von  Karaan  (1921), 
and  latar  an  aoourata  nuaarioal  aolutlon  wy  worky  out  by  gochran  (1934)  ind  la  glvan  In  Schllohtlng'a 
(^79)  book.  Wa  uaa  the  ooordlnata  ayatan  r , 6,  i , where  r la  tha  radiua,  9 la  tha  aaiauth  angla,  and 
a la  in  tha  diraotlon  of  tha  angular  valooity  veotor  * . Tha  radial,  ailauthal  and  axial  valoolty 
ocmpenents  oan  ba  wrlttan 


„a,  a a.  a . .a,  a a.  a a..  . 

0 (r  ,»  ) «il  r U(U  , f (r  ,s  ) a w r ¥(;) 

a a * * i/2 

W (n  ) • <.  )w  w(0  . 
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Tha  dinanalonlaaa  valoolty  component*  U,  V and  V ara  fu not Iona  only  of  tha  axial  aiallarlty  varlabla 

' • a*/L*  , (12.2) 

where 

L*  . <v#/iV'«  (12.3) 

la  tha  langth  aoala.  In  tanaa  of  tha  langth  aoala  and  tha  valoolty  ac ala  u*r*,  tha  Ray no Ida  nuabar  la 

I < -i  r l / , ■ r / L , (12.4) 

whloh  la  alaply  tha  dlaaaalonlaaa  radial  eoordlnata  r.  Tha  Raynolda  nuabar  baaad  on  tha  local  aalauthal 
valoolty  and  radiua  la 

Ba  • ..#r#2/,#  i (r*/L*)2  . (12.5) 

Thus  R • Je1/2,  Juat  aa  in  tha  2D  boundary  layara  wa  hava  baan  atudylng.  Tha  dlaplaeaoant  thloknaaa  of 
tha  rotating-dlak  boundary  layar  la  1 .27  U.  . 

Tha  dlaaaalonlaaa  ailauthal  and  radial  valoolty  prof 11 aa  in  tha  ooordlnata  ayataa  rotating  with  tha 
dlak  ara  abown  la  Pig.  12.1.  Tha  ailauthal,  or  clrauafereatlal,  proflla  la  of  tha  aaaa  typa  aa  In  a 2D 
boundary  layar  with  tha  valoolty  lneraaalng  ■onotonloally  fro#  tha  aurfaoa  to  tha  outer  flow,  and  it  will 
ba  referred  to  aa  tha  atraaawlaa  proflla.  With  tha  dlak  rotating  la  tha  diraotlon  of  poaltlva  9 
(oountarolookwiaa),  tha  outar  flow  relative  to  tha  dlak  la  in  tha  nagatlv*  (olookwtao)  diraotlon.  Tha 
radial  proflla  la  of  a typa  that  oannot  ooour  la  a 2D  boundary  layar.  Tha  valooity,  dlraotad  outward  froa 
tha  dlak  oaatar,  la  taro  both  at  tha  wall  and  in  tha  outar  flew,  «o  that  there  la  of  aaeaaalty  an 
inflection  point,  whloh  la  looaled  at  . • 1.812,  where  0 • 0.133  aad  T • -0.780.  The  radial  valoolty, 
being  normal  to  tha  atraaawlaa  flow,  la  by  deriaitloa  tha  croaaf low  valoolty.  The  eaxlnua  radial  valoolty 

of  • 0.181  la  located  at  0.934,  whoro  T > -0.494. 

12.2  Croaaf  low  instability 

Tha  phanoaenon  of  oroaaf  low  laatahlllty  waa  dlaoovarod  durlqi  aarly  work  on  tha  flow  over  a wept -back 
winga.  Traaaitlon  la  flight  taata  waa  obaorvad  by  Oray  0 952)  to  ooour  aoar  tha  loading  odgo  at 
abnormally  low  Baynolda  number*  ooa  pared  to  aa  uaa  wept  wing.  Plow  vlauallaatloo  reveal  ad  that  tha  wing 
aurfaoa  before  traaaitlon  waa  oaverod  with  cloaaly-apaoad  parallal  streaks  la  tha  dlreotloa  of  tha  local 
potaatlal  flow,  aa  ahowa  in  Pig,  XXJF0  of  tha  review  article  by  Stuart  (1943).  Tha  atraaka  ware  flaad  to 

tha  wlag,  aad,  oaoe  formed,  did  not  obaaga  wltb  time.  Tbay  warm  aaajaaturod  to  ba  tha  raault  of 

•tatloaary  vortioea  la  tha  boundary  layar.  Thla  aaaa  pbaaamoaoa  waa  daao— treted  by  Qragory,  Stuart  and 
Walkar  (1955)  to  oxlot  aa  a rotating  dlak.  Tha  atraaka  ware  fuund  by  tha  chiaa-olay  taahalgue  to  tab*  aa 
tha  fora  of  legarlthale  apt  rale  at  an  aagla  of  about  1)*  to  14*  to  the  eirewafereatlal  dlreotloa  (aea 
froatlapleee  of  Boanahand  ( *^3)),  with  the  radiua  of  the  aplral  doaraaiUg  wlU  lneraaalng  angle  ".  Aa 
in  tha  wing  experiment,  the  atraak  pa  tiara  waa  fined  to  the  aurfaoa,  aad  ao  oould  ba  photographed  at  tha 
ooaelualou  of  tha  experiment  with  tha  dlak  at  real. 

Stuart  (Qragory  at  al.  (1955)]  uaad  aa  arder-af-magnltwde  argumaat  to  raduaa  the  axaot  linear  lied 
lavlar-Stakaa  aquations  for  o rotatlag  dlak  to  tko  fourtk-ordar  Orr-Semmerfeld  nqeatloa  far  tka 
datormlaatloa  af  alga  aval  uaa.  la  tkla  aaaa,  aa  wa  hava  already  dlecuaaed  la  Soatlaa  2.4.1,  tha  )0 
atablllty  problam  raduooa  ta  a 2D  atablllty  preblam  far  tha  valaalty  proflla  la  the  dlrootlac  af  the 
wavenumber  van  tor.  tinea  tha  valaalty  proflla  in  a H bmw*2f/  layer,  umllhn  n 29  boundary  layar,  dnpandn 
an  tbn  diraotlon,  them  in  n different  ntnblllty  problem  ta  naive  far  eaeh  wave  dlreotloa,  The 
oi  room  format  ial  profile  ham  aaly  vlaaaua  imntahlllty,  ami  la  muoh  tarn  • table  ta  have  anything  to  do  with 
tha  observed  lnatablllty  phenomena.  Tha  radial  valoolty  proflla,  on  tha  aontrary,  inn  invlaald 
imntahlllty  been  ana  af  tha  laflmetlea  paint.  An  tha  inflaatlam  paint  U leant  ad  wall  away  from  tha  dlak 
nurfana,  wa  nan  ax peat  there  ta  ba  n e Irene  lnatablllty. 


Zn  addition  to  tba  lnflootlonal  radial  profile,  tbara  la  a whole  family  of  profllaa  In  dlraotlona 
oloaa  to  tha  radial  whioh  also  have  lnflaotlon  point  a.  Stuart  aotad  that  for  tha  valoolty  profila  at  an 
angla  of  • * 13.2°,  where  ' la  aaaaurad  froa  tba  radlua  In  tba  positive  0 dlraotlon,  tha  lnflaotlon 
point  la  looatad  wbara  tba  magnitude  of  tba  valoolty  la  taro.  Consaquantly,  according  to  tha  Rayleigh 
theorem,  whlob  waa  abown  to  atlll  ba  valid  for  tbla  type  of  profila,  a stationary  neutral  noraal  noda 
(pbaaa  valoolty  o ■ 0)  oan  axiat  with  • wava  angla  equal  to  c.  Stuart  alao  showed  by  oaloulatlng 
streamlines  In  tba  plana  of  and  tba  wavenumber  vaotor  for  tba  rotating  disk  with  larga  auction  that  tba 
stationary  inviaold  dlaturbanoa  oonaista  of  a ayataa  of  vortloaa  oloaa  to  tba  aurfaoa,  all  rotating  In  tba 
aaaa  dlraotlon  (olookwlaa,  looking  slot*  tha  aplral  toward*  tba  dlak  oantar)  and  apaoad  on*  wavalangtb 
apart,  and  a aaoond  ayataa  of  vortloaa  fartbar  froa  tba  aurfaoa.  brown  (I960)  mpaatad  tbla  calculation 
for  tba  rotating  dlak  without  auotlon  using  tba  vlaooua  aquations,  and  oonflraad  tba  vortloaa  nsar  tba 
aurfaoa,  but  not  tboas  fartbar  out.  Tba  vortloaa  naar  tba  aurfaoa  wara  in  aooord  with  oonjaoturaa  wad* 
•arliar.  Tbua  tba  atraaka  and  tba  spiral  angla  wara  axplalnsd  aa  nanlfaatationa  of  lnflsotlonal 
Instability  aaaoolatad  with  tba  orossriow,  and  tba  whole  pbanonanon  waa  named  oroaaflow  instability. 

Tbla  axplanation,  whlla  vary  suggestive,  laft  nany  questions  unanswered.  Tba  axlmutbal  wavalangtb 
oaloulatad  by  Stuart  for  tba  inviaold  neutral  wava,  gave  tha  raault  that  tbara  abould  ba  113  vortloaa 
around  tba  cirouafarano*  at  I * *33,  wbaraaa  In  tba  experiments  only  about  30  wara  observed.  Tbla 
discrepancy  was  attributed  to  tba  naglaot  of  vieooalty.  Another  reason  for  tba  discrepancy,  not  aentloned 
at  tba  tlaa,  la  that  tba  theory  dealt  with  neutral  waves,  while  tbs  waves  that  fora  In  tba  china  day  ware 
unstable  spatial  waves,  l.a.,  tbay  wara  amplifying  in  tb*  outward  radial  dlraotlon.  Broun  (I960) 
calculated  a neutral-stability  curve  from  tba  Orr-Sommarfold  aquation  for  tba  valoolty  profile  in  tb* 
dlraotlon  11.5°  (said  to  ba  measured  froa  tha  photograph  in  Gregory  at  al.  (1955)],  and  alao  determined 
the  looua  in  «-l  spaoa  of  unstable  stationary  temporal  waves  with  thi*  wava  angle.  Aooordlng  to  Brown's 
calculation,  the  number  of  vortloaa  at  1 ■ *33  is  23.6,  and  at  I ■ 5*0  la  31.5.  These  numbers  are  more  In 
accord  with  experiment,  but  no  explanation  waa  given  aa  to  why  tbaaa  particular  waves  abould  ba  observed. 

12.3  Instability  characteristics  of  normal  modes 

The  Orr-Somwarfald  calculations  of  Brown  (1959,1960,1961)  for  various  directional  valoolty  profllaa 
gave  a orltical  Bsynolds  number  of  about  ISO.  In  non*  or  the  axparlsanta  were  waves  da t aotad  at  anything 
approaohing  tbla  low  a Baynolds  number.  Kallk,  bllklnson  and  Orsxag  (1981)  derived  a new  system  of 
equations  in  which  all  tarma  of  order  1/r  wars  retained.  These  aquations  era  of  sixth  order  for  tha 
determination  of  eigenvalues,  rather  than  fourth  ordar.  With  tba  aixth-order  aquations,  tbs  oritioal 
Beynolda  number  waa  computed  to  be  287  (later  correoted  to  275  by  Malik  (1983,  privets  ooaaunloatlon) ]. 
This  larga  difference  between  the  fourth  and  sixth-order  equations  oasts  serious  doubt  on  the  use  of  tb* 
former  in  the  rotating -disk  problem. 

The  stability  analysis  la  oarried  out  in  tha  polar  ooordlnatea  r,  •»,  '.  Tba  wavenumber  vaotor  k at 
en  angle  . to  the  radiel  dlraotlon  has  components  * in  tba  radial  dlraotlon  and  in  tha  aslmuthal 
direction.  Tha  wava  ax«l*  . la  i' assured  from  tba  radlua  and  la  positive  oountarclockw Isa  aa  usual.  In 
Fig.  12.2,  the  spatial  amplification  rata  * in  tha  radial  dlraotlon,  oomputed  aa  an  eigenvalue  with 
» 0 free  tha  slitb-order  aquations  of  Malik  at  al.  (1961),  is  plotted  against  tba  axlmutbal  wavenumber  3# 
• 2-/*..,  wbara  la  tba  aximuthal  wavalaagtb  in  radians.  This  wavenumber  axpraaaas  tha  number  of 
wavelengths  around  a circumference,  whlob,  loathe  present  oaaa,  la  aqulv slant  to  tb*  number  of  vortloaa. 
It  is  related  to  tha  wavanuabar  :•  based  on  L*  by  r ■ :\,/R.  Tha  eritlosl  Reynolds  number  la  aaan  to  ba 
about  I > 273*  in  rmaaoaabla  agreement  with  Ms  Ilk4  a moat  rvoent  value.  For  B greater  than  about  400t  the 
maximum  spatial  amplification  rata  in  Fig,  lt.2  in  larger  than  in  nay  2D  Falkner-Sksn  boundary  layer  (for 

• *1  i 10’*).  Tba  group- valoolty  angla  *p  of  tba  moat  unstable  normal  mode 
from  tba  radial  direction),  so  that  the  amplification  rata  in  that  dlraotlon, 

■ eoa:p,  is  only  6.9  i 10’*.  Tba  larga  values  in  tba  radial  dlraotlon  oaa  ba  regarded  a*  a 

cfnaaquaaea  of  tbs  long  spiral  path  length  rather  than  a reflection  of  tha  inherent  Instability  of  tba 
velocity  profile. 

Tha  wave  angle  v is  given  in  Fig.  12.3  nt  several  Reynolds  numbers  aa  a fuoetioa  of  . Tb* 

internal  in  tbla  figure  la  tba  prominent  maximum  in  . that  increase  a with  R.  To  understand  tbla  behavior 

it  la  necessary  to  sent  ion  that  the  normal-mode  solution  represented  in  Figs.  12.2  and  12.3  la  not  unique. 
Thera  is  a second  aolutloa  with  larger  wava  angles  that  is  ocmplately  damped  for  R * 500.  At  I a *00,  tba 
minimum  wave  aagle  of  this  solution  is  16. 3®  at  ■ 23.5,  *sd  tb*  minimum  damping  la  1.6  x 10’*  at  ■ 
22.2.  At  a Reynold*  number  somewhere  above  500,  the  two  aolutloas  exchange  identities  for  certain 
with  eanaeq memos*  that  have  met  yet  boas  worked  out. 

The  logarithm  af  the  amplitude  ratio  A/A0  obtained  by  latagratlag  ’ aleag  tb*  radius  la  gi /aa  la 
Fig.  11.4  at  I • 350,  400,  *50  sad  500.  Tba  rafaraaca  amplitude  A*  la  at  I • 250,  rather  than  at  tba 
lower- branch  neutral  paint  of  each  Fourier  component,  1b*  wava  angle  at  tba  maximum  amplitude  of  oooh  I 
la  acted  la  the  figure.  These  mwmorloai  results  differ  from  those  of  Malik  at  al.  (1961)  booauao  boro  tbs 
irrotetieeallty  aemditloa,  Bq.  (2.55a),  baa  been  applied  to  tba  wavenumber  vaotor  of  aaab  Fourier 
compose*!.  Far  tba  disk,  tbla  eoadltlom  la  that  tba  axlmutbal  wavenumber  t*.*  or  number  of  vertices,  lo 
eoeattat.  That  la,  la  Fig.  12.2  tba  path  af  latagratias  la  parallel  to  tb*  ordlaata.  Xu  Fig.  12,4, 
laU/A^)  lo  glvaa  as  a fuaatlaa  af  both  «*.,  sad  (:.)*,  tba  valu*  of  ?p  at  tba  rafaranea  layaolda  number  of 
250.  ba  observe  that  although  the  bandwidth  of  for  whlob  S la  greater  than  A0  laaraaaoa  with 
Increasing  R,  tba  baadwldtb  for  whlob  A/A*  la  wltbla  1/a  of  the  maximum  smplltud*  ratio  decreases 
slightly.  Tba  values  af  lmCA/A*)  la  tbla  figure  oomtraat  with  muab  higher  values  obt aimed  by  Oaboal  and 
ftowartaom  (1960b)  from  tb*  fourth-order  system  sad  tba  parallel-flow  saddle- point  criterion.  Transition 
la  carnally  observed  ta  start  at  a Ray  aside  sum  her  la  the  vicinity  af  500,  so  that  tba  H faatora  of  Fig. 

12.4  or*  of  the  magnitude  customarily  amooulatod  with  trameltioe  la  2D  boundary  layers.  Thus  wa  mas  that 
croaaflau  last  ability  in  tba  rotating -disk  boundary  layer  la  powerful  enough  to  load  to  tramdltloa  at 
lower- them- newel  Reywolda  tilers  where  the  strew lit  profile  la  completely  etahla. 


tb*  separation  profila,  iU 
at  R • 500  is  -63°  (aaaaurad 
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12.4  Wsv#  pattern  froa  e steady  point  souroe 

The  wsv#  angle*  and  man  bar  of  vortloes  at  tbe  peak  saplitodss  of  Fig.  12*4  art  olo»9  enough  to  what 
Is  observed  In  tha  experiments  to  suggest  that  the  noraal  aodaa  whloh  yield  those  values  are  the  doalnant 
■odes  of  tha  stationary  wave  syataa  that  appears  in  the  flov-vlauallsatlon  photographs.  However,  we  are 
still  left  without  any  explanation  of  how  only  the  aost-aaplifled  aode  oould  be  present  st  eaob  radius. 
The  filtering  action  of  the  boundary  layer  Is  not  strong  enough  to  aoooapllah  this,  and  the  aonatralnta  of 
constant  F and  :t4  do  not  allow  any  Initial  Fourier  ooaponect  to  be  the  aoat-aapllfled  noraal  aode  at  aore 
than  one  radius.  Besides,  the  experiaent  of  Gregory  et  al.  (1955)  showed  olearly  that  a band  of 
clrauaferentlsl  wavelengths  la  present  at  eaoh  radius,  not  Just  the  aost  amplified. 

A definite  step  forward  was  aoooapllahed  by  the  experiaent  of  Wilkinson  and  Hallk  (1983).  These 
investigators  used  a hot-wire  aneaoaeter  Instead  of  flow  visualisation,  and  ao  oould  aore  aoeurately 
resolve  the  disturbance  structure  on  the  disk.  Although  It  had  been  oonjeotured  by  Gregory  et  al*  (1955) 
that  alnute  roughnesses  algbt  play  a role  In  fixing  the  vortex  pattern  with  reapeot  to  the  disk,  the 
Ullkl naon-Hallk  experiaent  revealed  for  the  first  tlae  that  the  wave  pattern  responsible  for  the 
stationary  vortex  lines  eaanatea  froa  point  souroea  randoaly  looated  on  the  disk.  All  of  the  observed 
properties  of  the  waves  can  thus  be  explained  as  oharaoterlatle  features  of  the  Interference  wave  pattern 
that  results  froa  the  superposition  of  the  entire  aslautbal  wavenuaber  apeotrua  of  equal-phase  xsro- 
frequenoy  noraal  aodes  produoed  by  the  polnt-souroe  roughness  aleaent.  The  streaks  of  the  flow- 
vlausllxatlon  photographs  are  the  constant-phase  lines  of  the  wave  pattern.  The  wave  patterns  froa  a 
oua her  of  sources  eventually  aerge  and  cover  the  entire  olrouaferenoe  of  the  disk.  It  la  this  aerged  wave 
pattern  that  appears  in  the  flow  visualisation  experiaent  a.  The  auch  greater  sensitivity  of  the  hot  wire 
ocapared  to  flow  visualisation  techniques  aade  It  possible  to  detect  the  waves  at  saall  radii  where  the 
aerger  was  not  yet  ooaplete. 

Wilkinson  sad  Hallk  (1983)  aade  the  phhenoaenon  even  clearer  by  placing  an  artificial  roughness  on 
the  disk.  The  waves  froa  this  roughness  were  of  larger  aaplltude  than  the  waves  froa  the  naturally 
occurring  alnute  roughnesses,  and  so  offered  an  opportunity  to  study  the  essential  pbencaenon  in  a purer 
fora.  Figure  12.$,  taken  froa  Fig.  18  of  their  paper,  shows  the  steady  wave  pattern  froa  the  single 
roughness,  as  well  as  others  froa  unavoidable  natural  roughnesses,  la  this  figure,  which  was  obtained  by 
fora  log  sn  eneeable  average  of  the  aaplltude  aeasureaenta  at  every  disk  revolution,  the  aaplltudea  have 
been  no  realised  to  a oo  net  ant  value  of  the  aaxlaue  aaplltude  at  eaoh  radius. 

The  wave  pattern  of  Fig.  12.5  la  of  the  saae  type  that  we  studied  In  Section  7 for  s baraonlc  point 
souroe  in  a Blsalus  boundary  layer,  with  due  allowance  asde  for  the  very  different  Instability 
characteristics  of  2D  boundary  layers  and  3D  boundary  layers  with  crossflow  Instability.  We  therefore 
aodifled  our  calculation  procedure  for  planar  boundary  layers  to  fit  the  different  geonetry  of  the 
rotating  disk  and  the  lack  of  sn  axis  of  ayssetry,  and  have  calculated  the  wave  pattern  produced  by  a 
xero- frequency  point  source  located  at  the  key  col  da  nusber  of  the  roughness  element  In  the  Wilkinson- Hal  lk 
experiaent  (Hack  (1984c)}.  The  wave  fonts,  ooraallsed  to  a constant  value  of  the  aaxlaua  aaplltude  as  In 
Fig.  12.5,  are  shown  in  Fig.  12.6  along  with  the  constant  phase  lines.  The  nuaberlng  of  the  constant- 
phase  lines  corresponds  to  the  syetea  used  by  Wilkinson  and  Malik.  It  la  evident  that  the  oaloulated  wave 
pattern  Is  in  the  closest  possible  sgreeaent  with  the  aeasured  wave  pattern  aa  to  the  location  of  the 
constant-phase  lines,  the  nusber  of  oscillations  at  eaoh  radius,  and  the  axlnuthal  wavelength.  The  latter 
quantity  varies  with  both  radius  and  axlauth  angle.  The  shift  of  the  wave  pattern  to  the  right  In  Figs. 

12.5  and  12.6  with  respect  to  the  oo  ns  tant- phase  lines  Is  because  aaplltude  propagates  essentially  along 
group- velocity  trajectories.  Has  sgreeaent  between  Figs.  12.5  and  12.6  conclusively  deeonst rates  that  the 
observed  stationary  waves  oo  s rotating  disk  are  the  result  of  the  superposition  of  the  entire  apeotrua  of 
noraal  nodes,  both  aa pll fled  and  damped. 

The  calculated  aaplltudea  along  the  constant-phase  lines  are  gives  la  Fig.  12.7.  Vortex  Ho.  11  is 
tee  one  that  ooaes  froa  the  point  souroe,  and  it  la  the  only  one  with  an  aaplltude  alalaua,  which,  It 
should  be  noted,  is  well  beyond  the  critical  Reynolds  nuaber  of  2T3«  The  reference  aaplltude  of  this 
vortex  was  selected  to  fit  the  alnlaua  aaplltude  of  the  experiaent,  and  then  used  for  all  of  the  other 
vortloes.  A ooapsrison  la  given  in  Fig.  12.8  of  the  calculated  and  experlaental  envelope  aaplltude 
distributions  st  k ■ 400  and  466.  In  this  figure,  the  experiaent*!  aaplitudss  have  been  ooraallsed  to  the 
arbitrary  theoretical  aaxlaua  aaplltude  at  R • 400.  At  R • 400,  the  sgreeaent  Is  exoellent  except  at  the 
right-hand  edge  of  the  wave  pattern,  where  s second  wave  pattern  was  present  In  the  experiaent.  At  R ■ 
466,  the  influence  of  the  second  wave  pattern  baa  spread  siaost  to  the  center  of  the  principal  wave 
pattern,  and  is  the  reason  for  the  disagreement  between  theory  and  experiaent  la  Fig.  12.8  to  the  right  of 
the  aaxlaua  aaplltude. 

13.  F ALO th-SC AH-COOKB  BOUNDARY  LAMAS 

13.1  Mean  boundary  layer 

In  order  to  aore  fully  study  the  lnflueooe  of  three  dlaeasloeallty  in  the  seen  flow  on  boundary- layer 
stability  than  is  possible  with  the  rotating  disk,  It  la  necessary  to  have  a ftally  of  boundary- layers 
where  the  magnitude  of  the  crossflow  oaa  be  varied  la  s aysteasMo  manner.  The  two- parameter  > awed-wedge 
flows  introduced  by  Cooke  (1950)  are  suitable  for  this  ptrpoee.  One  parameter  la  the  usual  Falknor-Skan 
dimensionless  pressure-gradient  parameter  .v;  the  othei  la  the  retie  of  the  spanwlae  and  chordwlae 
velocities.  A ooablnatlon  of  the  two  paraselene  aakea  It  possible  to  simulate  simple  planar  three- 
dlaensloaal  boundary  layers. 

The  lnvleeid  velocity  la  the  plane  of  the  wedge  and  normal  to  the  leading  edge  In  the  direction  xQ  Is 

0*j  • C#(x*)*  , (13.1) 

where  the  wedge  angle  Is  (3/2)t^  sad  • 2a/(a*1)  as  la  Sq.  (2.62).  We  shall  refer  to  this  velocity  es 
the  ehordwlee  velocity.  The  veloelty  parallel  to  the  leading  edge,  er  epaswlse  velocity,  Is 


(13.?) 


1-4# 


V*j  > coast. 

The  subscript  1 refers  to  the  loosl  frssstrsaa.  For  this  invisoid  flow,  tbs  boundary- layer  equations  In 
tho  *Q  diroot  ion,  as  shown  by  Cooks  (1950),  rsduos  to 

f"  ♦ ff*  ♦ Bh((n*1)/2-f*2]  • 0 . (13.3) 

This  aquation  is  tbs  usual  Fslkner-Sken  aquation  for  s two-dlnenslonsl  boundary  lsysr,  and  la 
indspsndsot  of  tbs  spanwla#  flow.  Tbs  dspsndsnt  variable  f(y)  is  rslstsd  to  tbs  dlatnslonloss  obordwiss 
velocity  by 

°o  * * [2/(»»1)]f*(y)  , 03.9) 

and  tbs  indspsndsot  variable  la  tbs  sisllarity  variable 

1 ■ . (13.5) 

Ones  f(y)  is  known,  tbs  flow  in  tbs  spanwlss  dlrsotlon  a*  la  obtalosd  froa 

«•  ♦ ff'  • 0 , 03.6) 


whsrs 


",  ■ *Xi  • «<r)  • ('3.T) 

fiulh  f‘iy)  nr.a  g(y)  ars  isro  at  y « 0 and  approaob  unity  aa  y »«  , Tabulatsd  values  of  g(y)  for  a fsw 
valuta  of  nay  bs  found  in  Rosenbead  0963,  p.  *70). 

Tbs  final  atsp  is  to  uas  P(y)  and  g(y)  to  oonatruot  tbs  strsaawlss  and  orossflow  vsloolty 
ooaponsnts  nssdsd  for  tbs  atablllty  aquations.  A flow  gsoastry  approprlats  to  a swspt  back  wing  is  shown 
in  Fig.  1 3.1.  Tbtrs  la  no  undlaturbsd  frssstrsaa  for  a Falknar-Skaa  flow,  but  suah  a di  root  ion  is  assuaed 
and  a yaw,  or  awssp,  angls  ;#¥  la  dsflosd  with  rsspsot  to  it.  Tbs  local  frssstrsaa,  or  potential  flow,  is 
at  an  angle  ,p  with  rsspsot  to  tbs  undlaturbsd  frssstrsaa.  It  is  tbs  potential  flow  that  ds floss  tbs  x,s 
coordinates  of  tbs  stability  aquations.  Tbs  angls  of  tbs  potential  flow  with  rsspsot  to  tbs  obord  is 

- • tan"1  Of*, /of t)  , (13.6) 

and  * la  related  to  and  Vp  by 

. .N  ♦ . (13.5) 

With  tbs  loosl  potential  velocity,  of  • ( D#?  ♦ V*f)1/2,  as  tbs  reference  velocity,  tbs  dlaensloaless 
atrssswlse  and  orossflow  vsloolty  ooaponsnts  ars 

U(y)  - P(y)  oos2  ♦ g(y)  sin2*  , (13.10a) 

v(y)  » [-f'(y)  ♦ g(y) J oos  ’sin  •*.  (13.10b) 

These  vsloolty  profiles  ars  defined  by  which  flies  f*(y)  and  g(y),  and  tbs  angls  v.  Vs  note  froa  Iq. 
(13.10b)  that  for  a given  pressure  gradient  all  orossflow  profiles  have  the  saas  shape)  only  »be  aagnituds 
of  tbs  crossflow  velocity  ohangss  with  tbs  flow  direction.  Za  contrast,  aooordlng  to  Bq.  (13.10a) 
strsaawlas  profiles  obangs  shape  as  " varies.  For  o,  0(y)  • f*(y)j  for •*  • 90°,  0(y)  e g(y)|  for  " • 
*5°,  tbs  two  functions  asks  an  equal  contribution. 


Vbsn  tbs  Bq.  (13.10)  vsloolty  profiles  ars  used  dlreotly  in  tbs  stability  equations,  tbs  vsloolty 
and  length  scales  of  tbs  equations  sust  bs  tbs  saas  as  is  Bq.  (13.10).  This  ideatlfiea  tbs  vsloolty  sealo 
as  0 * , tbs  length  scale  as 


end  tbs  Reynolds  nuaber  Q*L*/  * 


L • ( 


* /0  , 


t1/2 


(13.1D 


I • l0/ooe  , (13.12) 

where  I • #),/2  is  the  square  root  of  tbs  Reynolds  nuaber  along  tbs  obord.  For  positive  pressure 

gradients  (a  > 0),  • 90°  it  i(  • 0 and  ■■  • 0°  ai  i.  • for  adverse  pressure  gradients  (a  < 0),  > e 0° 
at  i e 0 nad  ‘ • 90°  as  ae  •*.  The  Reynolds  nuaber  1 Is  aero  at  i ■ 0 for  all  pressure  gradients,  as  is 
R with  eao  iaportsnt  saesption.  Tbs  e&ceptloa  is  where  aelKil),  For  s 2D  plaaar  flow,  • 1 is 
tbs  stagnation- poiat  solutios)  bars  It  is  tbs  sitsobassUlias  sslwlio*  la  tbs  vicinity  of  «0  • 0,  tbs 
obordwiss  velocity  is 

0*t  e I#  (wW^eg  • 03.13) 

Ybs  potential  vsloolty  along  the  attsr— eat  line  ia  V^,  sad  tbs  Reynolds  nunhsr  is 

• «!;/l  *•(«?, • (13.1*) 


a apsHgsro  vslwo. 

For  oar  purposes  la  tbis  Poet  loo,  wo  asp  regard  * as  a froa  par— star,  and  uaa  tba  valosity  praftlsa 
of  Bq*  (13*10)  at  say  Reynolds  auabor.  Bowsvor,  for  tho  flow  osar  s glean  wedge,  9 ess  be  sat 


mimwii  itiltMCHMililiO 


arbitrarily  at  only  on*  Reynold*  nuabtr.  If  np#f  1*  r<  *t  R0  * (*0^r*f»  th*  0 #t  *n*  oth,r  *o  1#  *lv#0 




1 » 


(13.15) 


For  ■ <<  1,  th*  d*p*nd*no*  on  R_  1*  *o  wttk  th*t  0 1*  constant  *lao*t  everywhere.  On*  way  of  choosing 
(R  ) f within  th*  pr***nt  context  i*  to  asks  it  th*  ohnrd  Reynold*  nuabtr  wb*r*  ■ 0{  !.*.,  the  1oq*1 
potent i*l  flow  1*  in  th*  dlrsotlon  of  th*  undisturbed  fr**str*sa.  Th*n  0p#f  Is  equtl  to  th*  ysw  angle 

’sw* 

Figure  13.?  shows  th*  crossflow  velocity  profiles  for  *5°  sod  four  values  of  Bi,.  Th*  lnfl*otlon 
point  *nd  point  of  aaxlaua  crossflow  valoolty  (%M)  *ra  also  noted  on  the  figure.  In  fig.  13.3*  for 

• *5°  is  given  ss  s function  of  froa  n*sr  separation  to  B^  « 1.0.  The  crossflow  valoolty  For  sny 
other  flow  aigle  Is  obtained  by  aultlplylng  the  of  the  figure  by  codeine*  The  aaxlaua  orossllow 

velocity  of  0.133  is  generated  by  the  separation  profile  rather  then  by  the  stagnation  profile,  where 
■ 0.120.  However,  Vp#I  varies  rapidly  with  bw  in  th*  neighborhood  of  separation,  **  do  *11  other 
boundary-layer  paraaeters,  and  for  bh  a -0.190,  ¥|#|  is  only  0.102. 

The  function  g(y)  Is  only  weakly  dependent  on  6h,  and,  unlike  f*(y),  never  has  sn  inflection  point 
even  for  *n  adverse  pressure  gradient.  Indeed  it  reaslns  olose  to  the  Bleslus  profile  in  shape,  as 
underlined  by  s shape  factor  H (ratio  of  displsoeaent  to  aoeentua  thlokness)  that  only  changes  froa  2.703 
to  2.539  as  Is h goes  froa  -0.1966377  (separation)  to  1.0  (stagnation).  The  weak  dependence  of  g(y)  on  Bh 
has  been  asde  th*  basis  of  sn  rpproxlaat*  aetbod  for  oaloulatlng  boundary  layers  on  yawed  cylinders.  Far 
our  purposes,  it  allows  soa*  of  the  results  of  the  stability  oaloulstlons  to  be  anticipated,  for  waves 
with  th*  wsvenuaber  veotor  aligned  with  th*  local  potential  flow,  w*  can  expect  the  amplification  rate  to 
vary  saoothly  from  its  value  for  a two-dimensional  falkner-Skan  flow  to  s value  not  too  far  froa  Blaslus 
*s  *•  goes  froa  sero  to  90°. 

The  stability  results  will  be  presented  la  terms  of  the  Reynolds  number  R and  the  similarity  length 
scale  L . In  order  that  the  results  asy  be  oonverted  to  the  length  scales  of  th*  boundary- layer 
thickness,  displacement  thickness  or  aoaentua  thickness,  Table  13*1  lists  th*  dimensionless  quantities  y4« 
71,  y,  * ■ */l  end  and  the  ahepe  fee  tor  H of  the  streaawls*  profile  for  several  oomtl  nations  of  8b  sad 
ilso  listed  are  kM.,  the  everag*  crossflow  velocity  V • (kdy)/y  ; th*  y of  the  inflection  point 

of  the  oroasf low  velocity  profile;  and  < «.r*  the  deflection  angle  of  the  stresallne  at  y a The 

quantity  y,  is  defined  as  th*  point  where  0.999. 

TiBLI  13.1  Properties  of  three-dimensional  Pal kner-Skan-Cook*  boundary  layers. 
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1).?  Boundary  layer*  with  snail  o.’oaaflow 

Is  a two-diaesslomsl  boundary  layer,  the  oust  unstable  wev*  is  two  dimensional.  Therefore,  w*  oan 
aspect  that  is  three-disemalsaal  boundary  layer*  with  small  crossflow  th#  most  uas table  wave  will  have  its 
wave  member  veetor  ssarly  aligned  with  the  Isesl  petostlal  flow,  sad  we  ess  reetriet  ourselves  to  wevea 
with  . • 0°  for  the  purpose  of  d*  tarsi  dag  the  maximum  amplification  rate.  This  procedure  is  equivalent  to 
study  lag  the  two-dimensional  testability  of  the  stress  wise  profile  provided  that  l*  0 (ssplifieatloa  rate 
la  straamwise  dlreotiea).  Is  the  eeloulatiesr  of  this  Seetfea,  v uas  tskas  to  be  either  sere  or  }_.  In 


la  straamwise  dlreeties).  Is  the  eeloulai 
th*  latter  ease,  la  slaset  i Seat  1 sal  to 
wa  shall  ignore  the  differ* see 


whiah  w*  defiae  ss  the  ssplifisstise  rate  with  X • 0 , sad 


Th*  offset  of  the  flow  angle  c es  the  mastmwd  spatial  amplification  rate  #f  th*  wove*  with  t • 6°  is 
shews  is  fig.  1M  f»  1 Ml  sad  tws  Bay  aside  ewmlert.  The  amplifies  Use  ret*  ’ Is  siprssssd  ss 
s retie  to  th*  Slaeiwa  vslwe  It  will  be  recalled  that  with  k 1 0,  g(y)  * *‘(yj»  ami  the  veleeity 
profile  ram  si  so  th*  Rlaslwe  fwaeuon  far  all  flew  angles*  the  offset  el  a nsn  sere  flew  aegis  with  6*  d 0 
is  destsblllsisg  far  a faeerabla  pressure  gredleet,  sad  stdhlllslag  for  as  adverse  pressure  gradient. 
Consequently,  It  r* Swiss  the  preeeure  gredleet  effeet  ef  20  Pal knsr- Ikes  boundary  layers*  The  reason  for 
this  reawl  t Is  assy  ts  wader  at  sad  by  refer*  sea  to  tq.  (13*10).  Vs  Save  already  pelsted  out  la  ieetlos 


MO 


13.1  that  the  apanwlae  velocity  profila  g(y)  la  always  oloaa  to  the  Blaalua  funotlen.  Thus  ••  tha  flow 
angla  lnoraaaaa  froa  taro,  tha  aapllfloatlon  rata  auat  change  froa  tha  two-dlaenslonal  Palknsr-Skan  value 
at  '*■  0°  to  a value  not  far  froa  Blaalua  at  90°, 


Aa  dlaouaaad  previously,  tha  only  pbyaioally  aeanlngful  flow  with  fli  90°  and  a aon-sero  Reynolds 
nuabar  la  tha  attachnent-llne  flow  (h^  • 1.0).  for  all  othar  valuta  of  Hh«  B at  this  flow  angle  auat  ba 


althar  taro  ( > 0)  or  lnflnlta  < 0).  With  ii 
aoaantua-thloknaaa  Reynolds  nuabar)* 
profila  la  (R,,)  • 260  (tha  parallel-flo 


aa  low  aa  for  aaall  dlaturbanoaa  by  Poll  (1977). 


1.0  and  R • 1000  (Rrb  606.2,  wbara  Re  la  tba 

h),.,  ■ 0.766.  Tba  alnlaua  orltloal  Raynolda  nuabar  of  tbla 
lalua  value  la  201)*  yat  turbulant  burata  have  baan  observed 


“ \ ■ 

■ O.766. 


Wc  auat  atlll  abow  that  tba  wavaa  with  ■ 0°  proparly  rapraaant  tba  aazlaua  lnatablllty  of  three- 
dlaonalonal  profllaa  with  aaall  oroaaflow.  Por  thla  purpose  a oaloulatlon  waa  aada  of  a aa  a funetlon  of 
. for  rh  * -0.02,  “ • 65°,  R a 1000  and  P a 0.6256  x 10  , tba  aoat  unatabla  fraquanoy  for  * a 0°  at 
thla  Raynolda  nuabar.  It  waa  found  that  tba  oroaaflow  lndaad  lntroduoaa  an  aayaaatry  Into  tha 
distribution  of  ' with  v,  and  tba  aailaua  of  la  looatad  at  * a -6.2°  ratbar  than  at  0°.  Rovcvcr, 
thla  aaxiaun  valua  dlffara  froa  tha  of  Pig.  13*6  by  only  0.7f. 

13.3  Boundary  lay ora  with  oroaaflow  lnatablllty  only 


Tba  naln  advantage  that  tba  Pal knar- Ska  o- Cooke  boundary  layara  offar  ovar  tha  rotatlng-dlak  boundary 
layar  for  atudying  oroaaflow  lnatablllty  la  that  tha  aaxiaua  oroaaflow  valoolty  la  not  oonatant,  but  la  a 
runotlon  of  and  “.  Tba  oroaaflow  valoolty  la  a aaxiaua  at  65°  for  a (Ivan  d.,  and  wa  oan  axpaot 
the  oroaaflow  lnatablllty  to  alao  ba  a aaxiaua  aaar  tbla  angla.  Plgura  13.5  ahowa  tha  alnlaua  orltloal 
Faynolda  nuabar  Rflp  at  e > 65°  for  tba  taro- fraquanoy  oroaaflow  dlaturbanoaa  aa  a function  of  6^.  Por 
coaparlaon,  R for  Tollalan-Sohllohtlng  wavaa  in  2D  Palkner-Skaa  oroaaflow  boundary  layara,  aa  ooaputad 
ty  Waxier.  at  el.  (I960),  la  alao  given.  Por  advcraa  pressure  gradlanta,  tha  ataady  oroaaflow  dlaturbanoaa 
beoone  unatabla  at  Rayoolda  nuabara  wall  abova  tha  Rv  of  tha  2D  profllaa.  (Hi  tba  ooatrary,  for  > 0.07 
tha  ravaraa  la  trua,  and  for  aoat  praaaura  gradlanta  In  thla  ranga  tha  ataady  dlaturbanoaa  baooaa  unatabla 
at  auoh  lowar  Raynolda  nuabara  than  tba  2D  Rer  (for  r-fa  ■ 1.0,  tha  2D  Ror  la  19,200  ooaparad  to  RQr  ■ 212 
for  taro- fraquanoy  oroaaflow  lnatablllty). 


Tha  distribution  of  Rc  with  " la  ahown  in  Pig.  13^  for  ■ 1.0  ovar  tha  ooaplata  ranga  of  and 
for  tba  aaparatlon  profllaa  (rfc  ■ -0.1900377)  ovar  tba  range  (r  < » < 50°.  Rear  1 ■ 0°  and  90°,  Ror  la 
vary  aanaltlva  to  <2  naar,  but  not  precisely  at,  65°  Ror  baa  a alnlaun.  Tbla  alnlaua  oooura  oloaa  to 
tha  aaxiaua  of  tba  atraaaliaa  daflaotion  angla  at  y 1 finf*  'inf  <***  Tabla  13.1),  wbioh,  unllka  bBU«  1* 
not  ayaaatrioal  about  -■  65°.  Tabla  13.2  llata  tha  orltloal  wava  paranatara  for  a faw  oonblnatlona  of  r* 
and  Tba  axtanalva  oonputatlona  needed  to  fix  thaaa  paranatara  precisely  ware  not  oarrled  out  In  aoat 
case*,  and  ao  tha  valuaa  la  tha  Tabla  are  not  exact.  It  oan  ba  noted  that  tha  relation 


• ' (V  h )(9°-  ■ inf* 

gives  . to  within  a degree  for  the  aaparatlon  profllaa,  and  to  within  0.1°  for  the  other  profiles  of 
Tables  rf.1  and  13.2.  Tbla  reoult  bolds  in  general  for  tha  boat  unatabla  wava  angle. 

TABLX  13.2  Wava  paranatara  at  ainlnun  orltloal  Bay ao Ids  nuabar  of 
xoro- frequency  dlaturbanoaa. 
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Aa  aa  axa.npla  af  a boundary  layer  wblab  la  unatabla  at  law  Raynolda  a so  bar  only  an  a raault  of 
eroaaflew  lnatablllty,  wa  aalaat  1 1.0  and  65*,  and  present  roawlta  for  the  eooplete  range  of 
unatabla  froquanalaa.  Although  thin  praaaura  gradient  ana  only  oeeor  at  an  attaabaant  lino,  fig.  1 3*5 
laoda  m to  expoet  that  nil  profllaa  with  a atroog  rawmbla  press  era  grad  last  will  have  alnllar  renal ta. 
Por  thla  typo  af  profile,  the  Hainan  arltleal  Bayaalda  asshr  of  tha  least  stable  firafosaay  la  vary  alone 
to  the  lw  of  fig.  1).*.  Vo  therefore  eheeae  I a 600,  »h«eb  la  well  above  nod  whore  the  lnatablllty 
la  fully  — volapad,  and  pennant  a suoasry  af  Um  1 ant  am  lily  anorootorlntlaa la  fig,  1J.T* 


Ml 


Pigura  13U7*  glvaa  ^ . . u a function  of  tha  dlnanaloolaaa  rraquanoy  F,  and  alao  abow*  tba  portion  of 
tba  »-P  plana  f^r  a hi  oft  ufara  1*  lnatablllty.  Tba  unatabla  roglon  la  anoloaad  batwoan  tba  ourvaa  aarkad 
^ and  Tbaaa  ourvaa  rapraaant  altbar  nautral  atablllty  point  a or  aitrana  of  V.  Tba  oorraapondlnc 
wovaouabar  nagnitudas  ara  ahown  In  Pig.  13.7b,  Tba  negative  fraquanolaa  signify  that  with  takan  to  ba 
oontlnuoua  through  P » 0,  tba  phaaa  valoolty  obangaa  algn.  If  w*  obooaa  v ao  that  tba  uavanunbar  and 
phaaa  velocity  ara  both  poaltiv*,  than  It  la  * that  obangaa  algn  at  f « 0.  Consequently , tftara  ara  two 
groupa  of  positive  unatabla  fraquanolaa  with  quit a dlffarant  wata  angle*.  Tba  flrat  group,  whlob  locludaa 
tba  paak  aapllfloatlon  rata,  la  orlantad  anywhere  fron  5°  to  31°  (clockwlaa)  froa  tba  dlmotlon  oppoalta 
to  tba  croaaflow  direction.  Tba  aaoond  group  la  orlantad  olota  to  tba  aroaaflow  dlraotlon  ltaalf. 


13.*  Boundary  lay ara  with  both  croaaflow  and  atraaawlaa  lnatablllty 


A*  an  exanple  of  a boundary  layar  whlob  baa  both  oroaaflow  and  atraaawlaa  lnatablllty  at  low  Reynold* 
nuabara,  wa  aalact  h ■ -0.10  and  « 65°.  In  oontraat  to  tba  pravloua  oaaa,  tha  ataady  dlaturbanoaa  do 
not  baooaa  unatabla  until  a Kay  no  Ida  nuabar,  I • 276,  where  tba  paak  aapllfloatlon  rata  la  alraady  7.35  a 
10*5.  [for  • -0.10  and  - ■ 0°,  ’ a ■ 11.0  x 10*’  at  P ■ 2.2  i 10"*  aooordlng  to  Vattan  at  al. 
(1966)].  Tba  distribution  of  '■  with  ♦ la  shown  In  Pig.  13.6  for  P • 2.2  i 10**,  a fraquanoy  oloaa  to 
tha  aoat  unatabla  fraquanoy  of  ? ■ 2.1  x 10"*.  V*  aaa  that  with  a aaxlaua  oroaaflow  voloolty  of  0.03*9 
(of.  Tabla  13*1),  tba  dlatrlbutlon  of  1 about  *•  0°  la  aarkadly  aayaaatrlo,  and  tba  aaalaua 
aapllfloatlon  rata  of  7.31  x 10*’  la  looatad  at  m -29.*°  ratbar  tbaa  naar  taro.  Tbla  aayaaatry  waa 
baraly  paroaptlbla  for  tba  aaa 11  oroaaflow  uouadary  lay ara  of  Pig.  13.*,  wbara  tba  oroaaflow  la  only  ooa~ 
alxth  aa  larga.  Tba  - at  , ■ 0°  of  Pig.  13.9  (5.62  x 10*5)  oloaa  to  ? with  raapaot  to  fraquanoy  of 
tha  * • 0°  wavaa  (5.91  x 10*5).  31  no#  tbla  valua  la  20|  bo  low  tba  pa  At  aapllfloatlon  rata,  the*#  0° 
wav#  i ara  no  loogar  adaquata  to  rapraaant  tba  aaxlaua  lnatablllty  a a with  Mail  oroaaflow  boundary  lay  ara. 
Pig.  13.6  alao  give*  tba  dlatrlbutlon  with  v of  k and  tba  raal  group- valoolty  angla,  Tba  lattar 
quantity  raaalna  within  6 7.5°  of  tba  potantlal-flow  dlraotlon  throughout  tba  unatabla  ration. 


Baoauaa  > ■ 276  la  tba  alnlaua  orltleal  layaolda  nuabar  of  tba  ataady  dlaturbaao* a,  tba  unatabla 
ragion  taralnataa  In  a nautral  eiaMUty  point  at  P « 0.  Va  ara  particularly  Interested  bora  In  layaolda 
nuabara  wbara  P ■ 0 la  alao  unatabla,  and  aa  an  oxaapla,  Pig.  13.9  glvaa  raaulta  for  all  unatabla 
fraquanolaa  at  R ■ 555.  Plgura  13.9a  ahoua  i_ „ aa  a fuaotloa  of  P (bara,  aa  In  Pig.  13.7,  lb* 
aaxlaua  with  raapaot  to  k),  aa  wall  aa  tha  unatabla  ragloo  of  tha  k-P  plana;  tha  unatabla  region  or  tha  * - 
P plana  appaara  la  Pig.  13.9b.  Tbaaa  two  uaatabla  raglona  ara  qulta  dlffarant  froa  tboaa  of  Pig.  13.7 
wbara  tbara  la  only  oroaaflow  lnatablllty.  Tha  nagatlva  fraquanolaa  do  raaaabla  tbaaa  of  Pig.  13.7  la 
that  tha  unatabla  rang#  of  i la  aaall,  tba  uaatabla  rang#  af  k la  larga,  and  with  ; radaflnad  ao  that  P 
> 0,  tba  orlaatatlooa  ara  oloaa  to  tha  oroaaflow  dlraotlon.  Bawavar,  for  tha  hlgbar  fraquanolaa,  which 
ara  by  far  tba  aoat  unatabla,  tha  unatabla  raglona  of  Pig.  13.9  baar  aora  of  a raaaablaaea  to  tboaa  of  a 
2D  boundary  layar  than  to  Pig,  13.T.  Tba  aala  dlffaraaoaa  froa  tha  2D  oaaa  ara  tha  aayaaatry  about  * ■ 0° 
alraady  no  tad  In  Pig.  134,  tba  oaa-atdadnaaa  of  » , aad,  for  P < 0.*  x 10"*,  tha  raplaoaaaat  of  a lowar 
cutoff  fraquanoy  for  lnatablllty  by  a rapid  ahlfl  with  daomaalag  fraquanoy  to  wavaa  orlantad  oppoalta  to 
tha  oroaaflow  dlraotlon  aad  whlob  ara  unatabla  dowa  to  taro  fraquanoy.  Tha  lnatablllty  ahown  la  Pig.  13.9 

layara  af  Pig.  1 3.6  to  largar  oroaaflow. 
pura  oroaaflow  lnatablllty  of  Pig. 

1 oaa  part  of  tba  uaatabla  raglaa,  aa 
with  oroaaflow  lnatablllty}  la  tha  othar  part,  aa  with  atraaawlaa  lnatablllty,  tha  oppoalta  la  true.  Tbla 
behavior  baooaaa  aora  proaouaoad  at  high  k./aolda  nuabara. 


nrvwun  urvsuen  auwi  irv  uoavauAe  wown  10  i«rv  iraqwwoay. 

rapraaaota  prlaarlly  aa  avolutloa  of  tha  Mall  aroaaflow  boundary  lay* 
Only  tba  lowar  fraquanolaa,  any  P < 0.2  x 10"*,  bava  to  do  with  tha 
13.7.  Por  fraquanolaa  naar  0.*  a 10"*,  * varlaa  Uttla  with  k la 


i*.  mutate  DtPiint-spAi  arm  vibq  boon dipt  lath 


Tha  3D  boundary  layara  that  bava  raoalvad  tha  aoat  at  Loot  la*  la  aaronautlaal  praatloa  ara  than*  on 
tra^aoale  awapt  wlaga.  Tba  daalrablllty  af  aalatalalag  laalaar  flow  on  tba  wlaga  of  larga  traaaoalo 
aircraft  baa  lad  to  tba  atudy  of  tha  lnatablllty  af  nuab  boundary  layar  aa  a aaaaa  af  aatlaatlng  tha 
aaawrraaaa  of  traaallloa  aad  tba  affaotlvaaaaa  af  varlaua  aatbada  of  laalnar-flow  aaatrol.  Tba  baalo 
phanoaaaoa  of  craaariaw  lnatablllty  waa  oooouatorod  aad  1U  origin  aaplalaad  by  tha  aarly  lavaatigatora, 
aa  wa  bava  laaraad  la  Bootiaa  12,  aad  aaaaa  af  aoplag  with  lta  advarta  aaaaaqwaaoaa  vara  developed. 
Bawavar,  laiaroat  la  laalaar- flaw  ooatral  waa  waning  by  tha  tlaa  aaaputar-aldad  at  ability  aaalyala  bo oaaa 
eaaaaaplaaa  la  tha  1960*a,  aad  nothing  aora  waa  dona  aa  tba  awbjaot  af  3D  boundary- layar  atablllty 
following  Ireva’a  work  (1959,1960,1961)  until  tha  aaargy  arlala  af  tha  nld-1970'a.  la  raaponaa  la  tba 
auddaa  wood  far  aa  aaalyala  tool,  grabawakl  and  Oraaag  (1977)  brought  out  tha  3AU.T  aodo.  la  aplta  of 
ualag  tha  laooapraaalbla  atablllty  thaory  aad  a aoo-phyaiaal  aathod  af  aoapwtlng  wava  Mplltwda,  tbla  coda 
baa  baa*  wldaly  weed.  It  baa  alao*  boon  auparaadad  by  COSAL,  a aoapraaalbl#  varaloa  of  3 AULT  [Malik 
(i|62)].  Vert  that  waa  dlraatod  at  developing  aora  fu*  da  no  *1*1  natbede  af  atablllty  aaalyala  far  awapt- 
wing  ba  wadary  layar*  waa  aarrlad  out  by  Cabaal  and  Itowa rtar/*  (I960*,  1960b),  Ukowdla  (1979,1960),  Maoh 
(1979a, 1961),  aad  Bayf«h  (I960*,  1960b). 

Attootlaa  baa  ao  far  boa*  raatrlatad  U lafln&ta-a^oa  awapt  wlaga.  Bvaa  with  tbla  alapllflaotloo, 
tba  aoaatallarlty  af  tba  boundary  layara  baa  a# da  f.t  aoaaaaa ry  to  praoaod  aa  tha  baala  of  apoolfla 
aaMplaa,  aad  te  try  aad  giaaa  a paaoral  wa  dor  at  mdlag  af  tha  lnatablllty  af  tbla  typo  of  boundary  layar 
a*  tha  koala  of  artonaiva  aaaortaol  aalaulaUaaa.  Bo  aboil  follow  tbla  aaaa  praatloa  la  tbla  Pee  tlaa. 
Dotal  lad  Maori  aol  raaulu  far  a alngla  maple  that  war*  abtalaod  by  aa  appUoatlaa  of  ait  bad*  alraady 
pro  aaa  tad  in  tbla  daoaaaat  [Book  (1979*)]  ara  glvaa  la  tha  bap*  that  a aaraful  atudy  will  yiald  aaaa 
uadarataadlag  af  tha  laatohlilUoa  that  aria*  and  tha  praaaduroi  to  fallow  1*  analysing  than. 

16.1  Moon  limdury  layar 

«*•  flaw  anappl*  wood  la  tbla  .Veil**  la  tha  bouadary  layar  *0  a 35*  awapt  wing  af  lnflalta  apaa  with 
a awporarltlanl  airfoil  aaallaa,  dlatrlbatad  aaa  tlaa  and  n nbord  of  a * )4  • (6.95  ft)  namal  t*  tha 
landing  edge.  tha  w«4latwrbod  flaw  aaodi liana  ara  I.  • 04)9117,  tl  • 111*1,  and  ft  a 6.30663  ntn.  Tba 
•ppar-awrfoeo  praaawra  eeafflaiaal  Cto  la  Uatad  in  Tabla  16.1  tagothar  wltb  athor  prapartlaa  af  tba 
potaatlal  flow  an  fwnotlonn  af  a /",  wbara  a la  tha  ara  laogth  along  tha  alrftll  aaa  tlaa  Tha 
aMrdMato  nyatM  la  nhown  la  Pig.  16.1.  Tha  lay  a*  Ido  awn  bar  uoed  la  Um  atablllty  aaiawlatlana  la  I • 
• jl  /.j,  a bara  «.  m tha  potanUnl  veloetty.  Tha  longth  aaa  la  t • C*|*  /djir'*  rodwaaa  to  tha  nnunl 


boundary- layer  length  ecay  jihaji  the  floe  1*  two  dlaenaiooel,  and  la  noa-sero  et  the  attaebaent  line.  The 
Reyaolds  nuaber  le#  le  0?a  / - 1 . The  velocity  derivative  which  de floes  a end  thus  the  Bertram  Bh  wee 
evaluated  by  the  numerical  differentiation  of  D0«  ee  oelouleted  froe  the  pressure  ooeffioieot.  The  very 
large  - necr  the  trailing  edge  have  been  omitted  from  the  Table. 


Table  18.1  Properties  of  potential  flow 


B 

a#/o* 

"l 

cp 

*h 

10“*Beg 

R 

10  l#(om) 

1 

0 

0.4859 

0.7652 

1.0000 

55*00 

0 

221 

0.0560 

2 

0.0011 

0.493b 

0.7527 

0.9770 

85.23 

0.009 

228 

0.0560 

3 

0.0033 

0.5824 

0.6680 

0.9306 

29.26 

0.028 

225 

0.0593 

t 

0.0059 

0.6261 

0.5151 

0.8753 

16.96 

0.056 

301 

0.0632 

9 

0.0087 

0.7186 

0.3375 

0.7798 

8.95 

0.091 

355 

0.0682 

6 

0.0120 

0.8033 

0.1715 

0.6721 

3.91 

0.132 

812 

0.0787 

7 

0.0157 

0.8806 

0.2051 

0.6000 

0.82 

0.180 

470 

0.0818 

a 

0.0199 

0.9887 

-0.1104 

0.5300 

-2.06 

0.235 

529 

0.0896 

9 

0.0218 

1.0088 

-0.2225 

0.4759 

-3.90 

0.296 

588 

0.0978 

10 

0.0299 

1.0623 

-0.3206 

0-4 J51 

-5.31 

0.363 

687 

0.1068 

11 

0.0358 

1.1095 

-0.4041 

0.31X10 

-6.86 

0.437 

705 

0.1153 

12 

0.0492 

1.1863 

-0.5338 

0.1975 

-8.06 

0.604 

823 

0.1339 

13 

0.0C51 

1.2306 

•0.6090 

0.1583 

-8.87 

0.800 

988 

0.1535 

11 

0.0938 

1.2862 

-0.6295 

-0.0137 

-9.18 

1.152 

1131 

0.1881 

19 

0.1281 

1.2802 

-0.6201 

-0.0598 

-9.03 

1.573 

1323 

0.2152 

16 

0.1675 

1.2316 

-0.6066 

-0.0558 

-8.87 

2.056 

1513 

0.2862 

17 

0.2113 

1.2238 

-0.5943 

-0.0518 

-8.75 

2.595 

1701 

0.2767 

18 

0.2591 

1.2180 

-0.5850 

•0.0849 

-8.68 

3.182 

1888 

0.3065 

19 

0.3101 

1.2126 

-0.5765 

-0.0515 

-8.55 

3.809 

2063 

0.3358 

20 

0.3636 

1.2071 

-0.5676 

-0.0721 

-1.85 

4.487 

2235 

0.3638 

21 

0.4190 

1.1990 

-0.5544 

-0.1315 

-8.30 

5.146 

2800 

0.3903 

22 

0.4754 

1.1868 

-0.5339 

-0.2205 

-8.06 

5.838 

2559 

0.8162 

23 

0.5112 

1.1762 

-0.5172 

-0.2203 

-7.86 

6.300 

2661 

0.8329 

24 

0.5508 

1.1704 

-0.5076 

-0.1231 

-7.75 

6.761 

2758 

0.8488 

25 

0.5882 

1.1663 

-0.5008 

-0.1882 

-7.67 

7.218 

2850 

3.4640 

2t 

0.8250 

1.1558 

-0.4831 

-0.4625 

-7.85 

7.666 

2980 

0.4788 

27 

0.8810 

1.1419 

-0.4596 

-0.6677 

-7.17 

8.101 

3027 

0.4933 

28 

0.6902 

1.1257 

-0.4320 

-0.9785 

-6.82 

8.521 

3109 

0.5078 

29 

0.7302 

1.1058 

-0.3976 

-1.6025 

-6.38 

8.919 

3188 

0.5213 

30 

0.7631 

1.0826 

-0.3568 

-2.842 

-5.84 

9.793 

3262 

0.5351 

31 

0.7948 

1.0553 

-0.3080 

- 

-5.16 

9.638 

3333 

0.5890 

32 

0.8246 

1.0225 

-0.2483 

- 

-4.29 

9.933 

3399 

0.5636 

33 

0.85J2 

0.9820 

-0.1732 

- 

-3.12 

10.172 

3861 

0.5799 

3* 

0.8803 

0.9366 

-0.0874 

- 

-1.65 

10.385 

3519 

0.5982 

35 

0.9059 

0.1960 

-0.0094 

- 

•0.18 

10.4T9 

3573 

0.6169 

Table  Hats  some  pro  per  ilea  *f  tfce  tgwadary- layer  solution  eeloulated  for  the  potential  flow  of 
let  1 e 14.1  arc  the  auction  distribution  CQ(a  ) given  la  the  last  column,  for  eomperlaon,  the  profile 
paremetera  of  aa  iaaulated  flat-plate  boundary  layer  with  no  auction  et  B,  • 1.2  ere  y • 5.85,#y.^  • 
7.J1  and  B • 3.54.  The  maaimum  crossflow  la  B_  a • -0.115,  and  It  eoewra  at  atatloe  R • I (a  /d  e 
0.0059).  Thia  value  le  virtually  licet  leal  to  til  maaimum  possible  erweflow  gemarated  by  the  Pslkaer- 

• -O.llt  for  k • 1.0  ead  f§*  ♦ , - • *5°.  Although  the 
amt  ohaage  alga  wet  ITS  « 21.  Per  a • 19  to 


Ihea-Coeke  prof Uaa  of  Section  1 j,  whoro  

prwewre  gradlwt  first  hoeomoa  never oe  at  B e 11,  B 
26  (e^e*  • O.'ii  te  0.625),  there  are  twe  inflect  lea  poll 


late  la  the  tree e/ low  velocity  profile.  Op  to  I • 
20  { •'/•’  • 0.|44),  a hoe  the  aamo  eiga  et  toy  Infl entice  peletet  fer  8 > 70.  B has  opposite  elgas. 
There  le  reverse  ereeeflew  from  I * IT  le  2T  (e  /e  • 0.111  te  0.111).  The  eagle  | le  the  eagle  ef  the 
velocity  vector  et  the  y of  the  inflection  pelnt  ef  the  ereeeflew  wioalty  prefile.  Bhem  there  ere  two 
Inf  lee  t lea  palate,  the  ileted  f te  for  the  outer  petal  when  «#u  < 0.  ead  fer  the  lamer  point  whan  B^  > 
0. 


it. 2 Creeeflew  laelehlltty 

Surprisingly  Utile  ereeeflow  le  required  fer  erweflo*  lantehlllty  te  eeewr.  Per  eaample.  It  wae 
found  with  tho  similar  heuadary  layara  of  Soetloa  1J  that  for  | • * 7.02  sad  ♦ ..  * *9°  (ths  aagle 
.hat  geaeratoa  the  maaimum  ereaariaw  for  a glvas  pressure  grefieat).  the  erltleel  fwynelda  awmher  ef 
ereeeflew  lacteal  11  ty  far  both  bmwmdmry  Inyew  le  eleee  te  1100  eve*  theugh  »ttl  le  emly  sheet  Ml. 

figure  1IJ  given  e y per  law  ef  the  dletrlbwtlem  ef  the  ernglifimeUeh  ret#  ' with  the  magnitude 
ef  the  wave  member  venter  k ae  ewpuled  at  I • t from  Ml  the  laeempraeeihle  sad  ninth  erdar  eempreealbla 
atahillty  tteerlea.  It  la  ev Ideal  twt  the  Immempreeelhle  theory  given  reeeeaehly  geed  rewlta.  wlU  • 
e T.)0  • 10**  ee# pared  te  $.99  ■ from  the  eampreylble  theory*  e differeew  ef  10.M.  The  elghlh- 
erder  eempreealbla  eg**  Me  an  givn  • 4.91  a 10°,  a dlffereaet  ef  only  Ul  from  the  ilath»er«#r 

eyelet.  Cenmegeeatly,  there  le  little  renew  te  aw  the  eighth  order  system*  sad  fer  a gamers!  study  ef 
nreanflew  laetahtlUy  amer  the  leading  edge  the  lamempremmlhlt  theory  u edagwete. 

The  aagle  » ef  the  eavememher  venter  ae  competed  from  the  1 warn  pro  cattle  theory  le  alee  shewn  la 
Pig.  1M.  Almwt  ideal  l wl  rewit#  are  givem  bp  the  wm  preeel  bin  theery.  The  aerrew  bamdwleth  ef 
ummtable  and  wide  baa  Width  ef  —table  b U ahmrmeterimMa  ef  aretsflew  InetehUlty.  The  aba rpwaab  ef 
the  mmgalar  Heming*  1 mama  sea  am  the  eraeaflee  daaraaae a.  Per  cm— ls»  at  ■ • IT  whore  « • ft, 

the  baadwidU  ef  eaetabla  k la  ebwt  the  same  am  ta  Pig.  1U.  bet  tha  bandwidth  ef  wae  tafia  * la  amly 

0.H#. 
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Table  14.2  frcpm-tlna  of  Man  boundary  layer 


« 

ft, 

y«* 

S 

1 

*nex 

e|(deg) 

103CQ 

1 

3.8*7 

1.0800 

2.493 

239 

0 

0 

0 

2 

3.8bj 

1.0*28 

2.403 

23* 

-0.0*08 

-1.977 

0 

3 

3.891 

1.0157 

2.538 

259 

-0.0134 

-*.362 

0 

b 

3.990 

0.991* 

2.506 

299 

-0,11*6 

-5.1*2 

0 

5 

3.980 

0.9511 

2.480 

338 

-0.1116 

-*.857 

0.735 

6 

b.017 

0.9372 

2.513 

386 

-0.098* 

-*.198 

0.700 

7 

g.  115 

0.9*19 

2.41* 

*62 

-0.0846 

-3.65* 

0.630 

8 

b.218 

1.027* 

2.689 

5*4 

-0.0783 

-3.283 

0.530 

9 

b.3bb 

1.0921 

2.787 

4*2 

-0.0717 

-3.00* 

0.*30 

10 

b.b75 

1.1590 

2.870 

7*9 

-0.0449 

-2.795 

0.290 

11 

*.632 

1.2*48 

2.97* 

879 

-0.0433 

-2.632 

0.163 

12 

b.900 

1.3840 

3.104 

11*1 

-0.0548 

-2.3*1 

0.155 

13 

9.1*1 

1.5201 

3.229 

1*35 

-0.0*85 

-1.943 

0.1*3 

lb 

5.bb2 

1.700* 

3.352 

192* 

-0.0337 

-1.317 

0.1*3 

15 

9.439 

1.8110 

3.398 

2395 

-0.0215 

-0.8*0 

0.1*3 

K 

9.T09 

1.83*1 

3.371 

2776 

-0.01*0 

-0.520 

0.1*3 

IT 

5.732 

1.8292 

3.3*5 

3112 

-0.009* 

-0.3*9 

0.1*3 

18 

5.721 

1.8030 

3.304 

3397 

-0.0045 

-0.2*2 

0.1*3 

19 

5.704 

1.7815 

3.287 

3475 

-0.00*4 

-0.170 

0.1*3 

20 

5.415 

1.740) 

3.2*5 

393* 

-0.0031 

-0.117 

0.1*3 

21 

5.4D5 

1.7408 

3.270 

4224 

0.0059 

0.273 

0.1*3 

22 

5.701 

1.775* 

3.279 

*453 

0.0113 

0.637 

0.1*3 

23 

5.708 

1.7*25 

3.280 

*7*3 

0.01*8 

0.851 

0.1*3 

2b 

5.423 

1.7074 

3.18* 

*709 

0.0155 

0.853 

0.21* 

29 

5.*9b 

1.402) 

3.0?9 

*567 

0.0155 

0.816 

0.288 

26 

5.349 

1.5099 

2.997 

4**0 

0.0191 

1.011 

0.370 

21 

5.217 

i.bOOi 

2.89* 

*238 

0.0251 

1.*78 

0.490 

28 

9. 024 

1.2485 

2. 770 

39** 

0.0309 

1.873 

0.410 

29 

b.827 

1.1)50 

2.650 

3*18 

0.0349 

2.2*1 

0.755 

30 

b.408 

0.994* 

2.523 

3250 

0.0*32 

2.401 

0.930 

31 

b.392 

0.849* 

2.409 

2898 

0.049* 

2.975 

1.090 

32 

*.209 

0.7471 

2.317 

2406 

0.0579 

3.**1 

1.215 

33 

*.042 

0.4933 

2.2*5 

2399 

0.0490 

*.100 

1.300 

3b 

3.952 

0.43** 

2.172 

*233 

0.0814 

*.85* 

1.380 

39 

3.853 

0.5710 

2.097 

2045 

0.0912 

5.330 

1.450 

It  la  af  tataraat  to  note  that  tbe  eagle  v • 14.1°  at  tbe  iiiIimi  enplif leetloa  rate  le  aleoat 
Identical  to  tbe  aafle  to  - . t <•  8*. 9°),  where  ij  la  tbe  ancle  defined  la  Saatlae  11.1  aed  Hated  ie 
Table  II.?.  Tbe  near  eguality  af  tbeee  tee  aatlea  bee  bee  a round  to  be  true  le  feaeral  for  oroeefloe 
laetebllity  ae  loaf  aa  90  - ; . ie  clean  tbe  alga  of  i§  . thee  there  are  tee  lnfleetlee  potato  and  b 
baa  tbe  acne  alga  at  eaob  (19  * S * 20).  it  le  tbe  outer  point,  where  DU  ie  a auiewi,  that  la  algalfleant 
for  i notability.  Vbee  V baa  oppoalte  eigne  at  tbe  tee  infleetioa  rotate  (21  * I * 26),  It  le  tbe  inner 
point,  where  M ii  a elnleun,  that  la  elgnlfleaal.  Tbe  aboee  coeeealeat  relation  between  ♦ and  < & nafcee 
it  eeey  to  oonpule  an  initial  eigenvalue  for  eroeeflow  leatability. 

Tbe  real  and  1 enginery  parte  ef  i ere  alee  nbeue  la  fig.  1U.  Tbe  reel  part,  bee  tbe  nano  alga 
ae  *atg,  and  lp  at  k_#I,  tbe  waveaunber  for  naaloun  aepllf leatloa  rate,  le  proportional  to  t##|.  At 
k g • ll.i  . further  beak  oa  tbe  vlag.  tbla  dlfferenee  appreeebea  f0°  ae  the  ereeefleu 
diniaiebee.  Tbe  inaglnary  part  of  y,  >t,  revereee  alga  at  tbe  pclet  of  naaloun  enpllf ieatlee  rate,  o 


behavior  that  le  true  at  ail  a tat lone. 

Although  ereeefleu  laetebllity  hen  been  defined  ae  tbe  ealeteeee  ef  unn table  e toady  dleturbeneea,  a 
whole  band  of  fregeenolee  beeenee  ^ae  table  at  about  tbe  nano  erltleel  Buy  eel  do  own  bar,  figure  lb.)  glvee 
' ae  a fuaetlen  of  f at  I « k ae  calculated  free  both  the  1 neon  prone  lble  and  elatb-erder  eenpreeelble 
tbeorlea  for  k • 0.920,  tbe  of  f • 0.  It  le  apparort  that  the  effort  of  eenpreeelblllty  le  about  tbe 
none  for  all  free  none  loo  ae  far  f • 0.  Tbe  veleee  ef  ' « 1 for  h • 0.920  aret  leeenpreaelhle.  Mil 
el i lb  order  oenprenelble,  8.00j  elgptb-  order  eenpreeelble,  7.90. 


There  are  both  peeltlve  end  negative  uee  table  free  wane  lee  A*  fig*  l*«l*  The  negative  free  wane  lee 
elopif  oeea  that  with  tbe  direction  ef  k defined  by  (be  eelwee  ef  * above  in  tbe  figure,  tbe  phene 
velocity  le  negative.  If,  laetead,  tbe  el  reel  lee  ef  I bed  been  defined  la  tbe  newel  banner  to  be  tbe 
direct  lea  ef  tbe  phene  velocity,  there  would  be  two  grevpe  ef  peeltlve  uaateble  frog  wane  lee.  for  tbe 
peeltlve  fregueaetee  ef  fig.  1b.),  k*  ie  within  29*  ef  tbe  direction  eppeelte  to  tbe  ereeeflew}  for  tbe 
negative  frogwaoalae,  & le  within  9*  ef  tbe  dlreetlee  of  tbe  ereeefleu.  Tbe  elge  ooocootloo  ef  fig.  lb.) 
bee  been  edepted  ee  that  tbe  najinwn  luUkllUy  will  alweye  be  moooUlod  with  e peeltlve  frogweoey,  end 
tble  eeeetenderd  deflaltlee  ef  b la  weed  here,  ee  le  Dentine  1).),  to  nebe  it  eeeler  to  plot  tbe  nwnerleel 
renal  to. 


There  le  i wid  ben t of  unet  tble  frog  wane  lee  le  fig.  It.).  Tbe  dlbenelcnel  fro  tweeny  ecrrnepiidleg 
te  f • 2.0  a 10*  le  9T.I  kbe,  end  tbe  neat  uee  table  fregueety  to  about  IT  bba.  The  one  table  benduldtb 
beeenee  even  nermuer  further  dewaetreee  ae  both  tbe  ereeefleu  end  nail  non  i epltf ientlon  rote  bume. 
It  wee  fbned  le  Neeb  (ifTfb)  tbet  for  e beuidery  layer  with  emeaflow  iMteblllty  only,  bMS  dean  ant  vnry 
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■uoh  with  fraquaoay  for  P > 0.  for  P < 0,  k^^  does  ohange  with  frequanoy.  It  it  aatlaated  fro*  Chap.  13 
that  tha  uoatabla  rsglon  of  oagatlve  frequencies  at  N * I extends  to  P * >1.5  a 10~*  with  * * 9^°»  and 
that  tha  aaxiaua  aapllfloatlon  rata  of  tha  wava  with  k la  tha  oroaaflow  direction  la  about  one-half  of 
that  for  tha  steady  disturbance. 

As  oroaaflow  Instability  ia  ao  aiaapla  of  inflaotlonal  instability,  it  ia  poaalbla  to  daduoa 
soaetting  about  tha  atabilitjr  obaraotariatioa  froa  tha  location  of  tha  Inflaotion  point  of  tha  relevant 
velocity  profile.  It  ia  not  neoesaary  for  thla  purpoaa  to  oonaidar  tha  generalised  inflaotion  point  of 
tha  ooapraaaibla  theory  whioh  ia  littla  diffarcnt  froa  tha  trua  inflaotion  point  at  tranaonlo  Haob 
turn  bar  a.  Tha  ralavant  valooitjr  profila  la  tha  one  in  tha  diraotlon  of  k.  for  tha  aoat  uoatabla  a tat  ionary 
wava  (•„  • 8A.80),  thla  profila  baa  ravaraa  flow,  and  tha  inflaotion  point  oooura  alaoat  at  tha  aaro 
velocity  point  in  aooordanoc  with  tha  theory  of  Stuart  (Gregory  at  al.(1955)].  Inflaotlonal  profllaa 
exist  for  * both  greater  and  laaa  than  8A.8  . Tha  algn  of  tha  aaan  valoolty  at  tha  inflaotion  point 
deteralnes  tha  algo  of  tha  frequanoy  (axoapt  vary  naar  P » 0 baoauaa  of  tha  klnite  lay  do  Ida  nuabar).  Tha 
profllaa  with  v > 8A.80  glva  tha  nagativa  frequencies;  tha  profllaa  with  i-  < 61.3°  tha  poaitlva 
fraquaooiaa. 

l*i.3  Straaawlaa  instability 

Along  with  oroaaflow  instability,  whioh  i*  particular  to  three-dlaenalonal  boundary  layars,  thara  ara 
alr-o  inflaotlonal  and  vlaooua  instabilities  whioh  ara  aora  Ilka  thoaa  of  a two-dlaenelonal  boundary  layar, 
but  with  aodif loatlona  dua  to  tba  oroaaflow.  This  typa  of  inatabillty  will  ba  oallad  atraaawlaa 
instability,  and  it  rafara  to  all  lnatabllltlaa  that  ara  not  aaaooiatad  with  a dlraotlonal  valoolty 
profila  of  tha  typa  of  tha  oroaaflow  and  reverae-flow  profllaa. 

Aa  auotlon  la  aora  affaotlva  at  controlling  atraaawlaa  than  oroaaflow  inatabillty,  only  tha  latter 
instability  la  prasant  ovar  aoat  of  tha  wing  chord  in  tha  prasant  flow  exaaple.  Tha  region  of  atraaawlaa 
instability  starts  at  If  « IA  (•7c*  • 0.09A),  aooordlng  to  tb^  ooapraaaibla  thaory,  and  axtanda  to  N * 25 
(a  /o  • 0.566).  Soaa  stability  obaraotariatioa  at  8 * 15  (a  /o  * 0.128),  whara  tha  adga  Mach  due bar  of 
1.2A  la  cloaa  to  its  aaxiaus  valua,  ara  shown  in  Pig.  1A.A.  Plgura  lA.Aa  glvaa  tha  distrlbutlona  of  o 
and  P with  wava  angle  froa  tha  lncoaprasslbla  and  sixth-order  ooapraaaibla  tbaorlaa.  Tba  oroaaflow 
Inatabillty  raglon  (’.  > 80°)  la  not  shown.  Tba  oroaaflow  > -0.0215)  has  introduced  an  asyaaetry 

into  tha  distrlbutlona,  but  otbarwlaa  tba  results  reusable  wnat  sight  have  bean  expected  froa  aasualng 
that  2D  results  oould  ba  applied  to  3D  boundary  layers.  Tha  two  aaxlaa  in  tba  aapllfloatlon  rata  of  tha 
coapraaalbla  thaory  contrast  with  the  single  aaxlaua  of  tha  lnooapreaalble  thaory,  and  a re  in  ooaplete 
accord  with  2D  stability  thaory  at  M1  • 1.2A. 

Tha  reason  that  Pig.  lA.Aa  raaaablaa  tha  results  for  a two-dlaanalonal  flat- plate  boundary  layar  with 
no  auction  la  that  tha  shape  Tactor  H at  I « 15  la  alaoat  tha  saaa  as  for  auob  a boundary  layer  at  tba 
■ Mach  nuabar,  and  tha  oroaaflow  la  not  only  aaall,  but  atlll  in  tha  diraotlon  aaaooiatad  with  a 
favorable  pressure  gradient.  The  two  inflaotion  points  of  tha  dlraotlonal  valoolty  profllaa,  whioh  axial 
for  -90°  < .<  -60°,  ara  uniaportant  axoapt  naar  * ■ -90°,  baoauaa  one  is  looated  near  tba  wall  and  tba 
other  at  tha  adga  of  tba  boundary  layar.  Consequently,  what  Pig.  IMa  shows  is  vianoua  instability,  Just 
ax  for  a fiat-plate  boundary  layer  at  tha  aaaa  Mach  nuabar. 

Tha  aaxiaua  aapllfloatlon  rata  with  respect  to  wavenuaber  is  shown  in  Pig.  lA.Ab  as  a funotlon  of 
frequency  for  both  oroaaflow  and  atraaawlaa  inatabillty.  It  la  avldant  that  the  lnooapraaalbla  thaory 
gives  a totally  ai  a leading  result  aa  to  tba  laportanoe  of  atreaawlee  Instability  at  thla  station.  Tba  two 
aaxlaa  of  Pig.  It. As  ara  shown  by  two  separata  ourvaa.  Tba  oroaaflow  instability  baa  tba  aaaa  general 
features  aa  at  I • A,  but  with  an  unstable  frequency  band  only  about  one-sevantb  aa  wlda  (of.  Pig.  16.3). 
Also  tha  corresponding  v ara  auoh  closer  to  90°  for  both  positive  and  aagatlva  fraquaooiaa:  83*8°  <w  < 

69. A°  for  P > 0;  69. A®  < v<  90. A°  for  P < 0.  It  sight  alto  ba  observed  that  for**  90°,  tha  aaxiaua 
aapllfloatlon  rata  in  about  one-half  of  it*  P * 0 valua,  aa  auralaad  for  8 * A. 


Tha  ter*  atraaawlaa  Instability  oov*r*  such  a wide  variety  of  possibilities  that  it  la  worthwhile  to 
glva  an  additional  axaapla.  Figure  1A.5  la  tha  oountarpart  at  V * 23  (a  /e  • 0.513)  to  Pig.  1A.A.  At 
thla  station,  the  crossflow  over  the  inner  two-thlrda  of  the  boundary  layar  baa  reversed,  but  ia  even 
aa  slier  than  at  8 ■ 15  • 0.0113).  Tba  adverse  pressure  gradient  is  larger  (6b  ■ -0.22),  but  baoauaa 
tba  suction  la  alao  larger  there  is  atlll  no  inflaotion  point  in  tha  atraaawlaa  valoolty  profile. 


It  la  aaan  froa  Pig.  1A.5s  that  the  waves  with  v<  0 ara  auob  aora  unstable  than  those  with  * > 0 
even  though  tha  aaxiaua  oroaaflow  la  poaitlva,  Tha  reason  la  that  f or  * < -A0°  the  directional  valoolty 
profiles  have  inflaotion  points  wall  out  in  the  boundary  layar  (e.g.,  at  0 • 0.30  for**  -T0°).  A 
significant  difference  between  Pig.  11.5  and  Pig.  1A.A  la  that  tha  aeeoth  ourvaa  of  tha  foraer  do  not 
pars  It  a dear  distinction  to  ba  aada  between  oroaaflow  and  atraaawlaa  inatabillty.  The  frequencies  naar 
taro  (say,  P < 0.0A  x 10’®)  have  tha  obaraeterlxllea  of  oroaaflow  testability  (wlda  band  of  .actable 
wavenuabara,  narrow  band  of  unstable  angles)]  tba  larger  fraquanolaa  (aay,  P > 0.12  x 10’®)  bava  tha 
obaraotariatioa  of  atraaawlaa  inatabillty  (narrow  band  of  uaatabla  wavenuabers,  wlda  band  of  uoatabla 
aagloa).  Tha  latoraedlate  fraquanolaa,  Including  tha  aoat  unstable,  have  tha  obaraotariatioa  of 
atraaawlaa  instability  for  a narrow  band  of  aaall  wavenuabara,  and  of  oroaaflow  Instability  for  a wide 
band  of  larger  wavenuabara. 


Tba  affeat  of  ooapreeelblllty  la  large  and  alailar  to  that  rt  8 » 15  (Pig.  1A.A)  in  tba  ntranawiaa 
inatabillty  region,  aad  la  alao  a good  deal  larger  In  tba  oroaaflow  instability  region  tbaa  at  either  8 • 
A (Piga.  1A.3  aad  1*.*)  or  8 • 15.  ladaad  tba  peab  aapllfloatlon  rata  of  tba  laooaproaalble  theory 
differ,  by  2?f  froa  tha  sixth- order  ooapraaaibla  valua  aad  tha  oorrespoodii*  wava  ai*le  by  15°,  whereas 
the  aaxiaua  iaooapreaalble  aapufloatlon  rata  of  the  steady  disturbances  la  in  error  by  A Of.  The  latter 
difference  deorsaasa  further  taeb  ea  the  wl&g  as  tha  aaplifiesUo*  rate  increases  (to  1Af  at  8 * 35),  but 
in  always  larger  than  la  the  aagatlva  oroaaflow  region  on  the  forward  part  of  tha  wing. 


It  la  laportaat  to  nets  tha  narrow  bandwidth  of  uaatabla  fraquanolaa  ia  Pig.  16.5b  ooa pared  to  Pigs. 
lA.Ab,  aad  16„3.  Tba  largaat  uoatabla  frequency  at  > • 23  la  only  5.2  kba,  aad  tba  aoat  uaatabla 


3-55 


Trequenoy  Is  2.9  kh*.  Consequently,  aiaoat  all  unstable  fi^equenolea  that  exist  upatraaa  of  R * 23  oanaot 
persist  to  thla  station  as  aapllfiad  wavaa  avtn  whan  thay  ara  klnaaatioally  posaibla. 

Wava  aaplltuda 


Tha  wava  aaplltuda  rathar  than  tha  looal  aapllfloatlon  rata  la  what  la  of  lntaraat  In  transition 
atudiaa.  In  thla  Saotion,  tha  irrotatlonallty  oondltlon  on  k will  ba  appllad  to  tha  oaloulatlon  of 
aaplltuda  ratios  of  aingla  Fourlar  ooaponsnta.  Tha  SiLLT  stability  ooda  of  Srokowaki  and  Orsxag  (1977) 
oaloulataa  ln(A/AQ)  by  what  la  oallad  tha  anvalopa  aatbod,  i.a.,  by  intagrstlng  (o  ) along  tha 
trajaotory  daflnad  by  tha  raal  part  of  tha  group  valoolty.  Aa  a raault,  tbs  aaplltuda  ratio  inoraaaaa 
aoootonloally  to  tha  and  of  tha  instability  raglon.  Hara,  a band  of  Initlsl  vsvanufba^s  with  tbs  saaa 
fraquanoy  la  followad  downatraaa  starting  at  tha  first  unatabla  station,  R • 3 (•  /a  * 0.0033)*  Tbs 
raaulting  aapllflcstlon  ratas  for  savan  initial  wavanuabara  with  taro  fraquanoy  ara  shown  In  fig.  1k.6  as 
ooaputad  froa  tha  incoaprasslbla  thaory.  Tha  liatad  Initial  wavanuabara  sra  tboaa  at  R ■ 3.  For 
ooa  pari  son,  a portion  of  tha  kj  * 0.35  ourva  as  ooaputad  froa  tha  sixtb-ordar  ooapraaalbla  thaory  la  also 
shown. 


Por  II  < 1000,  tbs  diffarant  Initial  wavanuabara  In  Pig.  1**6  sot  auoh  Ilka  diffarant  fraquanclaa  In  a 
2D  boundary  layar.  Tha  lowar  tha  Initial  wavanuabar,  tha  furthar  downatraaa  la  Its  unatabla  raglon.  Por 
II  > 1000,  a ratbar  diffarant  pattarn  la  apparant  in  Pig.  Ik. 6.  Tba  Initial  wavanuabar  of  tba  wava 
ooaponant  whloh  baa  tha  aaxlaua  aapllfloatlon  rata  at  a glvan  station  baooaas  a slowly  varying  funotlon  of 
(tayooldf  nuabar.  In  othar  words,  a alngla  Pouriar  ooaponant  la  marly  tba  aoat  unatabla  ovsr  a wlda  rang* 
of  layoolda  nuabar  a.  It  la  thla  pattarn  that  prsvalla  in  tba  attire  roar  crossflow  Instability  raglon. 
Thara  tba  wava  ooaponant  with  kA  • 0.35  at  R • 21  (*  ■ 2100,  s*/o  • 0.k19)  la  tha  aoat  unatabla  froa  R ■ 
2600  to  at  laaat  I • 3570  (a  /c  • 0.906).  Conaaquantly,  in  thla  raglon  tha  prooadura  wa  ara  using  hara 
glvaa  tha  aaaa  raault  for  tba  aaplltuda  ratio  as  dosa  tha  SALLT  ooda. 

Tha  lnU/Ag)  valuaa  that  corraapond  to  tha  aapllfloatlon  rataa  of  Pig.  Ik. 6 ara  ahown  In  Pig.  1k.7 
for  six  Fourlar  ooaponsnta  along  with  tha  raault  glvan  by  tha  SALLT  ooda  (ooaputad  by  Dr.  A.  Srok^walgL). 
Tha  praaant  aathod  glvaa  a paak  in  tha  anvalopa  ourva,  1o(A/Aq)j|<i  va.  R,  at  about  R • IkOO  (a  /o  * 
0.120).  # Xx^  oontraat,  tha  ourva  froa  tha  SALLT  ooda  oontlnuss  to  riaa  to  a value  of  1d(A/Aq)  « 1U  it  I ■ 
1680  (a  /c  > 0.259).  Tba  paak  with  tha  lrrotationallty  oondltlon  la  a oonssqusnt . of  following  Fourlar 
coaponsnts  froa  a aora  unatabla  raglon  to  a laaa  unatabla  raglon,  and  osn  slao  ba  anoountarcd  In  2D 
boundary  lay  ara  with  laainar-flow  control. 

Two  additional  curvas  lnoludad  In  Flg.lk.7  glva  ln(A/Ap)  for  k.  ■ 0.35  aa  ooaputad  froa  tha  alxtb- 
and  eighth-order  coapraaslbla  aquations.  Tba  paak  lnfA/ipl  of  tha  letter  la  about  6.9  ooapsred  to  7.8 
froa  tha  lnooapraaalbla  thaory  and  11.2  froa  tha  SALLT  prograa.  Comaquantly,  tha  aathod  of  Intagrating 
tha  aaxlaua  aapllfloatlon  rata  ovarastlaatas  tba  paak  aaplltuda  ratio  by  ovar  70  tlaes. 

Aa  both  Figs.  Ik. 3 and  H.kb  show  that  a non- taro  fraquanoy  has  tha  aaxlaua  aapllfloatlon  rata  for 
crcaaflow  Instability,  It  la  alao  a non-taro  fraquanoy  that  glvaa  tha  aaxlaua  aaplltuda  ratio.  Tha 
possible  laportaneo  of  thaaa  fraquanclaa  Is,  howavar,  oountaraotad  by  tha  narrowing  of  tha  unatabla 
frequency  bandwidth  In  tha  downstrsaa  direction.  Tha  raault  la  that  at  I ■ 15  tha  fraquanoy  with  tha 
aaxlaua  aaplltuda  ratio  la  tha  low  fraquanoy  P ■ 0.05  x 10*  (l.k  khx),  and  tha  paak  lnd/i*)  of  thla 
fraquanoy  la  only  2f  largar  than  for  taro  fraquanoy.  Of  oourae,  larger  dlffaranoaa  than  this  axlat 
upatraaa  of  H * 15  whara  higher  fraquacolea  ara  atlll  unstable. 


At  station  M • 35  In  tba  rsar  oroaaflow  Instability  raglon,  tha  aaplltuda  ratio  of  tha  aoat  unatabla 
taro- fraquanoy  wava  ooaponant,  kt  > 0.35,  la  6.5k  aooordlng  to  tha  laooaprssalblu  thaory,  a raault  slaoat 
Identical  to  tha  SALLT  value  of  n ■ 6. *6.  Howavar,  ooapraaalblllty  oannot  ba  neglected  In  this  raglon  a a 
It  was  In  tba  forward  Instability  raglon.  Tha  sixth-order  ooapraaalbla  thaory  glvaa  1o(A/Aq)  • 5.2k  at  R 
• 35;  thus  tba  lnooapraaalbla  thaory  ovarastlaatas  IoU/Aq)  by  25f. 

Straaawisa  Instability  la  Hailed  to  tba  region  rroa  R * 15  to  R ■ 25  (s*/e*  ■ 0.588)  and  laada  to 
aaallar  aaplltuda  ratios  than  does  oroaaflow  Instability.  Aa  thaaa  wavaa  traval  downatraaa,  tbslr  wiva 
angla  , raaalna  vary  dost  (within  about  1°)  to  Ita  initial  value,  in  oontraat  to  tba  oroaaflow 
disturbance*  whloh  ara  required  by  tha  dispersion  relation  to  kaap  their  angles  within  the  narrow  band  aat 
by  tha  prof  1 la  angla  » j.  Aooordlng  to  Pig.  Ik. kb,  P ■ 0.375  i 10**  la  tba  aoat  unatabla  fraquanoy  for 
atraaawlaa  Instability  at  R • 15.  Howavar,  thla  and  tha  hsigh boring  unatabla  frequencies  daap  out  quickly 
in  tha. downatraaa  director  Tba  fraquanclaa  uhlan  give  the  largest  raplltude  ratios  ara  those  whloh  ara 
unatabla  at  i « 23  (a  /e  • 0.513),  whara  the  largest  aapllfloatlon  rataa  of  atraaawlaa  Instability  ocour. 
Por  axaapla,  P • 0.09  x 10**  baooaaa  unstable  at  R • 21  and  has  a peak  ln(A/AQ)  of  2.3  at  R > 25  for  an 
Initial  wava  aagla  of  -70°;  P ■ 0.15  x 10**  baooaaa  unatabla  at  R • 20  and  has  a aaallar  paak  at  I • 2k. 
Conaaquantly,  tha  aaxlaua  aaplltuda  growth  of  atreaavlse-laatablllty  wavaa  la  only  shout  If  of  that  of  tha 
oroaaflow  diaturbaooaa.  Cxaaplaa  of  aapllfloatlon  rataa  for  a wing  without  auotion  aay  ba  found 
elsewhere  (Haok  (1981)]. 
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APPENDIX  1.  COEFFICIENT  KATE IX  OF  COMPRESSIBLE  STABILITY  EQUATIONS 

Thar*  ar*  30  non-taro  alananta  of  the  ooaffioiant  aatrix  *jj(y)  of  Eq.  (8.11).  Tba  Z 

only  on*  non-taro  aocffloiant: 

•1?  . t . 

Tb*  Z2  *qu«tion  ha*  *1*  non-t*ro  ooaffioiant*: 

*21  > (lR/uTH^U+PN^)*.!2^2  , 

*22  * “(Vu)(du/dT)DT  , 

•23  ■ (R/.iT)('iD0*8BMM(a24P2)(1/i  )(<fci/dT)DT 
-1(  1/3)  J 1#2«i)<  i2*82)(OT/T)  , 

*2*  • (i«/ii)(aiW.2)-(1/3)(U2E)(t2*«2)YM5(aO*.ull-t,)  , 
a25  • (1/3)(^2d)(fi2'*62)(^PN-w)/T-(1/u)(<1ij/<lT)(nD2lWD2N) 
-(1/.i)(E2U/dT2)OT(aOO^W)  , 

•26  * -(Vw)(dl«/dT)(aWWDII) 

Th*  Z - aquation  baa  four  non-taro  oo*ff Iolanta: 

•31  * "1  1 

a33  • DT/T  , 

*3I  * -IrK^itMW-,*)  , 

•35  • (i/TX  lOaPM-j)  . 

Th*  Z|  aquation  i*  th*  only  on*  that  raqulraa  a lanfthy  aanlpulation  to  dariv*.  With 

I • <R/..)al(2/3)(2^XM^0adtf~.')  , 

th#  six  non-x*ro  co#fflci#nta  ara 

a*,  • -(l/EH(2/y)(d.i/dT)DT*(2/3)(2#d)(DT/T)  ] , 

a^2  • -(i/E)  , 

*^3  . (1/E)[-(  i2#r2)#(2/3H2*d)(DT2/T)(1/.!)(di./dT) 
♦(2/3)(2#d')(D2T/T)-(iI/^T)(  iU#;  N-.)]  , 

*M  • -(i/E)(2/3)(?*d)  flfjl  ( »0#t‘N~) 

X ( 1/.J(dij/dT)DT#'iDO*PW#(DT/T)(  iU#PN-<.>))  , 

*l5  • (1/E)  ( 1/.  )(d,i/dT)(  »DO#r DN)#(2/3)(2#d) 

X t(1/..)(d,/dT){DT/T)(  «U#rN-*)#(  iDU#i'W)/T)-  , 
a*6  . (i/E)(2/3)(2^)(  tOaPN-*.)  . 

Th*  aquation  ha*  only  on*  non-taro  ooaffioiaot: 

*»»*'• 

Tb*  aquation  haa  ait  non-taro  ooaffiolanta: 

a*2  . -2  (t-1)M2(  M*?M)/i.t2*b2)  , 

a^j  ■ (Rt,/^)(DT/T)-i2 ’(  t-1  )M|(  UJO#  £N)  , 

a**  ■ -l(R.i/u)<t-1)N^('i9#t<tf-~>>  , 

a^  ■ i(R  7i»T)(  «#rA*-w)#7#P2-(D2T/*)(d»/dT) 

-(DT2/*  Hd^/dT2)- '( M^M/uftWdTXM^M2) 

• -(2/0(d*/dT)OT  , 

ai8  ■ .*i('.l)ll2(oMM:MO/(*2at*2)  . 


j aquation  haa 
(A1.1) 

<A1.2a) 

(A1.2b) 

(A1.20) 

(*1 .2d) 

(A1.2a) 

(A1.2f) 

(A1.3«) 

(A1.3b) 

(A1.3o) 

(A1.3d) 

(A1.A) 

(A1.5a) 

(A1.5b) 

(A1.5o) 

(A1.5d) 

(A1.5*) 

(A1.5f) 

(A1.6) 

(XI .7a) 
(XI. 7b) 
(41. 7c) 
(A1.7d) 

(A1.7*) 


(Al.Tf) 
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The  Zj  equation  has  only  one  non-xero  ooeffloienv: 


*78  ■ 1 > 

(41.8) 

The  Zg  equation  has  five  non-tero  coefficients : 

«83  * (H/iiT)C«DW-r.DU)  , 

(A1.9a) 

ag5  * -( V^Hdb/dT)('i02W-rtD2U)-*:i/;>)(<l2u/dT2)DT(' 

iw-eDO)  , 

(41. 9b) 

•86  ’ “O/uHdu/dTH  iDW-BDO)  , 

(A1.9o) 

a8?  « (iE/pTH  -lUefllKOea2^2  , 

(41. 9d) 

•88  * -O/t.MdjydDDT  . 

(41.9a) 

In  these  equations,  the  ratio  of  the  aeoond  to  the  first  visoosity  ooeffioient 

d « Wu 

(41.10) 

is  taken  to  be  a oonstant  and  equal  to  1.2  (Stokes'  assumption  corresponds  to  * 

■ 0). 

In  the  numerical  computations,  we  use 

* 10*  - 1.k58T#3/2/(T%110.k)  , T*  * 110. k°I 

• 0.0693873  T*  , T*  < 110.k°E 

« 

8 

(41.11) 

for  the  visoosity  coefficient  in  ofs  units,  and 

. * • 0.6325T*1/2[1e(2k5.k/T*)10*12/TV1 

(41,12) 

for  the  thereal  conductivity  coefficient  in  ogs  units.  The  Frandtltnuaber 
function  of  teeperature  froa  i-  , • and  a oonstant  speolflo  heat  of  op  ■ 0.2k. 

> OpiJ  /"  la  computed  aa  a 

xPPOIDIX  2.  FREESTREAM  SOLUTIOkS  OF  COMPRESSIBLE  3TAB1LITT  EQUATION 

In  the  freest  ream  U«  U 7 1 W*k. , T*1 , „«1,  * «1/  ij,  and  all  y derivatives  of  mean- flow  quantities  are 
taro.  The  first  six  of  Eqs.  (8.11)  can  be  written  ss  three  second-order  equations: 

D2*,  . 6,,*,  . b^Vj  . b,3*j  , 

(42.1a) 

B2*,  . b,,*,  * b23V3  • 

(42.1b) 

®*»3  ' b32,2  * b33,3  • 

where 

(42.1o) 

V1  • h . h • zk  . v3  • h • 

(42.2) 

The  three  coefficients  of  Eq.  (42.  U)  are 

bn  • »2eH2ei*(  .U^  ^--)  , 

(42.3a) 

b1?  • 1(  »2er2)tlki(1/3)(1ed)f»*f(  , 

(42.3b) 

b^j  a -( l*2d)(  i2*r2)(  ) . 

(42. 3o) 

The  two  coefficients  of  5q.  (A2.1b)  are 

b„  • i2e.^-(R/B1)[illf-(2/3)(2edK((-1)lf^(>iU1e:H1«-)2] 

1 

(42. ks) 

b23  • (l/I1)(1-(2/3)(2ed)v'](iU1et4V1.J  , 

(42. kb) 

where  E,  la  Eq.  (Al.k)  evaluated  in  the  frees treaa.  The  two  coefficients  of  Eq 

. (42. to)  are 

bjj  • •l(f1)M^tiU1et‘.H1-0  , 

(42. 5a) 

bjj  ■ a2eo2  ♦ t*R(  il^eoW^-O  . 

(42.5b) 

The  alx  solutions  of  Kqs.  (42, i)  have  the  f ora 

*U)<y)  • »(i)eap(i1y)  , (i  . 1,6)  , 

(42.6) 

where  the  are  the  six  three-component  solution  vectors,  the  ^ are  the  ala  oharaoterletic  values,  srd 
the  B'*'  are  the  six  three-component  characteristic  vectors.  Upon  subatltutlr.it  |q,  {42. 6)  into  Bqa. 
(42.1),  the  characteristic  values  sre  found  to  bs 

*1,2  • *{(l/2)(b22.»,jM(l/*)(b22-»3j)2.b2j8H],/,}’/* 

• 

(42.7s) 

J,.  * * • 

(42.7b) 

(A2.7o) 
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1 / 2)(b22+^33^t C ^ / ** ) ( b22“*>33>^‘**>3»3°32 ^ *' , 

where  tbe  nuaberirvg  hu  been  arrange  so  rhst  the  first  two  of  these  will  correspond  to  tbs  first  two  of 
Eq.  (2. *9). 

The  ieat  two  of  Eq*.  (8.11)  give  • fourth  unoouplsd  aaoond-order  equation 

*h  - (.^♦lNiUfeflWf-wnZy  , <A2.  8} 

with  the  characteristic  values 

'7,8  * ?l.2sf2ell«.U1etWr.)]1/2  , (A2.9) 


which  ere  the  sasie  a*  the  characteristic  values  ^ 


The  coaponent*  of  the  characteristic  vector  corresponding  to  ‘ 3 are 


and  to  ^ and  are, 

B,1-’1  * 1 , 82(3;  . 0 , *3(3)  ■ 0 , 

(A2.10) 

B1(J>  ■ tb),(bj3-B)-<.,3bJ,)/(^-l.„)  , 

(A2*11a) 

B?<J>  . .33--  , 

( A2. 1 1 b) 

*3U’  * *bW  • 

(A2.Ho) 

The  components  of 

the  characteristic  vectors  of  the  original  solutions  *-*; 
*,< j>  . B,<3>  , A,'33  . , A,<3>  . S,<3>  . 

a5(j>  ■ B3'j!  . V31  • '3B3<j)  . (J  s '.5!  . 

(A2.12) 

and  the  coaponent  A^^ 

is  found  free  th*  continuity  equation: 

jA3(J)  * -iB1(^)-i(,U1*,W1-.)t!M2B2{J)-B3(^>i  . 

(A2.13) 
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Pi*.  6.12  2D  aatalopo  curva*  of  lo(i/i0)  for 
Fad  knar- Skan  family  of  boundary  laynra* 


FI#.  *.»J  »6  fro'unaaloa  of 

Fnlfcnor  ttran  kataAtn  lajror*. 
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Fig.  6.1»  Froqunnoy  bandwidth  along  2D  amralopa 
ourroa  for  Falknor-5kaa  boundary  layora. 
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Fig.  6,1)  Tasparal  aljiwtlat  nfootrwn  of  »ln*4u* 
boundary  layar  foe**  O.lTt*  • • 500. 
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Flf.  7.1  ConataBt-pbaa*  1 1 b#s  of  «ato  ptU>ra 
fron  baraoalc  point  aouroo  in  llaalua  boundary 
layorj  f • 0.92  f 10~\  *#  • 390.  tlfior  OlUv 
• t Bl.  < 19*1}  3 


Flf.  T.F  Coaderllao  anplitado  diotrlbBtla*  ballad 
bamanU  KM  nbTM  ta  m1mUI44  by  MHftMl 
MurtUK.  bM  WBKrtMM  altb  10  nrtd  Mb; 
* • 0.00  a 10  , lf  • 419*  blaalaa  boundary 

iBfBr. 
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Flf.  T-3  Coatorlia*  ph»»*  distribution  babied 
bBTBOBlo  point  aouroB  bb  oaleulatod  by  auaarloal 
lalBCrntloai  F • 0.40  x 10~\  is  • M5,  OIbbIub 
boundary  layar. 


i » 10  2 


Flf.  T.4  CeBpariaoa  of  n*»i«r«4  and  ealculatod 
••atari Saa  aapllludo  distributions  babied 
barnoaiB  polal  sovr««;  F • 0.40  ■ 10*4(  8#  » 
t09#  ilaslua  boundary  layar. 
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Ft*.  ?.S  Spaavtao  amplitude  and  pbaao 
distrlbntlBB  at  I • TOO  fob  lad  bamaals  poiBt 
OBBTOBl  r • 0,40  I 10~*,  n • *H,  OiBBlBB 


rig,  9.1  Phaaa  valooi tiaa  or  2D  neutral 
inflectional  and  aonlo  wavaa,  and  or  waves  ror 
a hi  oh  relative  auparaonlo  ration  rirat  appaara. 
Inaulatad  vail,  wind-tunnel  teaperaturea. 


fig.  9.4  Multiple  vnaouibari  of  2D 
nonlnriaotlonal  neutral  waves  (o»1).  Inaulatad 
wall,  wind-tunnel  teaperaturea. 
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Pit.  9.2  Multiple  waveauabera  or  2D  inflectional 
neutral  vavaa  (o«o§).  Inaulatad  wall,  vind- 
tuaaal  temperatures. 
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Pit.  9.0  Praeaura-riuetuatlaa  alffuaotioaa  of 
flrat  ale  a odea  of  20  aaaiafleetiaaal  neutral 
wavaa  (eel)  at  M.  a 10.  Inaulatad  wall,  T«  • 
SO0!. 


Pit.  9*3  Praaaura-flaatuatlaa  alfaafuaatlraa  af 
flrat  ala  nataa  af  20  iaflaaUaaa  aaapw  wavaa 
(•««,)  at  II,  a 10.  laaalatad  wall,  T,  a S0°I. 


rig.  9.6  Iffaot  of  Kaob  ouabar  on  aaxlaua 
taaporal  amplification  rata  of  2D  *•»«  for 
flrat  four  aodaa.  Inaulatad  wall,  uiod-tunnal 
taaparaturaa. 
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rig.  9*7  Iffaot  of  Naob  ouabar  on  fraquanoy  of 
aoat  unatabla  2D  uaaaa  for  flrat  four  aodaa. 
Inaulatad  wall,  vlad-tuaaal  taaparaturaa. 
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fig.  9.6  Taaporal  aaplifloatlon  rata  of  flrat 
and  aaoond  aodaa  »».  fraquanoy  for  aataral  uaaa 
anglaa  at  Mj  • 9.5.  Inaulatad  wall,  Tj  ■ 311°K. 
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fig,  9.9  Taaporal  amplification  rata  a a fuaotlon 
of  wavauuabar  for  3D  wavaa  at  Nf  ■ 6.0. 
Inaulatad  ball,  T.  • »°t 
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Tig.  9.10  If f aot  of  aawa  angla  on  aaxlaua 
taaporai  aapllfioation  rata  of  ftrat  and  naoood- 
■ odea  at  M.  • 9.5,  5.8,  8.0  and  10.0.  Ioaulatad 
wall,  wlod-tunnal  taaparaturaa. 


to  both  fraquenojr  and  wava  angla  of  flrat  and 
aaoond  aodaa  at  ■ 3.0,  8.5  and  5.8  to 
lnaulatad-wall  aaxlaua  aapllfioatlon  rata. 
Vlnd-tuanal  taaparaturaa. 
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Fig.  10.1  Comparison  of  nautral-atablllty  ourv«a 
of  fraquancjr  at  (a)  ■ 1.6  and  (b)  N^  ■ 2.2. 

Insula tad  vail,  vind-tuxsnal  taaparaturaa. 


Fig,  10.2  Iffaofc  of  Maob  nuabar  on  20  nautral- 
•tablllty  ouryya  of  vavanuabar.  Inaulatad  wall, 
vlnd-tunnal  tanporaturaa. 


Fig.  10.3  Olalrlbulloa  or  aaiiava  taaporal 
aapllfloatloo  rata  vlU  layaolda  avatar  at  i 0 
M.  a 1.3,  (0)  N«  • 1.6,  (a)  M,  • 2.2  tad  td) 

• 3.0  for  2D  a ad  3D  aavaa.  Inaulatad  vail, 
vlad-tuaaal  taaparalvraa. 


3-72 


rig.  10.4  Distribution  of  aaxlaua  firat-aoda 
taaporal  aapllfloation  rataa  with  Ssynolda 
nuabar  for  3»  waaat  at  M,  • 4.5,  5.6,  7.0  tod 
10.0.  Inaulatad  wall,  wlad-tunnal  taaparaturaa. 


Fig.  10.6  If  fact  of  lafoolda  nuabar  on  aaxlaua 
ftaoood-aoda  taaporal  aaplifloatioa  rata  at  Mj  a 
4.5,  5.3,  T.C  and  10.0.  Ioaulatad  wall,  wind- 
tunnal  taaparaturaa. 


Uc.  10  9 Iffoot  or  Vftll  oooliof  ob  20  Bootrol* 
• Utility  eurrta  it  M,  • ?.*,  T|  ■ )0°I* 
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Fig.  11.3  Ratio  of  vail  praaaura  fluctuation  lo 
praaaura  fluctuation  of  lnooalnf  wave;  M.  ■ 4.5, 
i>  m o°,  o « 0.65,  InaulataO  vail,  T,  ■ 311°K. 
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Pit.  12.5  Bnaonblo-avoragod  noraallaod  voloolty 
fluctuations  of  laro-froquancy  «mi  it  C*  1.8? 
ob  rotating  disk  or  radius  r.  • 22.9  ob. 
lougbnoss  oloaoot  at  I,  ■ 249,  0 ■ 173®. 

[AT tor  Pig.  16  of  VllklBooo  and  Malik  (19*3)) 
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fig.  12.7  Caloulatod  aaplltudos  along  oonstaat- 
phaso  llaaa  of  uavo  pattora  boblad  taro* 
froqusooy  point  souroo  at  l#  ■ 250  In  rotating- 
dlak  boundary  lay or. 


fig.  12.1  aortal  Usd  faru  and  ooaataat- 

ffeaM  llaas  of  «Ble«lato4  am  pat  torn  prodaud 
by  soro- f rag uoasy  point  soars*  at  8.  • 200  la 
roUtUg*4Ufe  baaafary  lay or. 


rig.  12.8  Comparison  of  oaloalatod  oavolop* 
aaplltudos  at  t • 400  and  466  la  am  pottora 
pridaaad  if  aar»»frogatnaf  palat  aaarao  at  1.  • 
250  la  rotattsg*dtsk  bouadary  laysr,  and 
ooaportaos  «Ut  aoaaaroaoata  of  Mimosas  aad 
Malik  (It*))  to,  Oa )9?|  C , B«466). 
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Flf.  13. Y Coordinate  for  Falkaar-Skaa- 

Cooko  boundary  layer*. 
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Fig.  13.1  FaUanr-Skao-Cook*  eroaaflou  valoalty 
profile*  for  » 1.0,  0.1,  -0,1  a ad  SBF 
{ aayaratlaa,  -O.lfMjTTh  HF,  loaatloa  of 
taflaotlaa  point;  NIX,  loaatloa  af  aaiiawa 
oraaafloa  aaloelly. 
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FI*.  13.3  If  foot  of  proaaura  (radiant  on  naxlaua 
eroeeflov  valoolty;  Falknar-Skaa  Cook*  boundary 
layara. 


M*ai 

FU.  1M  Iffaat  of  flan  aa*l#  an  aaslaaa 
aapllfleailoa  rata  all*  re# peat  to  fraauaaay  of 
« • 0°  vavae  at  8 • 1000  and  1000  la  Falkaar- 
5k*a~€ooka  boundary  layara  alt*  \ • *0.01. 


ft*.  13.5  Kffoot  of  proaauro  ^radiant  on  alnlaua 

critical  loyooida  nuabor:  , aaro-froquonoy 

crossflow  Instability  uma  la  falkoor-Skan- 
Cooko  boundary  layers  with  i*  ■ *5°J  2D 

Pal  km r- Ska  c boundary  layers  [fro*  Wasson  ot  al. 
(1969a) ]. 
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ri«.  15.6  Iffott  af  flow  ancle  oa  *ial*w* 
•riltoal  toynoldo  no* bar  of  torn- fro* 00*0 y 
oroaaf  low  waves  far  a l«C  a ad  -d.lftlJTT 


fl«.  13. T Xnatablllfcy  oharaotorlatloa  of  Bb  ■ 
1.0,  ^ • ks°  Pslkner-Skan-Ceoke  boundary  layoro 
at  I - lOOi  (a)  aaslswa  aayUfloatloo  rota  with 
respect  to  waveauaber,  and  uaatablo  4,  -f  regloni 
(b)  uaatablo  k-P  rtglob 


ri4.  i).t  tffoot  of  vivo  aafla  oa  aa»llfleatlea 
rota,  waooaaabar,  and  rn>  velocity  aafle  for  f 
• M a 19*1  at  I • IHi  lb  • -0.10, » • »3# 
folk  war  Wum  Oooho  boundary  Uyor. 


f If . 13.9  lAiUbiilti  oUrieUrlitloi  of  . 
-0.10,  * 95°  rtlkMr-Uu>Cvok«  bemad*  ry  lay*r 

•t  I • 595:  (•)  aailaua  oopllf lootlou  ml*  with 

r— poet  to  wofamtabar,  u4  oaatakl*  k-f  noflonj 
(b)  uaatabi*  --F  rofioa, 


0 0 1 0 2 0 2 0 4 0 5 0 6 0 7 0 0 Of  1.0 

h 

rtf.  19.2  Aapllf loatloo  rot*,  wo?*  aafla,  and 
group-?*loolty  oofl#  aa  fuootlou  of  wa?*ouab*r 
•t  I • 9 ( fc-301 ) for  P a 0:  — , loooapraaalbl* 

tboory;  , ai*th-ord*r  eoaproaalbl*  tbooryt 

35°  awopt  wins. 


Flf.  i*.3  Ceataal*  frafwaaey  raift  at  I i I 
(1*301)  for  k a 0.520t  leeoapraaalbl* 

tboory,  — , alitb-ordar  ooaKMilDo  tlwrys 
»•  *w*pt  alas. 


rtf.  11.1  CmHUboU  ayatoaa  wood  far  loflal**- 


* . V 


r u>  U.*  CroMoflw  «Ml  itmatlM  iatUMUtf  •» 
i»i)  {i«iy))i  (•>  Miitna  rspuriMUM  r»u 
(with  U frHMMj)  >N  « 

fwhhtleah  tf  »«f«  ••flhl  (I) 
MliiriMtlM  *»—  (Witt  fMfMt  U 
M ruMUM  rf  rniMM!)  - UMiimillU 

UMrii  , Mtrrwmu  tfcMTfJ 

»°  *W*M  «&ht» 


ru.  ii.)  CrhChfiM  Mi  ttmavlM  iMUUUtir  *1 

B • t)  (BOM1).  (ft)  — ll  — MBUftMUM  «U 
(with  f«MMt  U frttWMf)  »#4  fNIWKI  M 
fMMtlhh  *f  «»«HMtar  «a|Ui  U)  miIiwi 
MtllftMUM  rtU  (with  fU— «0t  u MttMBltf) 
M rwUM  «r  ffiWMH  It— »rw4hlh 

unfit , tilth*  hc—f  wiK*»HIU  UHfji 

»•  M—t  »u§. 


T if.  n.6  Aapllf lcatloa  rat#*  or  aevea  xero- 
frequency  wav*  ooaponents  In  forward  Instability 
region  of  35°  *w*pt  win*  with  lrrotatlonal 1 ty 

oorxJi lion  applied  to  wavenuBbrr  vector: , 

1 ncoapreasl hi*  theory;  , sixth-order 

ooapreasibl*  theory  for  k,  * 0.35. 


Pi*.  1*.T  LaU/ig)  ef  sit  aero- fro*  we  oey  wave 
o—  pceeete  la  forward  iMUliUtf  r**lea  of  |)* 
awapt  el  a*  with  1 rretallaMll  ty  eeadltlea 
applied  to  wave  aw  ter  veeter  aod  eoaperiaoa  wiu 

9Ai.LV  # >dej , leoeapr east  hie  theory; 

alxth-order  eoaproaaihlo  theory  for  * C.|9i 
• al*hth**rdar  eeaoreaaible  theory  Tor  k,  * 


